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Abstract. Let Y be a locally compact space, CK (Y ) the collection of real-valued
continuous functions with compact support, and BL (Y ) the set of all Baire func-
tions with Lindelöf cozero-set. We show that the embedding CK (Y ) � BL (Y ) of
archimedean `-groups (or vector lattices) has this universal mapping property: any
homomorphism CK (Y )

'�! A, where A has the property

(*) is divisible and both conditionally and laterally �-complete,

has a unique extension BL (Y )
'�! A; also, BL (Y ) has property (*). Our perspec-

tive on this is as follows.
In a categoryC an objectG is epicomplete if the only epic monics out ofG are iso-

morphisms, epic or monic meant in the categorical sense of right or left cancellable.
For each of the categories Arch, archimedean `-groups with `-homomorphisms,
and its companion category W, Arch-objects with distinguished weak unit and
unit-preserving `-homomorphisms, (and for the corresponding categories of vector
lattices) epicompleteness has been characterized as divisible and conditionally and
laterally �-complete, and it has been shown to be monore�ective. Denote the re-
�ecting functors by � and �W, respectively.
What are they? ForW the Yosida representation has been used to realize �WA

as a certain quotient of B (Y A), the Baire functions on the Yosida space of A. For
Arch very little has been known. Here we give a general representation theorem,
Theorem A, for �G as a certain subdirect product ofW -epicomplete objects derived
from G. That result, some W -theory, and the relation between epicity and relative
uniform density are then employed to show Theorem B: �CK (Y ) = BL (Y ); i.e.,
the result of the �rst paragraph.

1. Introduction

Here we set some terminology and context, by way of sketching the proof of The-
orem B in the Abstract. This reverses the the order of events in the Abstract and in
subsequent sections. We do this because otherwise the point of Theorem A might
not be so visible.
Principal references will be: for category theory, [22]; for topology, [13] and [15];

for basics on `-groups (lattice-ordered groups), [1] and [10]; for vector lattices, [25];
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for details on epics and epicompletions, various papers in the literature, especially
[3]�[7], [24] and [18].

1.1 Let C be a category, R a full subcategory. A C-morphism A
��! B is

R-extendable if for each ' 2 C (A;R) there is
_
' with

_
'� = '. R is said to be

monore�ective if for each object G there is an R-extendable G
rG�! rG, which is

monic and epic with rG 2 R.
When this obtains, since the maps rG are epic, the extensions

_
' are unique. Also,

given G, a pair (rG; rG) is essentially unique, and any pair with its properties is called
an R-monore�ection of G. Also, the situation de�nes a functor r : C �! R:
We thus have the de�nition of �C-ec is monore�ective in C,� where C-ec de-

notes the full subcategory of C-epicomplete objects. This occurs frequently, and
when it does, C-ec is the smallest monore�ective subcategory, with the largest re-
�ections, and is thus of especial signi�cance. A familiar example is the category
C of Tychono¤ spaces, where epicomplete means compact and the monore�ection is
Stone-µCech compacti�cation: See [17] for further examples and discussion.
We are concerned here with the categories Arch andW; Arch-epicomplete will be

denoted just epicomplete, with functor �, and Arch-ec-extendable will be shortened
to ec-extendable. ForW, we writeW-epicomplete with functor �W.

1.2 Let us focus, and expand, on the situation CK (Y ) � BL (Y ) in the Abstract.
Y is a locally compact Hausdor¤ space, and

C (Y ) =
�
f 2 RY : f is continuous

	
;

CK (Y ) = ff 2 C (Y ) : cozf is compactg ;
C0 (Y ) = ff 2 C (Y ) : f vanishes at 1g ;
B (Y ) =

�
f 2 RY : f is Baire

	
;

BL (Y ) = ff 2 B (Y ) : coz f is Lindelöfg :
Here coz f = fy 2 Y : f (y) 6= 0g, and f vanishes at 1 provided that for all " > 0

there exists a compact set K with jf (y)j � " for all y =2 K. Also, B (Y ) is the least
subset of RY containing C (Y ) and closed under pointwise convergence of sequences,
and a space is Lindelöf if each open cover has a countable subcover.
Now any RY is an archimedean `-group in the pointwise operations and order, and

so, too, is each of the C�s and B�s above, as `-subgroups of RY .
In C (Y ), B (Y ), and RY , we designate as weak unit the constant function 1, and

we have theW-inclusions C (Y ) � B (Y ) � RY . In general, the other B�s and C�s
have no weak units, and we have the Arch-inclusions (suppressing Y ):

CK � C0 � BL:

Ultimately we shall show in 4.6 and 5.3 below:

Theorem B. For G = CK and G = C0; G � BL is an ec-monore�ection of G in
Arch.
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The case G = CK is the central one, as we shall see. Here, the theorem states
exactly:

B1 BL is epicomplete.
B2 CK � BL is epic.
B3 CK � BL is ec-extendable.

