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CHAPTER I

INTR ODUCTION

Residuated lattices are algebraic structures with strong connectionsto mathematical

logic. This thesis studies properties of a number of collectionsof residuated lattices. The

algebrasunder investigation combine the fundamental notions of multiplication, order and

residuation, and include many well-studied orderedalgebraicstructures.

Residuatedlattices were�rst considered,albeit in a more restrictive setting than the one

we adopt here,by M. Ward and R. P. Dilworth in the 1930's. Their investigation stemmed

from attempts to generalizeproperties of the lattice of idealsof a ring. On the other hand,

work on residuation,a conceptcloselyrelated to the notions of categoricaladjunction and of

Galoisconnection,wasundertaken in algebra,with emphasison multiplication, and in logic,

with emphasison implication, but without substantial communication between the �elds.

During relatively recent years,studies in relevant logic, linear logic and substructural logic

as well as on the algebraicside draw attention to and establishstrong connectionsbetween

the �elds. See,for example,[OK], [BvA], [RvA] and [JT].

The generality in the de�nition of residuatedlattices is due to K. Blount and C. Tsinakis

(see[BT]) who �rst developed a structure theory for thesealgebras. This thesis relies on

their results and concentrates on subvarieties of residuatedlattices.

After discussing,in Chapter I I, the background neededfor readingthis thesis,in Chapter

I I I wegive the de�nition of residuatedlattices and an extensive list of examplesand construc-

tions on residuatedlattices. Also, we give a short overview of the description of congruence

relations, presented in [BT], comment on the caseof a �nite residuatedlattice and give two

easycorollariesof the generaltheory. Furthermore, we de�ne a number of interesting subva-

rieties of residuatedlattices and discusspropertiesof the subvariety lattice. In particular, we

establisha correspondencebetweenpositive universalformulas in the languageof residuated

lattices and residuated-lattice varieties and apply it to show, amongother things, that the

join of two �nitely basedcommutativ e varieties of residuatedlattices is also �nitely based.

We give a brief exposition of the fact that residuated lattices provide algebraic semantics

for the full Lambek calculus,and review how this implies the decidability of the equational

theory of residuatedlattices, a fact proved in [JT]. Finally, we investigatethe limitations of

lexicographicorderson semidirect products, a useful tool for lattice-ordered groups, in the

caseof residuatedlattices.

Chapter IV contains results to appear in [BCGJT]. In particular, we note that the class

of residuatedlattices with a cancellative monoid reduct is a variety, and we give a number
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of equational basesfor the varieties of lattice-ordered groups and their negative conesand

illuminate the connectionsbetweenthe two varieties.

In Chapter V we undertake an investigation of the atomic layer in the subvariety lattice

of residuated lattices. We show that there exist only two cancellative atoms and provide

a countably in�nite list of commutativ e atoms. Moreover, we construct a continuum of

atomic varietiesthat havean idempotent monoidreduct and aregeneratedby totally ordered

residuatedlattices. We note that there are only two idempotent commutativ e atoms.

Chapter VI focuseson residuatedlattices with a distributiv e lattice reduct. We mention

that the variety of distributiv e residuatedlattices hasan undecidablequasi-equationaltheory,

see[Ga], and remark that the samevariety has a decidableequational theory, see[GR].

Moreover, we establish a Priestley-type duality for the category of distributiv e residuated

bounded-lattices.

The collectionsof MV-algebras,lattice-orderedgroupsand their negative conesare gen-

eralized to the variety of GMV-algebras, in Chapter VI I. We prove that a GMV-algebra

decomposesinto the Cartesian product of a lattice-ordered group and a nucleus-retraction

on the negative coneof a lattice-ordered group. Moreover, we show that a GMV-algebra

is the imageof a monotone, idempotent map on a lattice orderedgroup. Thesecharacter-

izations and known results regarding lattice-ordered groups imply the decidability of the

equational theory of GMV-algebras. Finally, we establishan equivalencebetweenthe cate-

gory of GMV-algebrasand a categoryof pairs of lattice-orderedgroupsand certain mapson

them. We concludeour study with a list of open problems,in Chapter VI I I.

An e�ort hasbeenmadeso that the exposition can be understood by the non-specialist.

Toward this goal we have tried to present proofs in full detail.
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CHAPTER II

PRELIMINARIES

We assumefamiliarit y with basicconceptsfrom set theory, mathematical logic, topology

and categorytheory. If h is a map from A to B and C � A, D � B , we set h[C] = f h(c) j c 2

Cg and h� 1[D ] = f a 2 A j h(a) 2 Dg. In what follows, we give the basicnotions and results

that will be neededfor the presentation of this thesis,organizedaccordingto three subject

areas.

Univ ersal algebra

We start with somebasicde�nitions from universalalgebra. For a detailed exposition of

notions and results of the �elds, the readeris referredto [MMT ] and [BS].

An (algebraic) language, signature, or (similarity) type F is an indexed set of symbols

F together with a map � : F ! N, called the arity map. An operation on a set A of arity

n is a map from An to A. An algebra A of type F consistsof a set A and an indexed set

hf A i f 2 F of operationsf A : A � (f ) ! A on A of arity � (f ). The set A is called the underlying

set or the universe of A and the maps f A are called the fundamentaloperations of A . We

will be dealing with algebrasover a �nite similarity type. Such algebraswill be denoted

by A = hA; f A
1 ; f A

2 ; : : : ; f A
n i , and most of the times we will omit the superscript A . Two

algebrasthat have the samesimilarity type are called similar.

A subuniverseof an algebraA is a subsetB of A that is closedunder the fundamental

operations, i.e., f A (b1; b2; : : : ; b� (f ) ) 2 B , for all b1; : : : b� (f ) 2 B. If B is a subuniverseof

of an algebraA = hA; f 1; f 2; : : : ; f n i , then the algebraB = hB; f 1jB ; f 2jB ; : : : ; f n jB i , where

f i jB is the restriction of f A
i to B � (f ) , is called a subalgebra of A .

If F is a similarity type and G is a subset of F , the G-reduct of an algebra A with

underlying set A, similarity type F and fundamental operations f A ; f 2 F is the algebra

A G with underlying set A and fundamental operations f A ; f 2 G. A G-subreduct is a

subalgebraof a G-reduct.

A homomorphismbetweentwo algebrasA and B of the samesimilarity type F is a map

h : A ! B , that commuteswith all the fundamental operations,i.e., h(f A (a1; a2; : : : ; a� (f ) )) =

f B (h(a1); h(a2); : : : ; h(a� (f ) )), for all a1; a2; : : : ; a� (f ) 2 A and for all f 2 F . If h is an onto

homomorphismform A to B , then we say that B is a homomorphicimage of A . The kernel

of a homomorphismh : A ! B is de�ned to be the setK er(h) = f (x; y) 2 A2 j h(x) = h(y)g.

If A = f A i j i 2 I g is an indexed set of algebrasof a given similarity type F , then the

3



product of the algebrasof A is the algebraP =
Q

i 2 I A i with underlying set the Cartesian

product of the underlying sets of the algebrasin A , similarity type F and fundamental

operations f P ; f 2 F , de�ned by f P (hai 1i i 2 I ; : : : ; hai� (f ) i i 2 I ) = hf A i (ai 1; � � � ; ai� (f ) )i i 2 I , for

all A i 2 A , aij 2 A i , i 2 I and j 2 f 1; : : : ; � (f )g.

A congruence relation on an algebra A of type F is an equivalencerelation � that is

compatible with the fundamental operations of A , i.e., for every fundamental operation

f A , f 2 F , and a1; a2; : : : ; a� (f ) , b1; b2; : : : ; b� (f ) 2 A, if a1 � b1; a2 � b2; : : : ; a� (f ) � b� (f ) then

f (a1; a2; : : : ; a� (f ) ) � f (b1; b2; : : : ; b� (f ) ). It is easy to seethat the congruencerelations on

an algebra coincide with the kernels of homomorphismson the algebra. The congruence

generated by a set X of pairs of elements from an algebraA is the least congruencerelation

Cg(X ) containing X . The congruencegeneratedby a singleton is called principal. The

collection of all congruenceson an algebraA forms a lattice, seede�nition below, denoted

by L(A ). Every non-trivial algebrahas at least two congruences;the universal congruence

A2 and the diagonalcongruence f (a;a) j a 2 Ag. If an algebrahasexactly two congruences

it is called simple. The classof all simple algebrasof a classK is denotedby K Si .

If A = hA; f 1; f 2; : : : ; f n i is an algebraand � a congruenceon A , we de�ne the algebra

A =� of the samesimilarity type asA , with underlying set the set of all � -congruenceblocks

[a]� , a 2 A, and fundamental operationsf A =�
1 ; : : : ; f A =�

n , de�ned by f A =�
i ([a1]� ; : : : ; [a� (f i ) ]� ) =

[f A
i (a1; : : : ; a� (f i ))]� , for all i 2 f 1; 2; : : : ; ng - the fact that � is a congruenceguaranteesthat

the operations are well-de�ned. The algebraA =� is called the quotient algebra of A by � .

A subdirect product of an indexed set A = f A i j i 2 I g of algebrasof a given similarity

type F , is a subalgebraB of the product of the algebrasof A , such that for every i 2 I and

for every ai 2 A i , there exists an element of B , whosei -th coordinate is ai . In other words,

the projection to the i -th coordinate map from B to A i is onto. An non-trivial algebra is

called subdirectly irr educible, if it is not a subdirect product of more than one non-trivial

algebras.Looking at the kernelsof the i -th projection maps, it can be seenthat an algebra

is subdirectly irreducible i� it has a minimum non-trivial congruence,called the monolith.

The collection of all subdirectly irreducible members of a classof algebrasK is denotedby

KSI .

An ultra�lter over a set X is a �lter , seede�nition below, in the power set P(X ) of X

that is maximal with respect to inclusion. If A = f A i j i 2 I g is an indexedset of algebrasof

a given similarity type and U is an ultra�lter over the index set I , then the binary relation

� U on the product P of the algebrasof A , de�ned by hai i i 2 I � Uhbi i i 2 I i� f i 2 I j ai = bi g 2 U,

is a congruenceon P. The quotient algebra P=� U is called the ultraproduct of A over the

ultra�lter U. The classof all ultraproductsof collectionsof algebrasfrom a classK is denoted

by Pu(K).
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The ultraproduct construction preservesthe validity of �rst-order formulas over the sim-

ilarit y type F . A celebratedresult due to B. J�onsson,known as J�onsson's Lemma, states

that if a variety V is congruence distributive, i.e., the congruencelattice of every algebrais

distributive, seede�nition below, then the subdirectly irreducible algebrasof V arehomomor-

phic imagesof subalgebrasof ultraproducts of algebrasof V; in symbols VSI � HSP u(V).

If K is a classof algebraswe denoteby S(K), H (K) and P(K) the classesof all algebras

that are isomorphic to a subalgebra,a homomorphicimageand a product of algebrasof K,

respectively. A classof algebrasis called a variety , if it is closedunder the three operators

S; H and P. We denote the composition HSP by V . It is not hard to prove that a class

V of algebrasis a variety i� V = V (V). Moreover, given a classK of similar algebras,the

smallestvariety containing K is V (K), the variety generated by K. If K = f A 1; A 2; : : : ; A ng,

we write V (A 1; A 2; : : : ; A n) for V (K).

Let X bea setof variables, F a similarity type and (X [ F ) � the setof all �nite sequences

of elements of X [ F . The set TF (X ) of terms in F over X is the least subsetof (X [ F ) �

that contains X and if f 2 F and t1; t2; : : : ; t � (f ) 2 TF (X ), then the sequencef t1t2 : : : t � (f )

is in TF (X ). Usually, we omit the set of variablesand write TF , if it is understood or of no

particular importance. Frequently, we will take the set of variables to be (bijective to) the

set N of natural numbers. The set of variables Var(t) of a term t in F over X - we avoid

the clear inductive de�nition - is the indexed subsetof variablesof X that occur in t. The

term algebra T F in F over X is the algebrawith underlying set TF , similarity type F and

fundamental operations f T F , for f 2 F , de�ned by f T F (t1; t2; : : : ; t � (f ) ) = f t1t2 � � � t � (f ) , for

all t i 2 TF .

If A is an algebra of type F , t a term in F over a set of variables X and Var(t) =

f x1; x2; : : : ; xng, we de�ne the evaluation, or term operation tA of t inductively on the sub-

terms of t to be the operation from on A of arity n de�ned as follows: xA
i is the i -th

projection operation on An , and if s = f t1t2 : : : t � (f ) , where f 2 F and t1; t2; : : : ; t � (f ) 2

TF , then sA is de�ned by sA (a1; a2; : : : ; an ) = f A (tA
1 (a1; a2; : : : ; an ); tA

2 (a1; a2; : : : ; an ); : : : ;

tA
� (f ) (a1; a2; : : : ; an )). If t; t1; t2; : : : ; tn are terms of T F and n = jVar(t)j, then the substitu-

tion of t1; t2; : : : ; tn into t is de�ned to be the element tT F (t1; t2; : : : ; tn ). We also allow for

substitutions of fewer terms than the variables. If A is an algebraof type F and t a term in

F , then the operation tA on A is calleda term operation. Two algebrasof possiblydi�erent

similarity typesare called term equivalent, if every fundamental operation of one is a term

operation of the other.