We shall prove B1 and B2 more-or-less directly in 4.1 and 4.2; B1 is routine, B2
uses relative uniform density and is more complicated, but most of the work resides
in previous knowledge of C (Y ) � B (Y ).
We don�t know how to prove B3 directly, but rather employ the Theorem A men-

tioned in the Abstract. Here, given G, we �nd a (or several) P which is epicomplete
and a product ofW-ec objects, and an embedding G ,! P so that �G is the �epiclo-
sure�of G in P , discussed below in 2.1. For G = CK , we construct P so that visibly
BL embeds in P over CK : (All of that uses �W-decomposition of Arch-morphisms,�
and knowledge of �W�s.) Then, using B1 and B2, BL = �CK follows.

2. Some Preliminaries for Theorem A

Theorem A (3.2 below) results from a combination of the categorical features of
(epi, extremal-monic)-factorizations, the method of �reduction by principal perps�
from Arch to W, the properties of epicompleteness, and the idea of a coessential
subset. We explain these �rst. The reader who �nds this unnecessary or tedious
might go on to Section 3, referring to this section as needed.

2.1 Factorization, etc.
In a category C, the morphism A

m�! B is called extremal monic if m is monic,
and if m = ge, with e epic, implies e is an isomorphism. In this circumstance A is
called an extremal subobject of B . By identifying A with m (A), one thinks of A as
a subobject which admits no epic enlargement within B.
If C is �su¢ ciently complete�then:

(a) Any morphism f has an essentially unique (epi, extremal monic)-factorization
f = me, with e epic and m extremal monic. When f is monic, we call the
codomain of e, which is the domain of m, the epiclosure of the domain of f .

(b) Any square fe = mg with e epic and m extemal monic �diagonalizes:� there
is a unique d with de = g and md = f .

(c) The full subcategory R is epire�ective in C if and only if R is closed under
formation of products and extremal subobjects in C:

For the meaning of �su¢ ciently complete,� and details of the results above, see
[22]. We don�t need to go into this here.

2.2 Arch andW.

(a) Arch andW are �su¢ ciently complete,�so 2.1 (a), (b), and (c) are valid in
Arch andW.
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(b) LetG be aW-object (resp.,Arch-object). G isW-epicomplete (resp.,Arch-
epicomplete) if and only if G is divisible and both conditionally and laterally
�-complete. We denote the corresponding categoriesW-ec (resp., Arch-ec.)

(c) The classW-ec (resp., Arch-ec) is monore�ective inW (resp., Arch).
(d) Let G

'�! H be a surjection of W (resp., Arch). If G is W-epicomplete
(resp., Arch-epicomplete), then so is H.

(a) is discussed in [4] and [16]. (b) is from [4]. (c) forW was �rst shown in [26],
using the theory of �-frames. Moments later, (c) was derived from (b) and 2.1(c) in
[4]. [14] and [27] show that a surjection preserves the algebraic properties in b), so
d) follows. Note that (d) implies this stronger form of epicompleteness: each epic
out of G is a surjection.

We remark now, and then no more, that all of the considerations of this paper
apply to the (less general) corresponding categories of vector lattices because: (1) any
Arch- (orW-) object with property (*) �is�a vector lattice, and (2) it is a result of
Bleier and Conrad (see the discussion in [3]) that the category of archimedean vector
lattices can be identi�ed with a monore�ective subcategory of Arch by forgetting
scalar multiplication, and likewise for W. In this general vein, we note also that
certain aspects of the property (*) have been studued by Fremlin in [14], where (*)
is called �universally �-complete.�

2.3 Reduction of Arch toW.
(a) Let G 2 Arch and u 2 G+. Then u? = fg 2 G : jgj ^ u = 0g is an ideal

(convex sub-`-group); also, G=u? 2 Arch - see [10] - and the quotient map
G �! G=u? is an Arch-morphism.

(b) Let ' 2 Arch (G;H), and let u 2 G+. Then '
�
u?
�
� ' (u)?, so

'u
�
g + u?

�
� ' (g) + ' (u)?

de�nes a homomorphism 'u : G=u
? �! H=' (u)? for which the Arch-square

below commutes.
G G=u?

H H='(u)?

-

-
? ?

' 'u

(c) Now u 2 G+ is called a weak unit in G when u? = f0g. In any event, the
coset u+ u? is a weak unit in G=u?. Any element larger than a weak unit is
a weak unit. So if u1 � u in G then u1 + u? is a weak unit in G=u?, and for
' 2 Arch (G;H), ' (u1) + ' (u)? is a weak unit in H=' (u)? : This makes
the 'u of (b) into aW-morphism indicated by�

G=u?; u1 + u?
� 'u�!