An equation in the similarity type F over a variable set X is a pair of terms of TF . If

t; s are terms we write t � s for the equation they de�ne, instead of (t; s). We say that an

equation t � s in F over X is valid in an algebraA of type F , or an identity of A , or that

5



it is satis�ed by A , in symbols A j= t � s, if tA = sA . The notion of validit y is extendedto

classesof algebrasand setsof equations. A set E of equationsin a type F is said to be valid

in, a set of identities of, or satis�ed by a classK of algebrasof type F , in symbols K j= E,

if every equation of E is valid in every algebraof K.

It is easy to see that if an equation is valid in an algebra then it also valid in any

subalgebraand in any homomorphicimageof the algebra. Moreover, if an equation is valid

in a set of algebrasthen it is valid in their product. In other words, equationsare preserved

by the operators S; H and P.

A theory of equations,or equational theory T in a similarity type F is a congruenceon

T F closedunder substitutions, i.e., if (t � s) 2 T , Var(t) [ Var(s) = f x1; x2; : : : ; xng, and

t1; t2; : : : ; tn 2 TF , then (tT F (t1; t2; : : : ; tn ) � sT F (t1; t2; : : : ; tn )) 2 T . It is easyto seethat if

K is a classof algebrasof similarity type F , then ThE q(K) = f (t � s) 2 TF j K j= t � sg is

an equational theory, called the equational theory of K.

Given a set E of equationsof a similarity type F the equational class axiomatized by

E is de�ned to be the classMod(E) = f A j A j= Eg of algebrasof type F , that satisfy all

equationsof E; the set E is calledan equational basis for Mod(E). By previousobservations,

every variety is an equational class. G. Birkho� 's celebratedHSP-theoremof establishes

that every equational classis a variety. Moreover, for every variety V of similar algebras,

we have that Mod(Th Eq(V)) = V, and for every theory T of equations in a given type,

ThE q(Mod(T )) = T .

If K is a class of algebrasof similarity type F , then the quotient algebra F K (X ) =

T F (X )=ThE q(K) is called the free algebra for K over X and has the following universal

property: every map from X to an algebraA of K can be extended,in a unique way, to a

homomorphismfrom FK (X ) to A . It can be shown that if V is a variety then FV(X ) is in

V.

A subvariety is a subclassof a variety that is a variety. The classof all subvarieties of a

variety V of algebrasof type F is a set bijective to the set of all subtheoriesof TF (N), that

contain the theory ThE q(V). Both of these sets form lattices, seede�nition below, under

inclusion that are dually isomorphic. We denote the lattice of subvarieties, or subvariety

lattice of a variety V, by L(V). Note that L(V) = L(FV(N)).

Order and lattice theory

Basic de�nitions and results in order and lattice theory can be found in [Gr].

A (partial) order relation � on a set P is a subsetof P 2 such that for all x; y; z 2 P, (we

write x � y for (x; y) 2 � )
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1. x � x;

2. if x � y, then y � x; and

3. if x � y and y � z, then x � z.

A partial ly ordered set or poset P is a set P with a partial order � on it; P = hP; �i . It

is easyto seethat given a partial order � , the converserelation � is also an order. The

poset P@ = hP; �i is called the dual of P = hP; �i . A subsetX of P is called increasing,

an upset, or an order �lter if p 2 X , whenever x � p, for somex 2 X . A decreasing set, an

downset, or an order ideal is the dual concept. The interval [x; y] in P is de�ned to be the

set f z 2 P j x � z � yg.

An upper bound of a set X of elements in a poset P is an element p of P, such that

x � p, for all x 2 X . A lower bound is an upper bound of X in the dual poset. If there

exists a least upper bound for a set X of elements in a poset P, then it is called the join
W

X of X . The greatest lower bound of X , if it exists, is called the meet
V

X of X . If X

is a doubleton f x; yg, we denote its join by x _ y and its meet by x ^ y. A lattice L is a

poset, such that every pair of elements x; y 2 L, has a join and a meet. In this case,the

meet and the join can be consideredas binary operations on L. The algebraL = hL; ^ ; _i

is alsocalled a lattice . Every lattice satis�es the following equations:

1. x ^ x � x � x _ x;

2. x ^ y � y ^ x and x _ y � y _ x; and

3. x ^ (x _ y) � x � x _ (x ^ y).

It can be shown that if an algebraL = hL; ^ ; _i satis�es theseidentities, then hL; �i , where

x � y i� x = x ^ y, is a lattice. We will be consideringlattices asalgebraicobjects and think

of the order as an auxiliary expressive tool, as de�ned above.

A (lattice) ideal in a lattice is an order ideal that is closedunder joins. Obviously, a

lattice ideal is a sublattice. The notion of a (lattice) �lter is de�ned dually. A proper ideal

I is called prime, if for every pair of elements x; y, x 2 I or y 2 I , whenever x ^ y 2 I . The

dual conceptis that of a prime �lter . The Prime Ideal Theorem statesthat if I \ F = ; , for

an ideal I and �lter F , then there exists a prime ideal J that contains I and J \ F = ; .

If P = hP; � P i and Q = hQ; � Q i are posetsand f is a map from P to Q, then f is

said to preservethe order, or that to be order preserving, if for all x; y 2 P, f (x) � Q f (y),

whenever x � P y.

A closure operator on a lattice L is a map 
 : L ! L, that satis�es the following

conditions:
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1. 
 is extensive: x � 
 (x), for all x 2 L.

2. 
 is monotone: if x � y, then 
 (x) � 
 (y), for all x; y 2 L.

3. 
 is idempotent: 
 (
 (x)) = 
 (x), for all x 2 L.

An interior operator on a lattice L is a map � : L ! L, that satis�es the following conditions:

1. � is contracting: � (x) � x, for all x 2 L.

2. � is monotone: if x � y, then � (x) � � (y), for all x; y 2 L.

3. � is idempotent: � (� (x)) = � (x), for all x 2 L.

We denotethe imageof an idempotent operator � on a lattice L, by L � . Note that x 2 L �

i� x = � (x).

Residuation

For background in residuation theory we refer the readerto [Ro].

Let P = hP; �i be a poset. A map f : P ! P is called residuated if there exists a map

f � : P ! P, such that for all x; y 2 P,

f (x) � y , x � f � (y):

In this case,f � is called the residual of f . It is not hard to seethat if f is residuatedthen

it preservesthe order and existing joins. Note that if f � is the residualof f , then f � � f is a

closureoperator and f � f � is an interior operator.

Let U be a set and S � U2, a binary relation on U. For every subsetX of U, we set

S[X ] = S[X ; ] = f y 2 U j x S y, for somex 2 X g and S[ ; X ] = f y 2 U j y S x, for

somex 2 X g. We de�ne the maps f S; gS on the power set of U, by f S(X ) = S[X ] and

gS(X ) = f y 2 U j S[ ; f yg] � X g. It is not hard to seethat both f S; gS are residuatedand

that f �
S(X ) = S[ ; X ] and g�

S(X ) = f y 2 U j S[f yg; ] � X g.

A binary operation � on a posetP = hP; �i is called residuated if the mapslx and r x on

P, de�ned by lx (y) = x � y and r x (y) = y � x, are residuated,for all x 2 P, i.e., if there exist

binary operations n and = on P, such that for all x; y; z 2 P

x � y � z , y � xnz , x � z=y:

Let U be a set and R � U3, a ternary relation on U. We write R(x; y; z) for (x; y; z) 2 R

and R[X ; Y; ] for f z 2 P j R(x; y; z), for somex 2 X ; y 2 Yg. For X ; Y subsetsof U,
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we de�ne the binary relations on U, RX = f (y; z) 2 P2 j R(x; y; z), for somex 2 X g and

RY = f (x; z) 2 P2 j R(x; y; z), for somey 2 Yg, and the binary operation on the power set

of U, X � Y = R[X ; Y; ]. It is easyto seethat � is residuatedand the associated residuals,

or division operations are X nZ = f �
RX

(Z ) and Z=Y = f �
RY (Z ).

9



CHAPTER II I

RESIDUATED LATTICES

We begin with the de�nition of residuatedlattices and a list of their basicproperties.

De�nition

A residuated lattice, or residuated lattice-ordered monoid, is an algebra

L = hL; ^ ; _; �; n; =;ei such that hL; ^ ; _i is a lattice; hL; �; ei is a monoid; and for all

a;b;c 2 L,

a � b � c , a � c=b , b � anc:

It is not hard to seethat RL , the classof all residuated lattices, is a variety and the

identities
x � x ^ (xy _ z)=y; x(y _ z) � xy _ xz; (x=y)y _ x � x

y � y ^ xn(xy _ z); (y _ z)x � yx _ zx; y(ynx) _ x � x

together with the monoid and the lattice identities form an equational basisfor it.

In a residuated lattice term, multiplication has priorit y over the division operations,

which, in turn, have priorit y over the lattice operations. So, for example,x=yz ^ unv means

[x=(yz)] ^ (unv). We will be using the inequalitiy t � s instead of the equalities t = t ^ s

and t _ s = s to simplify the presentation, whenever appropriate.

The following lemmacontains a number of identities useful in algebraicmanipulations of

residuatedlattices. The proof can be found in [BT] and is left to the reader.

Lemma 3.1. [BT ] Residuated lattices satisfy the following identities:

1. x(y _ z) � xy _ xz and (y _ z)x � yx _ zx

2. xn(y ^ z) � (xny) ^ (xnz) and (y ^ z)=x � (y=x) ^ (z=x)

3. x=(y _ z) � (x=y) ^ (x=z) and (y _ z)nx � (ynx) ^ (znx)

4. (x=y)y � x and y(ynx) � x

5. x(y=z) � xy=z and (zny)x � znyx

6. (x=y)=z � x=(zy) and zn(ynx) � (yz)nx

7. (x=y)(y=z) � x=z and (zny)(ynx) � znx
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8. x=y � (x=z)=(y=z) and ynx � (zny)n(znx)

9. x=y � (z=x)n(z=y) and ynx � (ynz)=(xnz)

10. x=y � xz=yz and ynx � zynzx

11. x � y=(xny) and x � (y=x)ny

12. xn(y=z) � (xny)=z

13. x=e � x � enx

14. e � x=x and e � xnx

15. x(xnx) � x � (x=x)x

16. (xnx)2 � (xnx) and (x=x)2 � (x=x)

Moreover, if a residuated lattice hasa bottom element0, then it also hasa top element1

and for every elementa, we have:

(i) a0 = 0a = 0,

(ii) a=0 = 0na = 1 and

(iii) 1=a= an1 = 1.

It follows from (1), (2) and (3) of the lemmaabove that multiplication is order-preserving

and that the two divisions are order-preservingin the numerator and order-reversing in the

denominator. Moreover, it is shown in [BT] that the distribution in (1) and (2) holds for all

existing meetsand joins.

It is not di�cult to seethat the last condition in the de�nition of a residuatedlattice is

equivalent to the stipulation that multiplication is order-preservingand for any two elements

y; z, the join of each of the setsf x j xy � zg and f x j yx � zg existsand is equal to z=y and

ynz, respectively.

The dual of a residuatedlattice equation is the equation obtained by interchanging the

two lattice operations. By the opposite of a residuatedlattice equation we understand the

\mirror image" of it, namelythe equationwritten in reverseorder, wherethe two division op-

erationsare interchanged.Examplesof the oppositeof an equationcanbe seenin properties

(4)-(11) of Lemma 3.1; property (12) is self-opposite up to a permutation of the variables.
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A residuated lattice is called commutative (respectively, cancellative, idempotent, n-

potent), when its monoid reduct is commutativ e (respectively, cancellative, idempotent, n-

potent). A residuatedlattice is called distributive if it hasa distributiv e lattice reduct; it is

called integral if its lattice reduct is upper boundedby the multiplicativ e identit y. Note that

if a residuatedlattice is commutativ e the two divisions operations coincide(each one is the

opposite of the other). In this casewe denotethe element xny = y=x by x ! y.

A residuated bounded-lattice is an algebra L = hL; ^ ; _; �; n; =;e;0i such that

L = hL; ^ ; _; �; e;n; =i is a residuatedlattice and the nullary operation, 0, satis�es x _ 0 � x.

Note that 1 = 0n0 = 0=0 is the top element of such an algebra, so the constant 1 can be

conservatively addedto the type.

An element a in a residuatedlattice L is called invertible, if there exists an element a� 1

such that aa� 1 = e = a� 1a; a is called integral, if e=a = ane = e. We denote the set of

invertible elements of L by G(L) and the set of integral elements by I (L). It is easyto see

that a is invertible i� a(ane) = e = (e=a)a; in this case,a� 1 = e=a= ane.