�
H=' (u)? ; ' (u1) + ' (u)?

�
2W:
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(d) Now let U � G+ and U? =
T
U u

?. Again we have an ideal, and G=U? 2
Arch. Let ' 2 Arch (G;H). From the basic properties of the product in
Arch (which is just the `-group product; i.e., the cartesian product with +
and � de�ned coordinate-wise), we have the commuting Arch-square below,

G
Q
G=u?

H
Q
H='(u)?

-

-
? ?




�

'
Q
'u

where the products are indexed by U , 
 (g)u =
�
g + u?

�
for all u 2 U , �

is de�ned likewise, ker 
 = U?, and ker � = ' (U)?. So in the event (to
materialize shortly) that U? = f0g in G and ' (U)? = f0g in H, 
 and � will
be embeddings.

2.4 Coessential subsets.
(a) De�nition. Let G 2 jArchj. An archimedean kernel in G is an ideal I of

G for which G=I is archimedean.
For S � G, akG S denotes the least archimedean kernel of G containing

S; this kernel exists because Arch is an SP-class in abelian `-groups. See
Section 4 for more on archimedean kernels.

(b) De�nition. Let G 2 jArchj and U � G+. We say that U is coessential in
G if the only morphism � 2 Arch (G;H) such that � (u) = 0 for all u 2 U is
the zero map. ' 2 Arch (G;H) is called coessential if ' (G+) is coessential in
H.
We record some simple features of coessentiality.

(c) U is coessential in G if and only if the embedding of the generated `-group
ideal hUi � G is a coessential morphism.

(d) An epic is coessential.
(e) The composition of coessential morphisms is coessential.
(f) If U is coessential in G and G

'�! H is coessential then ' (U) is coessential
in H.

(g) For U � G+, these are equivalent.
(g1) U is coessential in G.
(g2) akG U = G.
(g3) Whenever ' 2 Arch (G;H) is coessential (or is epic, or is surjective),

then ' (U)? = f0g.
Proofs. (c), (d), (e), (f), and (g1)()(g2) are routine. (g2)=)(g3). Suppose
(g2) holds, and hence also (g1). Let ' 2 Arch (G;H) be coessential. By (g1)
and (f), ' (U) is coessential in H. This means that ak' (U) = H. Since for any
V , V ?? is always an archimedean kernel ([10]), we have H = ak' (U) � ' (U)??.
But V ?? = H i¤ V ? = f0g. (g3)=)(g2). If akG U 6= G then the quotient map
G

'�! G= akG U � H is surjective and has ' (U) = f0g, so ' (U)? = H 6= f0g.
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We quote the following just by way of context; we won�t explicitly use it here. This
generalizes a crucial result from [3], and the proof there works here.
(h) Let U be coessential in G, and ' 2 Arch (G;H). Then ' is Arch-epic if and

only if ' is coessential and for each u 2 U , theW-morphism

'u :
�
G=u?; u+ u?

�
�!

�
H=' (u)? ; ' (u) + ' (u)?

�
isW-epic.

3. Theorem A

The following situation and notation will obtain throughout this section, and will
be referred to later.
3.1 Let G 2 Arch and let U � G+ with U? = f0g. For each u 2 U �x u1 2 G

with u1 � u. We have, for each u 2 U , the quotient G �! G=u? in Arch, the
W-object

�
G=u?; u1 + u?

�
, and theW-ec monore�ection

bu :
�
G=u?; u1 + u?

�
! �W

�
G=u?; u1 + u?

�
� Pu:

We construe this last in Arch, and just write bu : G=u? � Pu.
Thus we have

G P =
Q
Pu

Q
G=u?

K

- -

-

6
�

� �


 b

where the notation is as in 2.3(d), b =
Q
U bu, � � b
, and � = �" is the (epi,

extremal monic)-factorization of �:
By 2.1 and 2.2, each Pu is Arch-epicomplete, and so then are P and K. Also "

is monic as a �rst factor of the monic �. So G "�! K is an epic embedding into an
epicomplete object, an �epicompletion�of G, and this will be an ec-monore�ection
of G if and only if " is ec-extendable. Relatively simple examples show that, at this
level of generality, ec-extendability can fail; see 3.3(b) below.

3.2 Theorem A. Assume the notation of 3.1. If U is coessential in G then
G

"�! K is ec-extendable, and thus is an ec-monore�ection of G:

Proof. Let � 2 Arch (G;L) with L epicomplete, and let G '�! H
m�! L be the (epi,

extremal monic)-factorization of �: We have the following diagram in Arch.
Note the following.
(1) H is an extremal subobject of the epicomplete object L, so is epicomplete by

2.1 and 2.2. By 2.2, H=' (u)? is also epicomplete.
(2) We may view 'u as aW-morphism, obtaining the following diagram inW.

'u exists with 'ubu = 'u since bu isW-ec-extendable.
(3) Now view 'u as an Arch-morphism, and construct  =

Q
'u.
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G=u?

L

G K

P =
Q
Pu Pu

H='(u)? H
Q
H='(u)? H='(u)?

�

�
? ?

�
�

��	

@
@

@@I

-

-

?

? ?

-

-

'u

�

m

'

�

�

�

 'u

(G=u?; u1 + u?) Pu = �W(G=u?; u1 + u?)

(H='(u)?; '(u1) + '(u)?)

-
��������?

bu

'u 'u

(4) � is the standard map into the product, de�ned by � (h) = (� (h)u), where
� (h)u = h + ' (u)?. Because U is coessential in G and ' is epic, ' (U) is
coessential inH, from which it follows from 2.4 that ' (U)? =

T
' (u)? = f0g.

Hence � is one-to-one. Since H is epicomplete, � is extremal monic.
(5) That ( �) " = �' is easily checked. So by 2.1 there is K ��! H with �" = '

and �� =  �.
(6) m�" = � follows.

�

3.3 Comments.

(a) The point of 3.2 is that for certain G the u�s and u1�s can be chosen so that one
knows what the Pu�s are, and can compute K. This is done for G = CK (Y )
in the next sections. It is to be noted that, in general, the calculation of K
is not so straightforward; see 6.1.

(b) The following is shown in [24]. Let u 2 G+ be a weak unit, so (G; u) 2 jWj.
Then �G = �W (G; u) i¤ fug is coessential, in which case u is called a �near
unit.� 3.2 is a generalization of the �if�portion of this result: take U = fug
with u1 = u. A corresponding converse of 3.2 can be formulated; see comment
(c) below.
Examples are presented in [24] of (G; u) 2 jWj with fug not coessential,

and these are then examples alluded to at the end of 3.1, where G "�! K fails
to be ec-extendable.

(c) While we have no use for it, it is interesting and not hard to prove that for any
u 2 G+, �W

�
G=u?; u+ u?

�
is naturallyW-isomorphic to

�
�G=u?; u+ u?

�
.

Thus, when U? = f0g in �G, which follows from coessentiality, �G embeds
in P =

Q
Pu. Note that this is exactly the use of coessentiality in the proof

of 3.2, to make � an embedding.
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(d) The following comparison of 3.2 with a standard construction is curious.
�Everybody knows�that epire�ections are constructed by embedding in prod-
ucts via 2.1. In a suitable category C, with subcategory A, given R (A), the
epire�ective hull of A, given G, one takes S to be a �skeleton-set�of epis in
C (G;A). Then

G P =
Q
S As

K

-

6

�

� �

where As is the codomain of s, �s �� = s for each s 2 S, and � = �� is the
(epi-extremal monic)-factorization. Here, � is constructed so that G ��! P

is A-extendable, and it follows that G ��! K is also A-extendable. (See 37.1
of [22].)
In our present situation, Arch-ec is R(W-ec), meaning the epire�ective

hull in Arch generated byW-ec, by [4]. But we see no reason why, for the
construct G ��! P in 3.2, � should beW-ec-extendable (in Arch).
The point may be �not all is one.�

(e) We note a cardinal generalization of 3.2. For � a regular cardinal or the symbol
1, let Arch� (resp.,W�) have object class jArchj (resp., jWj), but the mor-
phisms are �-complete Arch- (resp.,W-) morphisms. Then (see [16]) Arch-
ec (resp.,W-ec) is monore�ective in Arch� (resp.,W�): Denote the re�ect-
ing functors by �� and �

W
� . (��-complete�is de�ned as �< �-complete,�so

Arch! = Arch and �! = �; likewise forW.) 3.2 generalizes to show that,
for U coessential, etc., ��G is to be found in

Q
�W�

�
G=u?; u1 + u?

�
. Note

that [5] describes �W!1 and �
W
1 , but for other �, �

W
� is a mystery.

(f) Of course, 3.2 is describing a connection between W-ec as a re�ective sub-
category ofW and Arch-ec as a re�ective subcategory of Arch. Perhaps in
that vein a generalization is possible, which might, in the most general terms,
go as follows. Let S be a mono-, or perhaps merely epi-, re�ective subcat-
egory of W, and let R be the re�ective subcategory of Arch generated in
some way from S. Then the R-re�ection of G is to be found somehow inside
some product of S-re�ections of G=u�s. But, the details escape us; too many
crucial features of epicomplete objects are used in 3.2.