To establish an equality between two elements a;b of a residuated lattice, we will fre-

quently prove that x � a , x � b, for every element x. By setting x = a, we have a � b.

On the other hand, by setting x = b, we obtain b � a.

Lemma 3.2. If a is invertible, then for all x; y we have

1. x=a = xa� 1 and anx = a� 1x;

2. a(x ^ y) = ax ^ ay and (x ^ y)a = xa ^ ya;

3. ana = e and a=a= e;

4. (x=a)y = x(any); and

5. a(a� 1x=a� 1y) = (x=y)a and a(a� 1yna� 1x) = a(ynx).

Moreover, (4) implies that a is invertible.

Proof. 1) For every element z we have

z � x=a , za � x , z � xa� 1;

so x=a = xa� 1. Similarly, we get the opposite equality anx = a� 1x.
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2) We have a(x ^ y) � ax; ay, soa(x ^ y) � ax ^ ay. For the reverseinequality, note that

a� 1(ax ^ ay) � a� 1ax ^ a� 1ay = x ^ y;

henceax ^ ay � a(x ^ y). Similarly we get the opposite equality.

3) This is a direct consequenceof (1).

4) If a is invertible, then (x=a)y = xa� 1y = x(any). Conversely, if we set x = e and y = a

in (x=a)y = x(any), we get (e=a)e = ana. Since,by Lemma 3.1(4) and (14), (e=a)a � e and

ana � e, we obtain (e=a)a = ana = e. Similarly, (ane)a = e.

5) For every z, we have

z � a(a� 1x=a� 1y) , a� 1z � a� 1x=a� 1y

, a� 1za� 1y � a� 1x

, za� 1y � x

, za� 1 � x=y

, z � (x=y)a

The opposite equation follows, sincethe de�nition of an invertible element is self-opposite.

Examples

In what followswegivea list of examplesof residuatedlattices, with the goalof enhancing

the intuition of the reader.

Known algebraicstructures

As mentioned before,residuatedlattices generalizea classof well studied algebraicstruc-

tures. In what follows we mention a few.

Example 3.1. Lattic e-or dered groups

A lattice-ordered group or `-group is an algebraG = hG; ^ ; _; �; � 1; ei , such that hG; ^ ; _i

is a lattice, hG; �; � 1; ei is a group and multiplication is order preserving. It can be easily

shown, see[AF], that the last requirement is equivalent to the stipulation that multiplication

distributes over binary meetsand/or joins, hencethe classof all `-groups is a variety. It

is easy to seethat this variety is term equivalent to the subvariety of residuated lattices

axiomatized by the identit y (e=x)x � e, via x � 1 = e=x and x=y = xy � 1, ynx = y� 1x, see

Lemma 4.3.
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Example 3.2. Gener alize d Boolean algebr as

A generalized Boolean algebra B is a lattice such that every principal �lter is a Boolean

algebra. We include in the type symbols for the lattice operations,the top element e and the

binary operation that, given x; y in B , producesthe complement of x in the Booleanalgebra

[y; e]. It is shown in Proposition 5.3 that the classof generalizedBoolean algebrasis term

equivalent to the subvariety GBA of RL generatedby 2, the two-element residuatedlattice.

This variety is shown to be an atom in the lattice of subvarieties of residuatedlattices and

an equational basisis provided for it.

Example 3.3. Br ouwerian algebr as

A generalizedBooleanalgebrais a special caseof a Brouwerian algebra. The latter is a

lattice such that for any pair of elements x; y there exits an element z, which is maximum

with respect to the property x ^ z � y. This element is denotedby x ! y and it is called

the relativepseudo-complementof x with respect to y. As in the caseof generalizedBoolean

algebras,the lattice operations, the top element and the relative pseudo-complement are

consideredas fundamental operations of the Brouwerian algebra. It is easyto seethat the

classof Brouwerian algebrasis term equivalent to the subvariety Br of residuated lattices

axiomatized by the equation x � y � x ^ y and that the only atom below Br is GBA. For a

study of Brouwerian algebraswe refer the readerto [BD].

Example 3.4. Reducts of MV-algebr as

MV-algebras are algebraicmodels of multi-v alued logic. Among many term equivalent

de�nitions, we chosethe one given in the setting of residuated lattices. An MV-algebra is

a commutativ e residuatedbounded-lattice that satis�es the identit y (x ! y) ! y � x _ y,

the relativized law of double negation. MV-algebrasare generalizationsof Booleanalgebras

and have beenstudied extensively; see[COM], [Ha] and [Mu]. In Chapter 7, we investigate

a commongeneralizationof MV-algebrasand `-groups.

Example 3.5. Reducts of relation algebr as

A relation algebra is an algebra A = hA; ^ ; _; � ; 0; 1; �; e; [ i , such that

hA; ^ ; _; � ; 0; 1i is a Booleanalgebra,hA; �; ei is a monoid and for all a;b;c 2 A

(i) (a[ )[ = a; (ab)[ = b[ a[ ;

(ii) a(b_ c) = ab_ ac; (b_ c)a = ba_ ca; (a _ b) [ = a[ _ b[ ; and

(iii) a[ (ab) � � b� .
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The structure R(A ) = hA; ^ ; _; �; n; =;ei , where anb = (a[ b� )� and b=a = (b� a[ )� is

a residuated lattice. The only thing to be checked is that the division operations are the

residualsof multiplication, i.e., the last condition in the de�nition of a residuatedlattice. If

ab� c then c� � (ab) � . So,a[ c� � a[ (ab) � � b� , by (iii); henceb � (a[ c� )� . On the other

hand, if b � (a[ c� )� , then ab� a(a[ c� )� � c, by (iii), and the idempotency of [ and � .

Generalconstructionson residuatedlattices

Before proceedingto concreteexamples,we mention somegeneralconstructionson ex-

isting residuatedlattices that producenew ones.

Example 3.6. Subalgebr as, pr oducts and homomorphic images

As mentioned before,the classof all residuatedlattices is equationally de�nable. Thus,

by Birkho� 's Theorem,it is a variety, namelyit is closedunder the operationsof subalgebras,

products and homomorphicimages.

Example 3.7. The negative cone

The negative cone of a residuated lattice L = hL; ^ ; _; �; n; =;ei is de�ned to be the

algebraL � = hL � ; ^ ; _; �; nL � ; =L � ; ei , where L � = f x 2 L j x � eg, xnL � y = xny ^ e and

x=L � y = x=y ^ e. It is easyto check that L � is alsoa residuatedlattice, which is obviously

integral. If K is a classof residuatedlattices, wedenotethe classof negativeconesof elements

of K by K � .

Example 3.8. The opposite residuate d lattic e

The opposite of a residuated lattice L = hL; ^ ; _; �; n; =;ei is the algebra L op =

hL; ^ ; _; �op; nop; =op; ei , where x �op y = y � x, x=opy = ynx and ynopx = x=y. The oppo-

site of a residuated lattice is also a residuated lattice, becausethe de�ning identities of

residuatedlattices are self-opposite. We will usethis symmetry frequently to obtain proofs

of the oppositesof already proved identities.

Example 3.9. [Ro] Nuclei retr actions

We �rst de�ne an important notion in the context of residuatedlattices.

A nucleus on a residuated lattice L is a closureoperator 
 on L such that 
 (a)
 (b) �


 (ab), for all a;b2 L.

The conceptof a nucleus is not new to ordered algebraicstructures. It was de�ned in

the context of Brouwerian algebras,see[ST]. Recall that L 
 is the imageof L under 
 .
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Lemma 3.3. [Ro] If 
 is a closure operator on a residuated lattice L, then the following

statementsare equivalent:

1. 
 is a nucleus.

2. 
 (
 (x)
 (y)) = 
 (xy), for all x; y 2 L.

3. x=y; ynx 2 L 
 , for all x 2 L 
 ; y 2 L.

Proof. (1) ) (2): Let x 2 L 
 andy 2 L. Since
 is extensiveand monotone,wehave
 (xy) �


 (
 (x)
 (y)) : On the other hand, by the de�ning property of a nucleusand monotonicity, we

have 
 (
 (x)
 (y)) � 
 (
 (xy)): So, 
 (
 (x)
 (y)) � 
 (xy), since
 is idempotent.

(2) ) (3): Sincex 2 L 
 , we get 
 (x) = x. So,


 (x=y) � y � 
 (
 (x=y) � 
 (y)) (
 is extensive)

= 
 ((x=y) � y) (2)

� 
 (x) (Lemma 3.1(4) and monotonicity)

= x.

So, 
 (x=y) � x=y, by the de�ning property of residuated lattices. Since the reverse

inequality follows by the extensivity of 
 , we have x=y = 
 (x=y) 2 L 
 . Similarly, we get the

result for the other division operation.

(3) ) (1): Since 
 is extensive, xy � 
 (xy), so x � 
 (xy)=y. By the monotonicity of


 and the hypothesis,we have 
 (x) � 
 (xy)=y. Using the de�ning property of residuated

lattices, we get y � 
 (x)n
 (xy). Invoking the monotonicity of 
 and the hypothesis,once

more, we obtain 
 (y) � 
 (x)n
 (xy), namely 
 (x)
 (y) � 
 (xy).

Actually, it can be shown that an arbitrary map 
 on a residuatedlattice L is a nucleus

if and only if 
 (a)=b= 
 (a)=
 (b) and bn
 (a) = 
 (b)n
 (a), for all a;b2 L.

If L = hL; ^ ; _; �; n; =;ei is a residuated lattice and 
 a nucleuson L, then the algebra

L 
 = hL 
 ; ^ ; _ 
 ; � 
 ; n; =;
 (e)i , where x � 
 y = 
 (x � y) and x _ 
 y = 
 (x _ y), is called the


 -retraction of L .

Prop osition 3.4. [Ro] If L is a residuated lattice and 
 a nucleuson it, then the 
 -retraction

L 
 of L is a residuated lattice.

Proof. Obviously, 
 (e) is the multiplicativ e identit y of L 
 and L 
 is closedunder � 
 and ^ 
 .

By Lemma 3.3, it is also closedunder the division operations. To prove that L 
 is closed
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under meets,note that for x; y 2 L 
 , 
 (x ^ y) � 
 (x) ^ 
 (y) = x ^ y. The reverseinequality

follows by the fact that 
 is extensive, sox ^ y 2 L 
 . Thus, L 
 is closedunder all operations,

and it is a meet-subsemilatticeof L .

To show that L 
 is a lattice note that for elements x; y; z 2 L 
 , x; y � z is equivalent to

x _ y � z. Since
 (z) = z and 
 is extensive, this is, in turn, equivalent to 
 (x _ y) � z,

namely to x _ 
 y � z. Thus, _ 
 is the join in L 
 .

We next show that multiplication is associative. Let x; y; z 2 L 
 . Using Lemma 3.3 and

the de�nition of multiplication, we get

(x � 
 y) � 
 z = 
 (x � y) � 
 z

= 
 (
 (x � y) � z)

= 
 (
 (x � y) � 
 (z))

= 
 ((x � y) � z)

= 
 (x � y � z):

Similarly,

x � 
 (y � 
 z) = 
 (x � y � z):

Hence,multiplication in L 
 is associative and hL; � 
 ; 
 (e)i is a monoid.

Finally, to check that � 
 is residuated,considerx; y; z 2 L 
 . We have

x � 
 y � z , 
 (x � y) � z

, x � y � z (x � y � 
 (x � y) and z = 
 (z))

, y � xnz:

Likewise,x � 
 y � z , x � z=y.

If L is an algebra on the signature of residuated lattices without the constant e, then

the conceptof nucleuscan be de�ned asabove. In that caseL 
 de�nes a residuatedlattice,

provided that it hasa multiplicativ e identit y.

The precedingconstruction is quite general as it can be seenin the following known

result.

Prop osition 3.5. [Ro] Every completeresiduated lattice is a nucleusretraction of the power

set of a monoid. (See Example3.15.)

Example 3.10. Retr action to an interval
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Let L be a residuated lattice and a 2 L such that a � e. The structure L a =

h[a;e]; ^ ; _; � a; na; =a; ei , where x � a y = xy _ a; xnay = (xny) ^ e and y=ax = (y=x) ^ e,

is a residuatedlattice.

The map 
 on L � , de�ned by 
 (x) = x _ a is obviously a closureoperator. To seethat

it is a nucleus,note that if x; y � a, then xa; ya;a2 � a, so


 (x) � 
 (y) = (x _ a)(y _ a) = xy _ xa _ ay _ a2 � xy _ a = 
 (xy):

It is easyto observe that L a = (L � )
 , which is a residuatedlattice, by Proposition 3.4. Note

that if a 2 L � , then L a = (L � )a.

It is known, see[Mu], that if L is a commutativ e `-group and a is a negative element of

L , then L a is an MV-algebra.

Example 3.11. Kernel contr actions

A kernel � on a residuatedlattice L is an interior operator such that for all x; y in L

1. � (� (x)� (y)) = � (x)� (y),

2. � (e) = e and

3. � (x) ^ y = � (� (x) ^ y).

Let L be a residuatedlattice and � a kernel on it. The � -contraction of L is the algebra

L � = hL � ; ^ ; _; �; n� ; =� ; ei , wherex=� y = � (x=y) and xn� y = � (xny).

Prop osition 3.6. The � -contraction L � of a residuated lattice L under a kernel � on L is

a residuated lattice. Moreover, L � is a lattice-ideal of L .

Proof. Note that L � is closedunder join, since� is an interior operator, and under multipli-

cation, by the �rst property of a kernel. Moreover, it contains e and it is obviously closed

under n� and =� .

By the third property of a kernel and the fact that it is closedunder joins, L � is an ideal

of L . So,L � is closedunder all the operations.

Finally, L � is residuated. Indeed,for all x; y; z 2 L � , x � z=� y is equivalent to x � � (x=y),

which in turn is equivalent to x � z=y, since� is contracting and x = � (x).

Note that under the weaker assumptions� (� (x)� (y)) = � (x)� (y) and � (e)� (x) = � (x) =

� (x)� (e) on � , the algebrahL � ; ^ ; _ � ; �; n� ; =� ; � (e)i , wherex _ � y = � (x _ y), is a residuated

lattice.
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The � -contraction construction, where � is a kernel, is a generalizationof the negative

coneconstruction, de�ned in Example 3.7. The negative coneof a residuated lattice is its

� -contraction, where� (x) = x ^ e.

Example 3.12. The dual of a residuate d lattic e with respect to an element

Let L = hL; ^ ; _; �; n; =;ei be a residuatedlattice and a 2 L a dualizing element, i.e., an

element of L such that

x = a=(xna) = (a=x)na;

for all x 2 L. Then, the dual of L with respect to the element a is the algebra

L @a = hL; _; ^ ; + ; : ; : ; ai , where x + y = x=(yna), x : y = x(yna) and x : y = (a=x)y.

(Notice that the underlying lattice of L @a is the dual of the lattice reduct of L .)

Prop osition 3.7. The dual L @a of a residuated lattice L with respect to a dualizing element

a of L is also a residuated lattice.

Proof. First observe that
x + y = x=(yna)

= ((a=x)na)=((yna)

= (a=x)n(a=(yna))

= (a=x)ny

and that e = a=(ena) = (a=e)na, i.e., e = a=a= ana.

It is obvious that hL; _; ^i is a lattice. Multiplication is associative because

(x + y) + z = [(a=x)ny]=(zna)

= (a=x)n[y=(zna)]

= x + (y + z);

and a is the additive identit y since

x + a = x=(ana) = x=e= x

and

a + x = (a=a)nx = enx = x:
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Finally multiplication is residuated,since

x + y � L @a z , x + y � L z

, x=(yna) � L z

, x � L z(yna)

, x � L z : y

, x � L @a z : y

and similarly for : .

The dual is a generalizationof a construction for MV-algebras. The dual of an MV-

algebrawith respect to its least element is known to be an MV-algebra.

Example 3.13. Translations with respect to an invertible element

Let L bea residuatedlattice, a an invertible element of L and f a the map on L de�ned by

f a(x) = ax. Note that the map f a is invertible and f � 1
a (x) = a� 1x. Considerthe structure

L a = hL; ^ a; _a; �a; na; =a; eai , whereea = a and for every binary operation ? 2 f^ ; _; �; n; =g,

x ?a y = f (f � 1(x) ? f � 1(y)) :

By Lemma 3.2, we have

x ^ a y = a(a� 1x ^ a� 1y) = aa� 1(x ^ y) = x ^ y:

Similarly, _a = _. Moreover, by Lemma 3.2,

x �a y = a(a� 1xa� 1y) = xa� 1y;

x=ay = a(a� 1x=a� 1y) = (x=y)a

and

ynx = a(a� 1yna� 1x) = a(ynx):

Note that if we take ga(x) = xa, then we obtain the samestructure, so L a doesnot depend

on the choice of left or right multiplication by a. The algebra L a = hL; ^ ; _; �a; na; =a; ai

is called the translation of L with respect to a. We remark that we could have de�ned the

operations as follows: x �a y = (x=a)y, ynax = (y=a)nx and x=ay = x=(any).

Prop osition 3.8. The translation L a of a residuated lattice L with respect to an invertible

elementa is a residuated lattice.
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Proof. It is trivial to check that multiplication is associative and a is the multiplicativ e

identit y. To show that multiplication is residuated,let x; y; z 2 L. We have

x �a y � z , xa� 1y � z , a� 1y � xnz , y � a(xnz) , y � xnaz

and similarly for the other division.

Note that the translation by an invertible element and the negative coneconstructions

on a residuatedlattice L commute, i.e., (L a)� = (L � )a.

Example 3.14. [Bl] The Dedekind-McNeil le completion

Let L be a residuated lattice and 
 the map de�ned on P(L) by 
 (X ) = X ul , where

Au = f x 2 L j x � a for all a 2 Ag and A l = f x 2 L j x � a for all a 2 Ag, for all A � L.

It is shown in [Bl] that 
 is a nucleus, so the Dedekind-McNeille completion P(L) 
 , see

Examples3.15 and 3.9, of L is a residuated lattice. The Dedekind-McNeillecompletion is

a completeresiduatedlattice and arbitrary existing joins and meetsof L are preserved. In

view of Proposition 3.5, this showsthat every residuatedlattice is a subalgebraof the nucleus

imageof the power set of a monoid.

For two more completionsof residuatedlattices seeExamples3.17and 3.24,below.

Subsetsof monoids

We now proceedto concreteexamplesof residuatedlattices.

Example 3.15. The power set of a monoid

Let M = hM ; �; ei be a monoid. For any two elements X ; Y of the power set P(M ) of

M , we denotetheir intersection,union and complexproduct respectively, by X \ Y , X [ Y

and X � Y = f x � y j x 2 X ; y 2 Yg. Also, we de�ne the setsX=Y = f z j f zg � Y � X g and

YnX = f z j Y � f zg � X g. It is easyto seethat the algebraP(M ) = hP(M ); \ ; [ ; �; n; =;f egi

is a residuatedlattice.

It follows that every monoid is a monoid subreductof a residuatedlattice. On the other

hand no �nite non-trivial group is the monoid reduct of a residuatedlattice. It is an open

problem to determineall monoid reducts of residuatedlattices.

A partial groupoid hS;�i is a set S with a partially de�ned binary operation � on it,

namely a subsetof S3 such that if (x; y; z) 2 � and (x; y; z0) 2 � then z = z0. If there is a z

such that (x; y; z) 2 � , we denotethis unique z, the product of x; y, by x � y. We abbreviate

the fact that such a z exists by x � y 2 S.
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A partial semigroup hS;�i is partial groupoid such that if any of the two sidesof the

associativit y condition is de�ned, then the other side is also de�ned and they are equal. It

is not hard to seethat if the product of someelements of S exists with respect to a certain

association of the parenthesis,then the product of the elements in the sameorder existswith

respect to any other association of the parenthesisand the two products are equal.

A partial monoid hM ; � ; ei is a structure, such that hM ; �i is a partial semigroupand

x � e = e� x = x, for all x 2 M .

Example 3.16. The power set of a partial monoid

Let M = hM ; R; Ei be a structure, where M is a set, R � M 3 a ternary relation on

M and E is a subsetof M . De�ne the following operations on the power set P(M ) of M :

X � Y = R[X ; Y; ], X=Y = f z 2 M j f zg � Y � X g and YnX = f z 2 M j Y � f zg � X g. It

is not hard to seethat the algebraP(M ) = hM ; \ ; [ ; � ; n; =;E i is a residuatedlattice i� for

all x; y; z; w 2 M ,

1. R(x; e;y), for somee 2 E, i� x = y, i� R(e;x; y), for somee 2 E; and

2. R(x; y; u) and R(u; z; w), for someu 2 M i� R(x; v; w) and R(y; z; v), for somev 2 M .

In this case,the residuated lattice P(M ) is called the power set of M . If R is a partial

operation, then E is a singletonand M is a partial monoid.

Example 3.17. Or der ideals of a partial ly or dered monoid

As a di�erent generalizationof Example 3.15, let M = hM ; �; e;�i be a partially ordered

monoid, namely a relational structure such that hM ; �; ei is a monoid, hM ; �i is a partially

orderedset and multiplication is order preserving. Moreover, let O be the set of all order

ideals of the underlying partially orderedset. For every X ; Y 2 O, set X � Y = # (X � Y),

the downset of their complexproduct. Then, the algebraO(M ) = hO; \ ; [ ; � ; n; =;# f egi is

a residuatedlattice.

To prove this we show that the map 
 on P(M ) de�ned by 
 (X ) = # X is a nucleus.

Indeed, if z 2 
 (X )
 (Y) = (# X )( # Y), then z = ab, a � x and b � y, for somex 2 X and

y 2 Y. So, z � xy, namely z 2 # X Y. Finally notice that for any two order ideals X ; Y,


 (X [ Y) = # (X [ Y) = X [ Y. Thus, by Proposition 3.4, O(M ) = (P(M )) 
 .

In the caseof a discreteorder we obtain Example 3.15. Note that we could have taken

order �lters instead of order ideals.

If hS;�i is a partial semigroup, then for every two subsetsX ; Y of S we set X � Y =

f x � y j x � y 2 S; x 2 X ; y 2 Yg, the complexproduct of X and Y, hX i � = f x1 � x2 � � � � � xn 2
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S j n 2 N; x1; : : : xn 2 X g, the subsemigroup generatedby X , and [X ]� = X [ (S � X ) [ (X �

S) [ (S � X � S), the semigroup ideal generatedby X .

Example 3.18. Ide als of a commutative partial semigr oup

Let S = hS;�i be a commutativ e partial semigroup. De�ne 
 on the power set of S, by


 (X ) = [X ]� . SinceS is commutativ e this simpli�es to 
 (X ) = X [ (S � X ).

It is easy to seethat 
 is a closure operator. Moreover, note that if X ; Y � S, a 2

X [ (S � X ) and b2 Y [ (S � Y), then a� b is in oneof the two forms x � y; s � x � y, for some

s 2 S; x 2 X and y 2 Y. In both casesa� b is an element of (X � Y) [ (S� X � Y) = 
 (X � Y).

Finally, S� X = X � S = X , for every closedset X , i.e., S actsasan identit y element. So,by

the remark following Proposition 3.4, 
 givesrise to the residuatedlattice I L (S) = (P(S)) 


of semigroup-idealsof S.

In casethat a partial semigroupis commutativ e and idempotent, namely a partial semi-

lattice, we can look at its subsemigroups.

Example 3.19. Subsemilattic es of a partial lower-b ounde d semilattic e.

Let L = hL; _i be a partial lower-boundedjoin-semilattice and let 
 be the map de�ned

by 
 (X ) = hX i _ , for every subsetX of L. It is clear that 
 is a closureoperator. Moreover,

if a 2 
 (X ) and b2 
 (Y), then

a = x1 _ x2 _ : : : _ xn and b = y1 _ y2 _ : : : _ ym ,

for somen; m 2 N; x1; x2; : : : ; xn 2 X and y1; y2; : : : ; ym 2 Y. So,

a _ b= (x1 _ x2 _ : : : _ xn ) _ (y1 _ y2 _ : : : _ ym ):

If n � m, using the commutativit y and idempotency of join, we get

a _ b = (x1 _ y1) _ (x2 _ y2) _ : : : (xn _ yn) _ (x1 _ yn+1 ) _ : : : _ (x1 _ ym );

which is an element of 
 (X _ Y). If 0 is the lower boundof L , then f 0g_ X = X _ f 0g = X , for

all X � L; so invoking the remark after Proposition 3.4, we can seethat the subsemilattices

of L form a residuatedlattice S(L) = (P(L)) 
 .

Example 3.20. Subsemigr oups of a partial semiring

A partial semiring is a structure S = hS;� ; e;+ i such that hS;� ; ei is a monoid, hS;+ i is

a partial semigroupand � distributes over existing binary sums,namely if x + y 2 S, then
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x � z+ x � y = (x + y) � z and z � x + z � y = z � (x + y). Note, that it follows that � distributes

over �nite existing sums.

Assumethat S = hS;� ; e;+ i is a partial semiring. By Example 3.15, P(hS;� ; ei ) is a

residuatedlattice, which we denoteby P(S). De�ne 
 on P(S) by 
 (X ) = hX i + . We will

show that 
 is a nucleuson P(S).