(g) To recognize a �G from 3.2, in some speci�c cases there may be a virtue in
minimizing the cardinal number jU j. The case jU j = 1 is mentioned in (b)
above and there is information about the case jU j = ! in [9]. ForG = CK (Y ),
which is discussed in the next section, it is not hard to see that the minimum
jU j is the so-called Lindelöf degree L (Y ) (see [13]), but we see no value in this
observation.
Of course, we have here a cardinal invariant of archimedean `-groups which

one might study, the �coessentiality character,�cG = min fjU j : U is coessential in Gg.
(h) Likewise, there may be a virtue in having a pairwise disjoint U , but frequently

such does not exist: it�s easy to see from 4.10 below that CK (Y ) has a disjoint
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coessential subset if and only if Y is a topological sum
P

I Yi of compact Yi.
Then U = f i : i 2 Ig, where  i is the characteristic function of Yi. We will
return to this topic in [8].

4. BL (Y ) = �CK (Y )

Let Y be a �xed locally compact space, CK = CK (Y ) as in the �rst section, �Y �
usually being suppressed. The proof of �BL = �CK�was outlined in Section 1, and
we proceed to the details. The terms epi, epicomplete, etc., refer to Arch.

4.1 Proposition. BL is epicomplete.

Proof. A �-ideal in G is an ideal I in G with this property.

(�) fgng � I+;
G_
gn = g =) g 2 I:

The result follows from (1), (2), and (3).

(1) If G is epicomplete then so is each of its �-ideals.
(2) B (Y ) is epicomplete.
(3) BL is a �-ideal in B (Y ).

Recall that an Arch object is epicomplete if and only if it is divisible and both
conditionally and laterally �-complete (2.2). Using that, (1) is routine, and (2)
follows because existing countable suprema in B (Y ) are pointwise. See [5] for further
discussion.
For (3), note �rst that for U � V � Y , if U is Baire in Y and V is Lindelöf then

U must also be Lindelöf. For by covering V with open sets having compact closure
and then taking a countable subcover, we get U �

S
Kn for countably many compact

Kn � Y . Since U is Baire in Y , each U \ Kn is Baire in Kn, and a Baire set in a
compact space is Lindelöf. Thus U =

S
(U \Kn) is Lindelöf as well.

To show that BL is a sub-`-group of B (Y ), observe that, since coz (f) = coz (�f) =
coz jf j, we have for fi 2 BL that

coz (f1 + f2) = coz jf1 + f2j � coz (jf1j+ jf2j) = coz f1 [ coz f2;
coz (f1 _ f2) = coz jf1 _ f2j � coz (jf1j _ jf2j) = coz f1 [ coz f2;
coz (f1 ^ f2) = coz jf1 ^ f2j � coz (jf1j _ jf2j) = coz f1 [ coz f2:

Since these are Baire subsets of the Lindelöf set coz f1 [ coz f2, all are Lindelöf and
BL is closed under the `-group operations. Furthermore, f � g � 0 for f 2 BL and
g 2 B (Y ) implies coz f � coz g and coz g Lindelöf, hence g 2 BL. Finally, BL has
property (�) in B (Y ) because, for non-negative functions fn,

f =

B_
fn =) f (x) =

_
fn (x) 8x 2 Y =) coz f =

[
coz fn:

If all coz fn are Lindel½of, so is coz f . �
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4.2 Proposition. CK � BL is epic.

We prove this by showing relative uniform density, which we explain brie�y. ([25]
is the best general reference; see also [6].) In an archimedean `-group B, choose
0 � u 2 B. The sequence fang converges to b relatively uniformly regulated by u if

8k 2 N 9n (k) 2 N h n � n (k) =) k jan � bj � ui ;

we write an �! b (u). For B divisible, this is the more familiar

8� = 1

k
9n (�) 2 N hn � n (�) =) jan � bj � �ui :

Ordinary uniform convergence of real-valued functions is this with u the constant
function 1.
For A � B, the iterated pseudo-closures are

r0 (A;B) = A;

r1 (A;B) =
�
b 2 B : an �! b (u) for some (an) � A and some u 2 B+

	
;

r� (A;B) =

�
r1 (r
 (A;B) ; B) if � = 
 + 1S

<� r� (A;B) if � is a limit ordinal.

Then, r!1+1 (A;B) = r!1 (A;B), and this is denoted r (A;B) and called the relative
uniform closure of A in B.

4.3 Theorem ([6]).(a) If A � B is relatively uniformly dense then it is epic.
(b) For any Tychono¤ space X, C (X) � B (X) is relatively uniformly dense.
(c) Suppose B is epicomplete. If A � B is epic then it is relatively uniformly

dense.

We don�t need (c) for the proof of 4.2, but it�s worth noting, as is the fact that the
hypothesis �B is epicomplete�cannot be dropped.
We also need the following.

4.4 Proposition. Suppose S is locally compact and �-compact. Then CK (S) is
relatively uniformly dense in C (S). In fact, r1 (CK (S) ; C (S)) = C (S).

Proof. Write S =
S
nKn, where each Kn is compact and each Kn � intKn+1. For

each n choose un 2 C (S) with 0 � un � 1 such that un is 1 on Kn and 0 on S nKn+1.
This is possible since S is normal.
For any f 2 C0 (S) (recall that these are the functions vanishing at in�nity),

unf �! f (1). This means that unf �! f uniformly on S. We explain. For � > 0,
there is compact K � S with jf (x)j � � for x =2 K. Since K � S =

S
intKn, there

is n = n (�) with K � Kn. If m � n, then jumf � f j is 0 on Km and at most � o¤
Km.
Now let g 2 C (S). Since each g is bounded on Kn, it is easy to build a function

u 2 C0 (S) with u (x) > 0 for each x 2 S and ug 2 C0 (S). As in the previous
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paragraph, un (ug) �! ug (1). Now multiply by 1
u
2 C (S):

ung =
1

u
(un (ug)) �!

1

u
(ug)

�
1

u

�
;

so ung �! g
�
1
u

�
. (Checking simple inequalities justi�es the notational sleight-of-

hand.) Finally, note that each ung 2 CK (S). �
4.5 Proof of 4.2.
By 4.3, it su¢ ces to show that BL = r (CK ; BL). Suppose f 2 BL; since Y is

locally compact and Tychono¤, we can cover coz f by cozero sets U of Y which have
compact closure. Each U is cozero in U , so is locally compact and �-compact. Since
coz f is Lindelöf, countably many U�s cover, too, and their union S is locally compact
and �-compact. Note that S is a cozero set in Y and f jS 2 B (S).
We embed B (S) ,! BL (Y ) by g ,! g0, where g0 is g on S and 0 o¤ S. Here

g0 2 B (Y ) because S is zero-set embedded (because S is a cozero set, or because S is
Lindelöf ([11])), and thus Baire-set embedded. In fact g0 2 BL since coz g0 = coz g,
and coz g is Lindelöf since it is a Baire (in Y ) subset of the Lindelöf set S. This is an
embedding as an `-group, so that an �! b (u) in B (S) implies a0n �! b0 (u0). Thus
for any A � B (S),

r (A;B (S))0 � r
�
A0; B (S)0

�
� r (A0; BL) :

Finally, observe that CK (S)
0 � CK (Y ).

Recall that f 2 BL, so that f jS 2 B (S); note that f = (f jS)0. By 4.3(b), C (S)
is relatively uniformly dense in B (S); by 4.4, CK (S) is relatively uniformly dense in
C (S); since the composition of relatively uniformly dense embeddings is relatively
uniformly dense (see 1.1 of [6] if needed), CK (S) is relatively uniformly dense in
B (S) : So

f = (f jS)0 2 r (CK (S) ; B (S))0 � r (CK ; BL) :

This completes the proof of 4.2.

We now use 4.1, 4.2, and Theorem A to prove the result in the title of this section.

4.6 Theorem. For any locally compact Y , CK (Y ) � BL (Y ) is an ec-monore�ection
of CK (Y ).

4.7 Outline of the proof. We shall select coessential U � C+K , and correspond-
ingly V , so that the map �, as in 3.1 and 3.2, has CK

��! K as ec-monore�ection,

CK K P- -

6

� �

�

and so that there is an embedding BL
��! P over CK with �� = �, where CK

�

� BL.
Since BL is epicomplete (4.1), � is extremal monic. But then we have two expressions
for the (essentially unique) (epi,extremal monic)-factorization of �: �� = � = ��.
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Hence there is an isomorphism K
d�! BL with �d = d�. Thus CK � BL is an

ec-monore�ection.

The proof of 4.6 will be completed � - by selecting appropriate U , U1 and � � in
4.13, after the necessary facts and tools are assembled. First, we need to know what
it means that U be coessential in CK .

4.8 Proposition. Let G 2 Arch.
(a) If I � G then I is an archimedean kernel of G if and only if I is an ideal which

is relatively uniformly closed.
(b) If J is an ideal in G, then so is r (J;G).
(c) For S � G, akG S = r (hSi ; G) where hSi denotes the ideal in G generated by

S:

hSi =
(
g 2 G : jgj �

X
1�i�n

jsij ; si 2 S; n 2 N
)
:

(d) If U � G+ then U is coessential in G if and only if r (hUi ; G) = G.

Proof. For (a) see [25]. (b) is easy, and (c) follows. Then (d) follows using 2.4(e). �
We use the usual notation from [15]: for s 2 RX , Z (s) = fx 2 X : s (x) = 0g and

coz s = X n Z (s), and for S � RX , Z (S) =
T
S Z (s) and cozS =

S
S coz s.

4.9 Proposition. In the `-group RX :
(a) If fn �! f (u) then fn �! f pointwise.
(b) Suppose G � RX and S � G. Then Z (S) = Z (akG S).
(c) Suppose G � RX , U � G+, and cozG = X. If U is coessential in G then

cozU = X.