It is clear that 
 is a closureoperator. To check that 
 (X ) � 
 (Y) � 
 (X � Y), namely

hX i + � hY i + � hX � Y i + , let a 2 hX i + and b2 hYi + . Then

a = x1 + x2 + � � � + xn and b = y1 + y2 + � � � + ym ,

for somem; n 2 N; x1; x2 : : : xn 2 X and y1; y2; : : : ym 2 Y. So,

a � b= (x1 + x2 + � � � + xn )(y1 + y2 + � � � + ym );

which, by the de�nition of a partial semiring, is equal to a sum of products of elements of

X and Y. Thus, a � b2 hX � Y i + .

According to Proposition 3.4, 
 givesrise to the residuatedlattice S(S) = (P(S)) 
 of the

+-subsemigroupsof S.

Note that in a partial semiring S = hS;� ; e;+ i , multiplication coincideswith addition

i� S0 = hS;� ; ei is a lower-bounded join-semilattice. Moreover, in this casethe residuated

lattice S(S) of subsemigroupsof S, given in Example 3.19, coincideswith the residuated

lattice of subsemilatticesS(S0) of S0 given in Example 3.20.

Example 3.21. Semigr oup-ide als of a partial + -commutative semiring

Assumethat S = hS;� ; e;+ i is a partial +-commutativ esemiring. De�ne the map
 (X ) =

[X ]+ on P(S). In view of commutativit y of addition, 
 simpli�es to 
 (X ) = X [ (S + X ).

Clearly 
 is a closureoperator. To seethat it is a nucleus, let X ; Y be subsetsof S,

a 2 
 (X ) = X [ (S + X ) and b2 
 (Y) = Y [ (S + Y). Then a = x or a = s1 + x, and b= y

or b= s2 + y, for somes1; s2 2 S; x 2 X and y 2 Y. If a = s1 + x and b= s2 + y, then

a � b= (s1 + x) � (s2 + y) = s1 � s2 + s1 � y + x � s2 + x � y;

which is an element of (X � Y) [ [S+ (X � Y)] = 
 (X � Y). It is easyto seethat a� b 2 
 (X � Y)

in the other three cases,as well. Thus, by Proposition 3.4, the nucleus
 gives rise to the

residuatedlattice I S(S) = (P(S)) 
 of semigroup-idealsof S.
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Note that a partially ordered monoid M = hM ; �; e;�i can be identi�ed with a partial

semiring M 0 = hM ; �; e;^i such that x ^ x = x for all x 2 M and if x ^ y 2 M then

x ^ y = y ^ x. The de�nitional equivalenceis given by x ^ y = x i� x � y. Moreover,

# X = [X ]^ , namely the notions of order-idealof M and semigroup-idealof M 0 coincide. So,

the residuatedlattice O(M ) of order-idealsof M given in Example 3.17 is a special caseof

the residuatedlattice I S(M ) of semigroup-idealsof M 0 given in the previousexample.

Example 3.22. Ide als of a partial semiring

Assumethat S = hS;� ; e;+ i is a partial semiring. Set I = f X � S j X = [hX i + ]� g, the

collection of all ideals of S. It is easyto seethat I (S) = hI ; ^ ; _; �; =;n; ei is a subalgebraof

S(S), given in Example 3.20. In the casewhereS is � -commutativ e, I (S) can be realizedas

the imageof the power setof S under the nucleusde�ned by 
 (X ) = [hX i + ]� , the composition

of the nuclei given in Examples3.20and 3.18.

In casethat S is a ring with unit we get the residuatedlattice of idealsof a ring. It was

in this setting that (commutativ e, integral) residuatedlattices were�rst consideredby Ward

and Dilworth, see[WD38] and [WD39].

Example 3.23. Ide als of a join-semilattic e-or dered monoid

A join-semilattice-ordered monoid M = hM ; � ; e;_i is an algebra,such that hM ; � ; ei is

a monoid, hM ; _i is a join-semilattice and multiplication distributes over binary joins. Such

an algebrais a special caseof a partial semiring,soby Example 3.22the join-closedsubsets

of M form a residuatedlattice.

A meet-semilattice-ordered monoid is de�ned in a similar way.

Let M = hM ; � ; e;_i be a join-semilattice-orderedmonoid. Under the order induced

by the join operation, M can be considereda partially orderedmonoid. By Example 3.17

the map de�ned by 
 1(X ) = # X is a nucleus. Moreover, by the previous observation and

Example 3.19, the map de�ned by 
 2(X ) = hX i _ is alsoa nucleus. It is easyto seethat the

composition of two nuclei is also a nucleus. The composition 
 of the two maps, which in

our casecommute, givesrise to the residuatedlattice I L (M ) = (P(M )) 
 of join-idealsof M .

Note that the sameholds for the �lters of a meet-semilattice-orderedmonoid.

In view of the remark following Example 3.21,a join-semilattice-orderedmonoid can be

viewed as a structure M = hM ; � ; e;_; ^i , where hM ; � ; e;_i and hM ; � ; e;^i are partial

semirings. It is mentioned that the map 
 2 is a special caseof the nucleusof Example 3.19,

that gives the _-subsemigroupsof hM ; � ; e;_i , while the map 
 1 can be considereda spe-

25



cial caseof the nucleus 
 (X ) = [X ]^ in Example 3.17, that gives the ^ -semigroup-ideals

of hM ; � ; e;^i . Obviously, the join-ideals of a join-semilattice-orderedmonoid are the _-

subsemigroupsthat happen to be ^ -ideals.

Example 3.24. Ide als of a lattic e-or dered monoid

A lattice-ordered monoid M = hM ; � ; e;^ ; _i is an algebrasuch that hM ^ ; _i is a lattice,

and both hM ; � ; e;_i and hM ; � ; e;^i are semilattice-orderedmonoids.

As a special caseof the previousexampleand of the remark following it, we obtain that

the idealsof a lattice-orderedmonoid M form a residuatedlattice I L (M ). The sameholds

for the �lters of a lattice-orderedmonoid.

Example 3.25. Ide als of a distributive lattic e

A bounded distributiv e lattice L can be viewed as a lattice or join-semilattice ordered

monoid, where multiplication is meet. So the ideals of it form a residuated lattice. Even

without the assumption of bounds the map de�ned on the power set of the semigroup

hL; ^i by 
 (X ) = # hX i _ = [hX i _ ]^ gives rise to an integral residuated lattice, actually

to a Brouwerian algebra,in view of the remark following Proposition 3.4.

Example 3.26. Canc el lative Monoids

Let K = hK ; �; ei be a cancellative monoid and set M K = K [ f 0; 1g. We de�ne an

order on MK , by 0 < k < 1, for all k 2 K , and extend the multiplication of K to M K , by

stipulating that 1 is an absorbingelement for K [ f 1g and 0 an absorbingelement for the

set MK . Consider the algebraM K = hMK ; ^ ; _; �; n; =;ei , where x=y =
W

f z j zy � xg and

ynx =
W

f z j yz � xg. To seethat M K is a residuatedlattice, note that it is isomorphic to

(P(K )) 
 , where 
 (X ) = X , if X has at most one element, and 
 (X ) = K otherwise, for

every X � K . The map 
 is a nucleussince, if at least one of X ; Y is the empty set, then

both 
 (X )
 (Y) and 
 (X Y) are empty. If X ; Y are both singletonsthen 
 (X )
 (Y) = X Y,

which is also a singleton, thus equal to 
 (X Y). Finally if none is empty and at least

one has more than one elements then X Y has at least two elements, by cancellativity, so


 (X Y) = K � 
 (X )
 (Y).

Note that the stipulation that K is cancellative is necessary, sinceotherwise if ab = ac

for somea;b;c 2 K , then, by Lemma 3.1(1), 1 = a1 = a(b _ c) = ab_ ac = ab 2 K ; a

contradiction.
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Other examples

We present a few more examplesthat we considerof special interest.

Example 3.27. Every bounde d lattic e with at least one completely join-irr educible

element

Let hL; ^ ; _i be a boundedlattice with at least one completely join-irreducible element

e. Denoteby 0 and 1 the least and greatestelements of the lattice and de�ne multiplication

on L by xy = 0, if both x; y are lessthan e; xy = yx = y if y is lessthan e, but x is not;

and xy = 1, if none of x; y is lessthan or equal to e. The element e is the multiplicativ e

identit y. One can easily check that multiplication is associative, order preservingand that

the joins x=y =
W

f z j zy � xg and ynx =
W

f z j yz � xg exist in L. Thus, hL; ^ ; _; �; n; =;ei

is a residuatedlattice.

This example generalizesthe example due to Peter Jipsen mentioned in [Bl], where e

is stipulated to be an atom of L. As a special casewe get that every dually algebraic

lattice, in particular every �nite lattice, can be residuated, i.e., it is the lattice reduct of a

residuatedlattice. Moreover, it followsthat every lattice is a lattice subreductof a residuated

lattice. Actually, it is shown in [BCGJT] that every lattice is a lattice subreductof a simple,

cancellative residuatedlattice.

Nevertheless,it is not the casethat every lattice is the lattice reduct of a residuated

lattice. By Lemma3.1, if a residuatedlattice hasa bottom element then it must have a top

element, as well. So, lattices that are lower, but not upper boundedcannot be residuated.

An exampleof an algebraiclattice that cannot be residuatedis given below.

Example 3.28. The lattice of a binary tree: a non-example

Consideran in�nite binary tree and add a least element to it. The underlying set L of

the lattice L obtained can be realized as the set of all �nite words on two letters, that is

the set of all functions from initial segments of the natural numbers to the two element set

f 1; 2g, together with a distinguishedelement 0. The order is de�ned as follows: a function

f is greater than or equal to a function g i� the domain of f is a subsetof the domain of g,

and f ; g agreeon the domain of f . Moreover, the element 0 is lessthan any function.

Assumethat L can be residuatedand let e be the multiplicativ e identit y. Every non-zero

element of L hasexactly two lower covers. Let a;b be the lower coversof e, and c oneof the

two lower covers of b. Sincea;b;c � e, we have ab � ae = a and ab � b, so ab � a ^ b = 0.

Moreover, cb � ce = c. By Lemma 3.1(1), b = eb = (a _ c)b = ab_ cb � 0 _ c = c, a

contradiction.
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Figure 1: A non-distributive cancellative commutativ e example

It is an open problem to determinethe lattice reducts of all residuatedlattices.

Example 3.29. [BCGJT] A comm utativ e, non-distributiv e residuated lattice on a

free monoid

Let F = hfai bj ck : i; j; k 2 Ng; �; ei be the 3-generatedfree commutativ e monoid. For a

word w 2 F, we denote the length of w by jwj, and for x 2 f a;b;cg, we de�ne jwjx to be

the number of occurrencesof x in w. The order on F is de�ned by w � v if jwj > jvj, or

jwj = jvj, jwjb � jvjb and jwjc � jvjc (seeFigure 1). In [BCGJT] it is veri�ed that F de�nes

a residuatedlattice.

We refer the reader to [Co2], for general constructions of residuated lattices, whose

monoid reduct is a free monoid.

Example 3.30. ([Bl ], [Le]) Residuated maps

Let L be a complete residuated lattice and let Res(L ; L) be the set of all residuated

mapson L. If we order all such mapspoint-wise and de�ne multiplication to be composition

then it can be shown, see[Bl], that the algebraL L = hRes(L; L); ^ ; _; � ; n; =i is a residuated

lattice, wheref =g=
W

f h j h � g � f g and gnf =
W

f h j g � h � f g.
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Structure theory

The structure theory of residuatedlattices wasdevelopedby K. Blount and C. Tsinakis in

[BT]. Wereviewtheir basicresult, specializeit to the �nite caseand give two easycorollaries

of their descriptionsof congruencerelations on residuatedlattices.

Congruencesasconvex normal subalgebras

Congruencerelations are in one-to-onecorrespondencewith normal subgroups,in the

setting of group theory and with ideals in ring theory, but generally it is not the casethat

congruencescorrespond to special subalgebras. It is shown in [BT] that residuated-lattice

congruencescorrespond to convexnormal subalgebras.

Lemma 3.9. [BT] Let L be a residuated lattice and � 2 Con(L). Then the following are

equivalent:

1. a � b

2. [a=b^ e] � e and [b=a^ e] � e

3. [anb^ e] � e and [bna ^ e] � e

Let L be a residuatedlattice, Y a set of variables. For x 2 L [ Y [ f eg, wheree is the

constant in the languageof residuatedlattices and y 2 Y, we de�ne the polynomials

� x (y) = xy=x ^ e and � x (y) = xnyx ^ e,

the right and left conjugateof y with respect to x. An iterated conjugateis a composition of

a number of left and right conjugates- we considercomposition of conjugateswith respect

to their arguments. For X ; A subsetsof L [ Y [ f eg, we de�ne the sets� 0
X = f � eg,

� n
X = f 
 x1 � 
 x2 � :::
 xn j 
 x i 2 f � x i ; � x i g; x i 2 X [ f eg; i 2 Ng;

� n
X (A) = f 
 (a) j 
 2 � n

X ; a 2 Ag;

� X =
[

f � n
X j n 2 Ng;

� X (A) =
[

f � n
X (A) j n 2 Ng:

Note that if L is a residuated lattice, � e(x) = � e(x) = x ^ e, 
 (x) � e and 
 (e) = e,

for all x 2 L and for every iterated conjugate 
 2 � L . In particular, if x is negative,

� e(x) = � e(x) = x. If L is commutativ e, then x ^ e � 
 (x), for all x 2 L and 
 2 � L .