Proof. (a) is easy and is Lemma 2 of [6]. For (b), Z (S) � Z (ak GS) just because
S � akG S. For the reverse inclusion, suppose x 2 Z (S) : Then x 2 Z (hSi) from the
description of hSi in 4.8. By (a), f (x) = 0 for every f 2 r1 (hSi ; G); by induction,
f (x) = 0 for every f 2 r (hSi ; G), which is akG S by 4.8. (c) follows by 2.4(g). �

4.10 Proposition. Consider G = CK (Y ), and let U � C+K . U is coessential in
CK if and only if cozU = Y .

Proof. Suppose cozU = Y . We show hUi = CK ; a fortiori, U is coessential. If
f 2 CK , then coz f is compact, so there are �nitely many ui 2 U with coz f �

S
cozui.

Let u =
P
ui 2 hUi, so cozu =

S
cozui. Since coz f is compact, there is r > 0 with

u � r on coz f . Since f is bounded, there is n 2 N with nu � jf j, hence f 2 hUi.
The converse is 4.9(c). �

4.11 Theorem. ([5] and [26]) Let K be compact. Then, �W (C (K) ; 1) =
(B (K) ; 1) :

4.12 Proposition. Let G � RX and u 2 G+.



FUNCTIONS WITH COMPACT SUPPORT 13

(a) u? = fg 2 G : coz g \ cozu = ?g.
(b) If u1 2 G+ has cozu1 � cozu then u1 + u? is a weak unit in G�u?, and

the restriction map e¤ects a W-isomorphism from
�
G�u?; u1 + u?

�
onto

(Gjcozu; u1j cozu1), where Gjcozu denotes the `-group of restrictions

fgjcozu : g 2 Gg :

(c) If u1 is 1 on cozu then
�
G�u?; u1 + u?

�
isW-isomorphic to (Gjcozu ; 1).

(Here (a) is well-known and easily proved, and (b) and (c) follow easily.)

4.13 Proof of 4.6. We keep in mind the outline in 4.7.
Take any U � C+K with cozU = Y and 0 � u � 1 for each u 2 U . By 4.10, U is

coessential.
For each u 2 U , cozu is compact, so there is u1 2 C+K with u1 (x) = 1 for each

x 2 cozu. We elaborate. For each x 2 cozu there is open Lx with x 2 Lx and Lx
compact. Finitely many of the Lx�s cover cozu; their union L is open with L � K
compact, so cozu � intK � K. There is u1 2 C (Y )+ with u1 being 1 on cozu and
0 o¤ intK, because a compact set and a disjoint closed set are always completely
separated (3.11 of [15]). But u1 2 CK .
Now CK jcozu = C (cozu). (Any compact set is C-embedded (3.11 of [15]), so

any f 2 C (cozu) extends to f 0 2 C (Y ). Then u1f 2 CK is an extension of f .
The other inclusion is clear.) Apply 4.12(c):

�
CK�u?; u1 + u?

�
isW-isomorphic to

(C (cozu) ; 1). By 4.11, Pu � �W
�
CK�u?; u1 + u?

�
�is�(B (cozu) ; 1).

Consequently, the CK
��! P =

Q
U Pu in 4.7 is (represented as) P =

Q
U B (cozu),

with �(g) = (� (g)u) = (gjcozu). Then � is lifted over CK
�

� BL to � : BL �! P
de�ned, obviously, by � (f) = (� (f)u) = (f jcozu). (The restriction of a Baire
function to a subspace is a Baire function on the subspace.)
According to 4.7, the proof of 4.6 is now complete.

4.14 Comments. (a) Referring to the discussion in Section 1 and 3.3(d), 4.6 is
equivalent to (4.1, 4.2, and)

(�) CK (Y ) � BL (Y ) isW-ec-extendable in Arch.

And 4.11 says, among other things, that C (K) � B (K) isW-ec-extendable inW,
and also in Arch by 3.3(b). On the other hand, in [2] we �nd a locally compact
Y for which C (Y ) � B (Y ) fails to be W-ec-extendable in W; i.e., is not a W-ec
re�ection. This, in light of (�), is somewhat surprising.
(b) The process used here for showing �CK = BL can surely be applied to any G

which is presented as a group of functions in an understandable way, e.g., as in [23],
because Theorem A is general and 4.11 and 4.12 are specializations of much more
general facts; see [5].
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5. BL (Y ) = �C0 (Y )

We derive this Theorem as a corollary of 4.6 and two simple facts, whose proofs we
defer for the moment.

5.1 Proposition. Let C be a category, R a full subcategory, and suppose that
G

��! B is an epire�ection of G into R. If � = se,with e epi, as G e�! A
s�! B,

then A s�! B is a re�ection of A into R.

5.2 Proposition. Let Y be locally compact. If f 2 C0 (Y )+, then
p
f 2 C0 (Y ),

and there is a sequence fgng � CK (Y ) with gn �! f
�p

f
�
: So CK (Y ) is relatively

uniformly dense and thus epically embedded in C0 (Y ) .

5.3 Corollary. BL (Y ) is an ec-monore�ection of C0 (Y ) :

Proof. By 4.6, CK
�

� BL is an ec-re�ection, which factors as CK
e

� C0
s

� BL, with e
epi, by 5.2. The result follows by 5.1. �
5.4 Proof of 5.1. It su¢ ces to show that

' 2 C (A;R) =) 9
 with ' = 
s:

Since � is a re�ection, there is 
 with 
� = 'e. Then 'e = 
� = 
 (se), whence

s = ', since e is epi.

5.5 Proof of 5.2. (This is somewhat similar to the argument in 4.4.) First, if
h 2 C+0 , there is a sequence fhng � CK with cozhn � cozh such that hn �! h2 (h).
We elaborate. LetKn =

�
x 2 Y : h (x) � 1

n

	
; these are compact, since h 2 C0. Then

choose un 2 C (Y ), 0 � un � 1, such that un is 1 on Kn and 0 o¤Kn+1 (by 3.11 of
[15]). Then un and unh 2 CK , and unh �! h (1). Set hn = unh

2.
To prove 5.2 let f 2 C+0 , and note that

p
f 2 C+0 also. Now apply the result

in the paragraph above, using h =
p
f , to �nd a sequence fhng in CK with hn �!

(
p
f)2(

p
f).

5.6 Remark. Let CL (Y ) = ff 2 C (Y ) : coz f is Lindelöfg. It seems likely that
CK � CL is relatively uniformly dense by some argument like 5.5 or 4.4 and thus that
�CL = BL, just as 5.3 is proved. But we don�t see how to prove that.

6. Concluding Remarks

6.1 Factorization. In view of 4.3 and the central role here of the (epi, extremal
monic)-factorization, one might wonder if that factorization of an embedding A � B,
with A divisible and B epicomplete, is

A
e

� r (A;B)
m

� B:

�A divisible�can�t be dropped: consider Z � R. �B epicomplete�can�t be dropped:
there are examples at the end of [6] and in [20]. Here r (A;B) is epicomplete (proof
below), so m is extremal monic. So by 4.3, e is epi if and only if A � r (A;B) is
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relatively uniformly dense. But there seems to be no obvious reason for that, because
of the loss of regulators upon descent from B to r (A;B).
Proof that r (A;B) is epicomplete. This follows from the more general state-

ment: if A � B, with A divisible, B epicomplete, and A relatively uniformly closed
in B, then A is epicomplete. By 2.2(b), we could show that A is conditionally and
laterally �-complete; it seems easier to use [18] and show that A is relatively uni-
formly complete and laterally �-complete. (See [18], also [7] and [25], for discussions
of relative uniform completeness.) Since B is epicomplete it is relatively uniformly
complete; then, since A is relatively uniformly closed, it is relatively uniformly com-
plete. Now let fang be a countable disjoint family in A+. Then b =

W
an exists

in B. Let bn =
W
i�n ai and u =

W
nan (in B). 4.3 of [4] says bn �! b (u). So

b 2 r (A;B) = A since fbng � A.

6.2 Absolutely relatively uniformly closed. We repeat a question from [6], p.
125. Call A absolutely relatively uniformly closed if

A � B in Arch implies r (A;B) = A:

This implies that A is epicomplete, since A � �A is relatively uniformly dense (4.3).
The question is the converse.

6.3 Representation of epicomplete objects It is shown in [5] that (A; e) is
W-epicomplete if and only if it isW-isomorphic to a (D (X) ; 1), for X compact and
basically disconnected. One asks if there is a similar representation of epicomplete
objects in Arch. (This is, of course closely related to, and perhaps more basic than,
the problem treated here of representing G � �G:) More speci�cally, consider �rst
BL (Y ). Now BL (Y ) � B (Y ) and B (Y ) � D (X) as above. Viewing BL (Y ) �
D (X), P = Z (BL (Y )) is what is called a P -set in X, meaning that the intersection
of countably many neighborhoods of P is again a neighborhood, and if we form a
quotient of X by collapsing P to a point p, we �nd that the resulting space X 0 is still
basically disconnected, p is a P -point in X 0, and

BL (Y ) = ff 2 D(X 0) : f (p) = 0g � D(X 0; p):

It�s fairly easy to see that if X is a compact basically disconnected space with
P -point p, then D (X; p) is epicomplete, more-or-less generalizing 4.1. The question
is the converse: does G epicomplete imply G � D (X; p) for some compact basically
disconnected X with P -point p?
We don�t know the answer. A sequel to this paper, [8], will consider the issue.
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