29



A subsetN of L is called normal, if it is closedunder conjugation, i.e., 
 (N ) � N , for

all 
 2 � L . A subsetX of L is called convex, if for every x; y in X and z in L, x � z � y

implies that z is in X .

Theorem 3.10. [BT ]

1. The convexnormal subalgebras of a residuated lattice L form a lattice CNS (L), which

is isomorphic to the congruence lattice ConL of L via

S 7! � S = f (a;b) 2 L2j (a=b^ e)(b=a^ e) 2 H g

and � 7! [e]� , the � -classof e.

Moreover, for each a 2 L, the principal congruence generated by (a;e) corresponds to

the convexnormal subalgebra generated by a.

2. The convex normal (in L) submonoidsof the negative cone of a residuated lattice

L form a lattice CN L SM (L � ), which is isomorphic to CNS (L), via S 7! S� and

M 7! SM = f x 2 L j m � x � e=m; m 2 M g.

The convexnormal submonoidgenerated by a negativeelementcorrespondsto the con-

vexnormal subalgebra generated by that element.

3. If A � L � then the convex normal (in L) submonoidof the negative cone of L is

M (A) = f x 2 L j g1g2:::gn � x � e, for somen 2 N and g1; : : : ; gn 2 � L (A)g.

The description of congruencesin a residuated lattice by convex normal subalgebrasis

pivotal. For �nite residuated lattices, we can get a more concreterepresentation than the

one in the generalcase.

Let L bea residuatedlattice andS � L. Wedenotethe setof idempotent elements of S by

E(S) = f a 2 S j a2 = ag and the set of central idempotents of S by CE(S) = f a 2 S j a2 = a

and ax = xa, for all x 2 Lg.

Lemma 3.11. Let L be a residuated lattice. If a 2 CE(L � ), then [a;e=a] is the universe

of a convex normal subalgebra of L . Conversely,if N is the universe of a convex normal

subalgebra of L with a least elementa, then N = [a;e=a] and a 2 CE(L � ).

Proof. Let a 2 CE(L � ). Note that a(e=a) = (e=a)a � e, so e=a � ane. Similarly we get

ane � e=a, hence,e=a= ane. Moreover, sincea is negative, e � e=a, so by Lemma 3.1,

e=a� (e=a)(e=a) � (e=a)e=a� (e=a)=a = e=a2 = e=a;
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hencee=a2 E(L). For every x; y 2 [a;e=a], we have

a = a2 � xy � (e=a)(e=a) = e=a;

thus, xy 2 [a;e=a]. Moreover,

a = a2 � a=(e=a) � x=y � (e=a)=a = e=a2 = e=a;

that is x=y 2 [a;e=a]. Since,x _ y; x ^ y; e 2 [a;e=a], the interval [a;e=a] is a subuniverse,

which is obviously convex. To prove that [a;e=a] is normal, let x 2 [a;e=a] and z 2 L. We

have,

a = a ^ e � az=z ^ e = za=z^ e � zx=z ^ e � e;

that is � z(x) 2 [a;e=a]. Similarly, we show that � z(x) 2 [a;e=a].

Conversely, assumethat N is a convex normal subalgebrawith a least element a. The

element a is in the negative cone,soa2 � a. Sincea2 2 N , we get a = a2, i.e., a 2 E(L). By

the normality of N , for all z 2 L, za=z^ e is an element of N , hencea � za=z^ e. Sincea is

already negative, this is equivalent to a � za=z, thus az � za for all z 2 L. Symmetrically,

we get za � az for all z 2 L, so a 2 CE(L � ). Moreover, sinceN is a convex subalgebra

[a;e=a] � N . On the other hand, for every b 2 N , we have e=b2 N , so a � e=b, i.e.,

ab� e. By the centralit y of a we get ba� e, i.e., b � e=a, henceb 2 [a;e=a]. Consequently,

[a;e=a] = N .

The next theoremshows that the congruencelattice of a �nite residuatedlattice is dually

isomorphic to a join-subsemilatticeof L .

Theorem 3.12. Let L be a �nite residuated lattice. Then the structure CE (L � ) =

hCE(L � ); �; _i is a lattice and ConL �= (CE (L � ))@.

Proof. It is easyto seethat CE (L � ) is a lattice and that for all a;b2 CE(L � ),

a = ab , a � b , a _ b= b:

We de�ne the map � : CE(L � ) ! CN S(L), by � (a) = [a;e=a]. If follows from the previous

lemma that � is well de�ned. If � (a) = � (b) for some a;b 2 CE(L � ), then [a;e=a] =

[b;e=b], so a = b; hence� is one-to-one. If N 2 CN S(L), then, by the previous lemma,

N = [a;e=a], for somea 2 CE(L � ), so � is onto. The map � reversesthe order, since

if a � b, then [b;e=b] � [a;e=a]. Moreover, if [a;e=a] � [b;e=b] then b � a, so � is a
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lattice anti-isomorphism. Using the isomorphismbetweenConL and CNS (L) provided in

Theorem3.10,we get an anti-isomorphism betweenConL and CE (L � ).

In the commutativ e casewe do not needthe centralit y assumption.

Corollary 3.13. Let L be a �nite commutative residuated lattice. Then E(L � ) is a lattice

with multiplication as meet and ConL �= (E(L � ))@.

Note that the statement is false without the assumption of �niteness. For example,

jCon Z � j = 2, but jCE(Z � )j = 1.

Varieties with equationally de�nable principal congruences

We usethe description of congruencerelations to characterizethe commutativ e varieties

of residuatedlattices that have EDPC.

For two elements a;b in a residuatedlattice, set a� b= (a=b^ e)(b=a^ e).

Lemma 3.14. If a variety V satis�es the identity (x ^ e)ky � y(x ^ e)k , for somek 2 N� ,

then for everyL 2 V and for all a;b;c;d 2 L, (a;b) 2 Cg(c;d) is equivalentto (c� d) l � a� b,

for somel 2 N

Proof. Let L be a residuated lattice and a;b 2 L. It follows from Lemma 3.9 that a� b

i� (a� b)� e. Consequently, Cg(a;b) = Cg(a� b;e); moreover, (a;b) 2 Cg(c;d) i� a� b 2

[e]Cg(c� d;e) . Since a� b is negative, (a;b) 2 Cg(c;d) is equivalent to a� b 2 M (c� d), by

Theorem 3.10. Using the description of the convex, normal submonoid M (s) generated

by a negative element s given Theorem 3.10(3), we seethat this is in turn equivalent to
Q m

i=1 
 i (c� d) � a� b, for somem 2 N and someiterated conjugates
 1; :::; 
 n 2 � L . Recall

that f � 
 (f ), for every negative element f 2 L and for every iterated conjugate
 2 � L , so,

(c� d)km = ((c� d)k)m �
mY

i =1


 i ((c� d)k) �
mY

i =1


 i (c� d);

thus (a;b) 2 Cg(c;d) is equivalent to (c� d) l � a� b, for somel 2 N.

We say that a variety hasequationally de�nable principal congruences or EDPC if there

is a conjunction � (x; y; z; w) of equationssuch that for every algebrain the variety and for all

elements a;b;c;d in the algebra,(a;b) is in the congruencegeneratedby (c;d) i� � (a;b;c;d)

holds.

Prop osition 3.15. Let V be a variety that satis�es (x ^ e)ky � y(x ^ e)k , for somek 2 N�

and let . Then, V hasEDPC i� V satis�es (x ^ e)n � (x ^ e)n+1 , for somen 2 N.
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Proof. Assumethat V satis�es (x ^ e)n � (x ^ e)n+1 , for somen 2 N and let L 2 V and

a;b;c;d 2 L. Since,(c� d)n � (c� d) l , for every l, by Lemma 3.14we get

(a;b) 2 Cg(c;d) , (c� d)n � a� b:

Conversely, if V hasEDPC givenby a conjunction � of equationsand (x^ e)n � (x^ e)n+1

fails for every natural number n, then for every n there exist An 2 V and an 2 An , an < e,

such that an+1
n < an

n . Let A =
Q n

i=1 An ; a = (an )n2 N and b = (an+1
n )n2 N. SinceAn satis�es

� (an+1
n ; e;an ; e), for all n, it follows that A satis�es � (b;e;a;e), that is (b;e) 2 Cg(a;e). By

Lemma 3.14, this is equivalent to al � b, for somenumber l. Thus, al
l � al+1

l , for somel, a

contradiction.

Corollary 3.16. A variety of commutative residuated lattices has EDPC i� the negative

conesof the algebras in the variety are n-potent, for somenatural number n.

The congruenceextensionproperty

A variety has the congruence extensionproperty or CEP if for every algebra A in the

variety, for any subalgebraB of A and for any congruence� on B , there existsa congruence
�� on A , such that �� \ B 2 = � .

Note that in view of Theorem 3.10 congruencesof subalgebrascan be extendedto the

whole algebrai� convex normal subalgebrascan be extended.

Lemma 3.17. If a variety satis�es (x ^ e)ky � y(x ^ e)k then it enjoys the congruence

extensionproperty. In particular CRL has the CEP.

Proof. Recall that by Theorem 3.10, congruenceson a residuated lattice are in one-to-one

correspondencewith convex normal (in the whole residuated lattice) submonoidsof the

negative cone. Let A be a residuatedlattice, B a subalgebraof it and N a convex normal

submonoidof B . If N 0 is the convex normal submonoidof A generatedby N , it su�ces to

show that N = N 0\ B . For the non-obvious inclusion, let b2 N 0\ B . Then
Q n

i=1 
 i (ai ) � b,

for some a1; :::; an 2 N and some iterated conjugates 
 1; :::; 
 n . Since, k-powers of the

negative coneare in the center, ak
i � 
 i (ak

i ). Moreover, 
 i (ak
i ) � 
 i (ai ), becauseai are in the

negative cone. Thus,
Q n

i=1 ak
i � b. Since,ai 2 N and b 2 B, we get b2 N .

Not every residuatedlattice satis�es the CEP. Let A = f 0; c;b;a;eg and 0 < c < b< a <

e. De�ne a2 = a;b2 = ba = ab = b;ac = bc = c, and let all other non-trivial products be

0. It is easyto seethat A is a residuatedlattice and B = f e;a;bg de�nes a subalgebraof

it. B has the non-trivial congruenceff e;ag; f bgg, while A is simple. To seethat, let � be a

non-trivial congruenceand a� e; then (ca=c)� ce=c, namely c� e. So,0� e, hence� = A � A.
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The subvariet y lattice

In this sectionwe de�ne a number of interesting subvarietiesof RL and investigatetheir

relative position in L(RL ). Also, we describe a correspondencebetweenpositive universal

formulas of residuatedlattices and subvarieties, and we apply it to get equational basisfor

joins of varieties in L(RL ). Finally, we provide su�cien t conditions for the join of two

�nitely basedvarieties to be �nitely basedand give exampleswherethe join of two varieties

is their Cartesianproduct.

We denote the classof commutativ e, cancellative, distributiv e, and integral residuated

lattices, by CRL, CanRL , DRL and I RL , respectively. It is clear that all these classes,

exceptpossiblyfor CanRL , arevarieties(in particular, I RL = Mod(x^ e � x) = Mod(e=x �

e)). We will show in Lemma 4.1 that CanRL is a variety as well. Also, let RL C be the

variety generatedby the classof all totally orderedresiduatedlattices.

Theorem 3.18. ([BT ], [JT]) The equation � z(x=(x _ y)) _ � w(y=(x _ y)) � e constitutesan

equational basis for RL C .

De�nition 3.19. A generalized BL-algebra (GBL-algebra) is a residuated lattice that satis�es

the identities

((x ^ y)=y)y � x ^ y � y(yn(x ^ y)):

A generalized MV-algebra (GMV-algebra) is a residuated lattice that satis�es the identities

x=((x _ y)nx) � x _ y � (x=(x _ y))nx:

We denotethe varieties of all GBL-algebrasand all GMV-algebras,by GBL and GMV ,

respectively. GBL-algebrasgeneralizeBL-algebras,the algebraiccounterpart of basic logic

(see[Ha]).

It is noted in [Bl] that the variety RL is arithmetical; in particular the subvariety lattice

L(RL ) is distributiv e. We give a partial picture of the subvariety lattice. Inclusions that

have not beendiscussedwill be proved in subsequent chapters.

Varieties generatedby positive universalclasses

A variety V is calleda discriminator variety if thereexistsa term t(x; y; z) in the language

of V, such that if an algebraA of V is subdirectly irreducible then t(a;a;c) = c and t(a;b;c) =

a, for all a;b;c 2 A , with a 6= b.

If V is a discriminator variety, to every �rst order formula correspondsa variety with the

property that a subdirectly irreducible algebrais in the variety i� it satis�es the �rst order
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Figure 2: Inclusionsbetweensomesubvarieties of RL
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formula. In this caseit is easyto construct an equationalbasisfor the variety generatedby

the classof all modelsof a �rst order formula. Moreover, all subdirectly irreducible algebras

are simple.

Residuated lattices do not form a discriminator variety, since e.g. not all subdirectly

irreducible residuated lattices are simple. Nevertheless,a similar correspondencecan be

developed for positive universal formulas. We construct an equational basisfor the variety

generatedby an arbitrary positive universal classin a recursive way. The main tool in the

proof is the lattice isomorphismbetweencongruencerelations and certain subalgebrasof a

residuatedlattice developed in [BT], seeTheorem 3.10. Even though the producedbasisof

equationsis in�nite it reducesto a �nite one for certain classes.

Lemma 3.20. Let L be a residuated lattice and A1; :::; An �nite subsetsof L. If a1 _ ::: _

an = e, for all ai 2 A i ; i 2 f 1; :::; ng, then for all i 2 f 1; : : : ; ng, ni 2 N, and for all

ai 1; ai 2; : : : ; ain i 2 A i , we havep1 _ ::: _ pn = e, where pi = ai 1ai 2 � � � ain i .

Proof. The proof is a simple induction argument.

An open positive universal formula in a given languageis an open �rst order formula

that can be written asa disjunction of conjunctionsof equationsin the language.A (closed)

positive universal formula is the universalclosureof an open one. A positive universalclass

is the collection of all modelsof a set of positive universal formulas.

Lemma 3.21. Every open (closed) positive universal formula, � , in the languageof residu-

ated lattices is equivalent to (the universal closure of) a disjunction, � 0, of equationsof the

form e � r , where the evaluationof the term r is negative in all residuated lattices.

Proof. Every equation t � s in in the languageof residuatedlattices, where t; s are terms,

is equivalent to the conjunction of the two inequalities t � s and s � t, which in turn

is equivalent to the conjunction of the inequalities e � s=t and e � t=s. Moreover, a

conjunction of a �nite number of inequalities of the form e � t i , for 1 � i � n is equivalent

to the inequality e � t1 ^ ::: ^ tn . So, a conjunction of a a �nite number of equations

is equivalent to a single inequality of the form e � p, which in turn is equivalent to the

equation e � r , wherer = p ^ e.

Recall the de�nition of the set � m
Y of conjugateterms on the variable set Y.

For a positive universal formula � ( �x) and a countable set of variablesY, we de�ne

B m
Y (� 0( �x)) = f e � 
 1(r1( �x)) _ ::: _ 
 n (rn ( �x)) j 
 i 2 � m

Y g
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and BY (� 0( �x)) =
S

f B m
Y (� 0( �x)) j m 2 Ng, where � 0( �x) = (r 1( �x) = e or ... or r n ( �x) = e) is

the equivalent to � ( �x) formula, given in Lemma 3.21.

Theorem 3.22. Let � be a positive universal formula in the languageof residuated lattices

and L a residuated lattice.

1. If L satis�es (8�x)( � ( �x)) , then L satis�es (8�x; �y)(" ( �x; �y)) , for all " ( �x; �y) in BY (� 0( �x))

and �y 2 Y l , for someappropriate l 2 N.

2. If L is subdirectly irr educible, then L satis�es (8�x)( � ( �x)) i� L satis�es the equation

(8�x; �y)(" ( �x; �y)) , for all " ( �x; �y) in BY (� 0( �x)) and �y 2 Y l .

Proof. 1) Let L be a residuated lattice that satis�es (8�x)( � ( �x)). Moreover, let " ( �x; �y) be

an equation in BY (� 0( �x)) ; �c 2 L k and �d 2 L l . We will show that "(�c; �d) holds in L. Since

L satis�es (8�x)( � ( �x)), � 0(�c) holds in L. So, r i (�c) = e, for somei 2 f 1; 2; : : : ; ng; hence


 (r i (�c)) = e, for all 
 2 � Y . Thus, "(�c; �d) holds.

2) Let L bea subdirectly irreducible that satis�esBY (� 0( �x)) and �c 2 L k , and let ai = r i (�c).

We will show that ai = e for somei .

Let b2 M (a1) \ ::: \ M (an ), whereM (x) symbolizesthe convex normal submonoidof the

negative conegeneratedby x. Using Theorem3.10(3),we have that for all i 2 f 1; 2; : : : ; ng,
siY

j =1

gij � b � e, for somes1; s2; : : : ; sn 2 N and gi 1; gi 2; : : : ; gis i 2 � L (ai ). So,

s1Y

j =1

g1j _
s2Y

j =1

g2j _ ::: _
snY

j =1

g2j � b � e:

On the other hand,


 1(a1) _ 
 2(a2) _ ::: _ 
 n(an ) = e;

for all 
 i 2 � L , sinceevery equation of BY (� 0( �x)) holds in L. Thus, for all i 2 f 1; 2; : : : ; ng

and gi 2 � L (ai ), we have g1 _ g2 _ ::: _ gn = e and, by Lemma 3.20,

s1Y

j =1

g1j _
s2Y

j =1

g2j _ ::: _
snY

j =1

g2j = e:

Thus, b= e and M (a1) \ ::: \ M (an ) = f eg.

Using the lattice isomorphismsof Theorem3.10,we obtain

�( a1; e) \ �( a2; e) \ ::: \ �( an ; e) = � ;
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where �( a;e) denotesthe principal congruencegeneratedby (a;e) and � denotesthe di-

agonal congruence.SinceL is subdirectly irreducible, this implies that �( ai ; e) = �, i.e.,

ai = e, for somei . Thus, (8�x)( � 0( �x)) holds in L.

Corollary 3.23. Let f � i j i 2 I g be a collection of positive universal formulas. Then,
S

f B(� 0
i ) j i 2 I g is an equationalbasisfor the variety generated by the (subdirectly irr educible)

residuated lattices that satisfy � i , for every i 2 I .

Proof. By the previous theorem a subdirectly irreducible residuatedlattice satis�es � i i� it

satis�es all the equationsin B(� 0
i ), so

(Mod(
S

f � i j i 2 I g))SI =
T

f (Mod(� i ))SI j i 2 I g

=
T

f (Mod(B(� 0
i ))) SI j i 2 I g

= (Mod(
S

f B(� 0
i ) j i 2 I g))SI ;

wherefor every variety V and every setof equationsE, VSI denotesthe classof all subdirectly

irreducible algebrasof V and Mod(E) denotesthe variety of all modelsof E. Consequently,

V ((Mod(
S

f � i j i 2 I g))SI ) = V ((Mod(
S

f B(� 0
i ) j i 2 I g))SI )

= Mod(
S

f B(� 0
i ) j i 2 I g);

whereV (K) denotesthe variety generatedby a classK of similar algebras.

Note that the equational basis for the variety generatedby the models of a positive

universal formula is recursive.

The basis given in Theorem 3.22 is by no meansof minimal cardinality. It is always

in�nite, while, as it can be easily seen, for commutativ e subvarieties it simpli�es to the

conjunction of commutativit y and the equation of B 0(� 0). So, for example, the variety

generatedby the commutativ e residuatedlattices, whoseunderlying set is the union of its

positive and negative cone,is axiomatizedby xy � yx and e � (x ^ e) _ (e=x^ e).

Equational basesfor joins of subvarieties

We can apply the correspondenceto the join of two residuatedlattice varieties to obtain

an equational basis for it, given equational basesfor the two varieties. In particular, we

provide su�cien t conditions for a variety so that the join of any two of its �nitely based

subvarieties is also �nitely based.

Corollary 3.24. If B1; B2; : : : Bn are equational basesfor the varieties V1; V2; :::;Vn , such

that the sets of variables in each basis are pairwise disjoint, then
S

f B(� 0
i ) j i 2 I g is an
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equational basis for the join V1 _ V2 _ : : : _ Vn , where � i rangesover all possibledisjunctions

of n equations,one from each of B1; B2; : : : ; Bn .

Proof. The variety RL is congruencedistributiv e, so, by J�onsson'sLemma, a subdirectly

irreducible residuatedlattice in the join of �nitely many varieties is in one of the varieties.

Moreover, by the de�nition of � i , it is clear that a subdirectly irreducible residuatedlattice

satis�es every � i , for i 2 I , if and only if it is in oneof the varieties V1; V2; : : : ; Vn . So,

V1 _ V2 _ : : : _ Vn = V ((V1 _ V2 _ : : : _ Vn )SI )

= V ((V1 [ V2 [ � � � [ Vn )SI )

= V (Mod(
S

f � i j i 2 I g)SI )

= Mod(
S

f B(� 0
i ) j i 2 I g):

In the caseof the join of �nitely basedvarieties the situation is simpler.

Corollary 3.25. If B1; B2; : : : Bn are �nite equational basesfor the varieties V1; V2; : : : ; Vn ,

then B(� 0) is an equational basis for the join V1 _ V2 _ : : : _ Vn of the varieties, where

� = (
V

B1 _
V

B2 _ � � � _
V

Bn ) and for everyi 2 f 1; 2; � � � ; ng,
V

B i denotesthe conjunction

of the equations in B i .

Proof. Retaining the notation of Corollary 3.24,we seethat
S

f � i j i 2 I g is equivalent to �

and
S

f B(� 0
i ) j i 2 I g is equivalent to B(� 0).

Corollary 3.26. The join of �nitely many �nitely based varieties of residuated lattices is

recursively based.

We de�ne the varietiesC�
k RL = Mod((x ^ e)k(y ^ e) � (y ^ e)(x ^ e)k) and CanC�

1 RL =

CanRL \ C�
1 RL :

Theorem 3.27.

1. The join of two �nitely based subvarietiesof LG _ CanC�
1 RL is also �nitely based.

2. The join of two �nitely based subvarietiesof RL C _ C�
k RL is also �nitely based, for

every k � 1.
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Proof. 1) Note that LG satis�es � z(� w(x)) � � wz(x) and � z(x) � � z� 1 (x), since

� z(� w(x)) = zn(wnxw ^ e)z ^ e

= zn(wnxw)z ^ znz ^ e

= z� 1w� 1xwz ^ e

= (wz) � 1xwz ^ e

= wznxwz ^ e

= � wz(x)

and

� z(x) = zx=z ^ e = zxz � 1 ^ e = z� 1nxz� 1 ^ e = � z� 1 (x):

So, � z(� w(x ^ e)) � � wz(x ^ e) and � z(x ^ e) � � z� 1 (x ^ e) hold in LG. The sametwo

equationshold in CanC�
1 RL , sincefor any negative element a and any element b, � b(a) =

bnab^ e = bnba^ e = a ^ e = a and � b(a) = a ^ e = a. Thus, theseequationshold in the

join LG _ CanC�
1 RL .

If V1; V2 are subvarieties of LG _ CanC�
1 RL with �nite equational basesB1; B2, their

join satis�es the two equations, which together with the equations in B 2(� 0) imply every

equation of B(� 0), where� =
V

B1 _
V

B2.

2) The variety RL C satis�es the implication

x _ y = e ) � z(x) _ � w(y) = e;

by Theorem3.18. We will show that the sameimplication holds in C�
k RL . If x _ y = e, then,

by Lemma3.20,xk _ yk = e. Since,x � e, wehave xk � x � e; so,for all z; xkz = zxk , hence

xk � znxkz and xk � zxk=z. Sincexk � e, this implies xk � znxkz ^ e and xk � zxk=z ^ e,

i.e., xk � � z(xk) and xk � � z(xk), for all z. Thus, � z(xk) _ � w(yk) = e. Moreover, left and

right conjugatesare increasingin their arguments, so � z(x) _ � w(y) = e.

All subdirectly irreducible residuatedlattices in the join RL C _ C�
k RL coincidewith the

subdirectly irreducibles in the union RL C [ C�
k RL , so all of them satisfy the implication.

Sinceevery residuatedlattice in the join RL C _ C�
k RL is a subdirect product of subdirectly

irreducible algebras,and quasi-equationsare preserved under products and subalgebras,the

join satis�es the above implication.

Now, if V1; V2 are subvarieties of RL C _ C�
k RL with �nite equationalbasisB1; B2, then

their join also satis�es the implication. Since, B(� 0) is an equational basis for V1 _ V2,

where � =
V

B1 _
V

B2, the implication is a consequenceof a �nite subsetB of B(� 0), by

compactness.It is clear that B [ B 0(� 0) is a �nite equational basisfor V1 _ V2.
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Corollary 3.28. The join of two �nitely based commutative varieties of residuated lattices

is �nitely based.

It is an openproblemwhether the join of two �nitely basedvarietiesof residuatedlattices

is �nitely based.

Direct product decompositions

Certain pairs of subvarieties of RL are sodi�erent that their join decomposesinto their

the Cartesianproduct of the two varieties, i.e., the classof all Cartesianproducts of algebras

of the two varieties. Such a pair is the variety of `-groupsand the variety of their negative

cones. First we give a generallemma that allows us to obtain such decompositions of the

join of two varieties from two projection-terms.

The following proposition is in the folklore of the subject and easyto prove.

Prop osition 3.29. Let V1; V2 be subvarietiesof RL with equationalbasesB1 and B2, respec-

tively, and let � 1(x); � 2(x) be unary terms, suchthat V1 satis�es � 1(x) � x and � 2(x) � e

and V2 satis�es � 1(x) � e and � 2(x) � x. Then V1 _ V2 = V1 � V2 and the following list,

B1 � B2, of equations is an equational basis for it.

i) � 1(x) � � 2(x) � x

ii) � i (� j (x)) � e, for i; j 2 f 1; 2g; i 6= j and � i (� i (x)) � � i (x) for i 2 f 1; 2g.

iii) � i (x ? y) � � i (x) ? � i (y); where ? 2 f^ ; _; �; =;ng and i 2 f 1; 2g

iv) " (� 1(x1); :::; � 1(xn )) , for all equations"(x1; :::; xn ) of B1

v) "(� 2(x1); :::; � 2(xn )) , for all equations"(x1; :::; xn ) of B2

For any pair of subvarietiesof V1; V2, the samedecomposition holdsfor their join, and if

B1; B2 are �nite, then so is B1 � B2.

Proof. It is easyto seethat the equationsin B1 � B2 hold both in V1 and V2, hencethey hold

in V1 _ V2, also. Now, supposethat the residuatedlattice A satis�es the equationsB1 � B2;

we will show that A is in V1 � V2.

De�ne A1 = f x 2 Aj � 2(x) = eg and A2 = f x 2 Aj � 1(x) = eg. Using (iii) and (i),

it is easyto seethat A1 and A2 are subalgebrasof A. De�ne the map f : A ! A1 � A2,

by f (x) = (� 1(x); � 2(x)). It is easyto check that f is well de�ned, using (ii); that it is a

homomorphism,using (iii); one-to-one,using (i); and onto, using (iii) and (i). Thus, A is

isomorphic to A1 � A2 2 V1 � V2 � V1 _ V2.

Corollary 3.30. If B1 = f (e=x)x � eg and B2 = f e^ x � xg, then B1 � B2 is an equational

basis for LG _ I RL = LG � I RL .
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Proof. Let � 1(x) = e=(e=x) and � 2(x) = (e=x)x. It is easyto seethat LG satis�es e=(e=x) �

e(ex� 1)� 1 � x and (e=x)x � x � 1x � e, and that I RL satis�es (e=x)x � ex � x and

e=(e=x) � e.

Substructural logics and the decidabilit y of the equational theory

In this sectionwe discussthe connectionsof residuatedlattices to logical sequent calculi

and mention the derivation of the decidability of the equational theory of RL from this

analysis,given in [JT].

Let L be the similarity type of residuatedlattices and TL the set of all residuatedlattice

terms. A sequent is a sequenceof the form

w(
 1; : : : 
 n ; t1( �x); : : : tm ( �x)) ` t( �x);

where �x = (x1; : : : x l ); n; m; l 2 N, w is a monoid word on its arguments; t; t1; : : : ; tm are

residuated lattice terms; and 
 1; : : : ; 
 n are distinct symbols. An instance of a sequent is

obtained by substituting (t1k ; : : : ; t i k k) for 
 k and si for x i , where i 2 Nl ; k 2 Nn ; i k 2

N; si ; t ij 2 TL . A sequent rule or Gentzenrule is a sequenceof the form

� 1; : : : � m ; � m+1 ;

wherem 2 N and � i are sequents for all i 2 Nm+1 . An instance of the rule is obtained by

substituting instancesof the sequents in it. We denote the empty monoid word by " and

the empty sequenceof sequents by space. A Gentzen rule R is usually written in fraction

notation:
� 1 � 2 : : : � m

� m+1
R:

A sequentcalculus or Gentzensystemis a set of Gentzen rules.

Let � be a set of instancesof sequents, � an instance of a sequent and S a Gentzen

system. We call � an immediate consequence of � via S, if there are � 1; :::; � m 2 � and

R 2 S, such that � 1 � 2 ::: � m
� is an instanceof R. We say that � is provablefrom � via S, if

there is a sequence� 1; : : : ; � n = �, such that for all i 2 Nn , � i is an immediate consequence

of � [ f � 1; : : : � i � 1g, via S. If � is provable from ; via S, we say that � is provablein S.

We de�ne the interpretation, [ ], of a sequenceof terms, an instanceof a sequent and an

instanceof a Gentzen rule in the following way:

[
 ] = [(t1; t2; : : : ; t l )] = t1 � t2 � � � t l ; [" ] = e;
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[�] = [w(
 1; : : : ; 
 n ; t1( �s); : : : ; tm ( �s)) ` t( �s)]

= ( �w([
 1]; [
 2]; : : : ; [
 n ]; t1( �s); : : : ; tm ( �s)) � [t( �s)]);

where �w is the evaluation of w in residuatedlattices, 
 k = (t1k ; : : : ; t i k k) and �s = (s1; : : : ; sk);

�
� 1 � 2 : : : � m

�

�
= (([� 1] and [� 2] and : : : and [� m ]) imply [�]) :

Considerthe following Gentzen system,G:

t ` t
(Id)


 � ` u

 e� ` u

(e-left)
" ` e

(e-right)


 st� ` u

 (s � t)� ` u

(�left)

 ` s � ` t


 � ` s � t
(�right)

� ` s 
 t� ` u

 � (snt)� ` u

(nleft)
s
 ` t

 ` snt

(nright)

� ` s 
 t� ` u

 (t=s)� � ` u

(=left)

 s ` t

 ` t=s

(=right)


 s� ` u 
 t� ` u

 (s_t)� ` u

(_ left)

 ` s


 ` s _ t
(_right 1)


 ` t

 ` s _ t

(_right 2)


 s� ` u

 (s^ t)� ` u

(^ left1)

 t� ` u


 (s^ t)� ` u
(^ left2)


 ` s 
 ` t

 ` s ^ t

(^ right )

This systemlacks the three structural rules of weakening, contraction and exchange,so

it describesa substructural logic. Actually, the corresponding logic is the unboundedversion

of the Full Lambek calculus. It is easyto check that if � is provable in G, then [�] is true in

RL , by verifying that the interpretation of every immediate consequenceof � is satis�ed, if

the interpretation of every element of � is satis�ed. But more than soundnessof the rules

is true; the following completenesstheorem is a generalizationto the non-commutativ e case

of a theoremfor a fragment of intuitionistic linear logic, proved in [OT]. The details can be

found in [JT].

Theorem 3.31. [JT] For a residuated lattice term p, the inequality e � p is satis�ed in RL

i� the sequent " ` p is provablein G.

Corollary 3.32. [JT] The equational theory of residuated lattices is decidable.

Proof. Let t; s be residuatedlattice terms. Note that an equation t � s is equivalent to the

conjunction of the inequalities e � s=t and e � t=s. Thus, to decidewhether t � s holds
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in RL it su�ces to decide whether RL j= e � p, where p is a term. By Theorem 3.31,

this is equivalent to deciding whether " ` p is provable in G. Note that provabilit y in G is

decidable,becauseif � is provable then there is a sequenceof immediate consequences,of

which � is the last member. There are only �nitely many choicesfor the rule used in the

last step. Actually, only the rules for which there is an instancewith � as the denominator

are candidates. Moreover, there are �nitely many ways in which � can be a denominator

of a given instance of a rule. Thus, we have �nitely many collections of �nitely many

sequent instancesas the only choicesfor numerators of rule instancesthat can produce �.

Additionally , all thesesequent instanceshave strictly lower complexity than �, where the

complexity of a sequent instancecould be taken as the sum of the heights of the terms that

are members of it (a sequent instance is a sequenceof terms and ` ). Of coursethe same

argumentation appliesto the candidatesequent instances.This processof checking possible

elements for being denominatorshasto stop becauseof the decreasing-complexity nature of

it. If a possibleroute, which can be visualized as a branch of a search tree, leads to the

numerator of the Id-rule or of the e-right rule, then � is provable in G. Otherwise, if all

routes stop at somesequent that is not a denominator of any instanceof a rule in G, then

� cannot be provable. Thus, it is decidablewhether " ` p is provable in G, for every term

p.

Lexicographic orders on semidirect pro ducts of residuated lattices

Weconcludethis sectionwith an observation on semidirectproductsof residuatedlattices

under the lexicographicorder. Lexicographicorderson `-groupsturn out to be a useful tool,

see[AF], [Me]. We provide conditions for the semidirectproduct of two residuatedlattices

under the lexicographicorder to be a residuatedlattice.

Let K and Q be residuated lattices and � a monoid homomorphismfrom the monoid

reduct of Q to the endomorphismmonoid of the monoid reduct of K . It is easyto check

that the set K � Q together with the multiplication given by (a;b) � (c;d) = (a� � b(c); bd) and

the order de�ned by (a;b) < (c;d) , b < d or (b = d and a < c), the reverselexicographic

order, is actually a monoid with identit y element (1K ; 1Q ) and a partially orderedset. We

call this structure the semidirectproduct of K by Q over � and we symbolize it by K
 
� � Q.

(Note that multiplication is not necessarilycompatible with the order.)

Prop osition 3.33. Let K and Q be residuated latticesand � a monoid homomorphismfrom

the monoid reduct of Q to the endomorphismmonoid of the monoid reduct of K . Then,

K
 
� � Q de�nes a residuated lattice i� all the following conditions hold

44



1. Q is a chain or K is bounded;

2. � x is a residuated map, for all x 2 Q;

3. Q is cancellative or K is a singleton; and

4. Q is an `-group or K hasa maximum element.

Proof. Assumeall the conditions hold. The �rst condition guaranteesthat the structure is

a lattice. In both casesthe join and the meet are easyto compute.

If K is boundedthen

(a;b) _ (c;d) =

(
(a _ c;b) if b= d

(0K ; b_ d) if b6= d

and

(a;b) ^ (c;d) =

(
(a ^ c;b) if b= d

(1K ; b^ d) if b6= d

If Q is a chain then

(a;b) _ (c;d) =

8
><

>:

(a _ c;b) if b= d

(a;b) if b> d

(c;d) if b< d

and

(a;b) ^ (c;d) =

8
><

>:

(a ^ c;b) if b= d

(c;d) if b> d

(a;b) if b< d

If K is a singleton, multiplication is vacuously order preserving. In view of the third

condition assumethat Q is cancellative. Let a;c;f 2 K ; b;d;g 2 Q and (a;b) < (c;d), i.e.,

b < d or (b = d and a < c). We will show that (a;b)(f ; g) � (c;d)(f ; g) and (f ; g)(a;b) �

(f ; g)(c;d), namely that (a� b(f ); bg) � (c� d(f ); dg) and that (f � g(a); gb) � (f � g(c); gd).

If b < d then bg< dg and gb < gd, becauseof cancellativity, so both of the inequalities

hold. If b = d and a < c, then bg= dg and gb= gd. Additionally , a� b(f ) = a� d(f ) < c� d(f )

and � g(a) � � g(c), so f � g(a) � f � g(c). Thus, the inequalities hold in this case,as well.

By the secondcondition, � x = � (x) is a residuatedmap for all x 2 Q; let � � (x) denote

the residual of � x . To prove that multiplication is residuated,in view of the last condition,

suppose�rst that Q is an l-group. Let k; l ; m 2 K ; x; y; z 2 Q. We will show that the pair

(� �
x (knl); x � 1y) is the maximum (m; z) with respect to the property (k; x)(m; z) � (l ; y).

Note that

(k; x)( � �
x (knl); x � 1y) = (k� x (� �

x (knl)) ; xx � 1y) � (k(knl); y) � (l ; y):
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Conversely, if (k; x)(m; z) � (l ; y), then (k� x (m); xz) � (l ; y). Soeither xz < y, or xz = y

and k� x (m) � l . In the �rst case,z < x � 1y, so (m; z) � (� �
x (knl); x � 1y). In the second

case,z = x � 1y and � x (m) � knl, so m � � � (knl), hence(m; z) � (� �
x (knl); x � 1y). Thus,

(k; x)n(l ; y) = (� �
x (knl); x � 1y). Similarly, we can show that (l ; y)=(k; x) = (yx � 1; � yx � 1 (k)nl).

In the casethat K hasa top element, working as above we can seethat

(k; x)n(l ; y) =

(
(1K ; xny) if x(xny) < y

(� �
x (knl); xny) if x(xny) = y

and

(l; y)=(k; x) =

(
(1K ; y=x) if (y=x)x < y

(l=� y=x(k); y=x) if (y=x)x = y

Conversely, supposethat K
 
� � Q is a residuatedlattice. If Q is not a chain, then there

is a pair of incomparableelements x; y. Let a 2 K and (a;x) _ (a;y) = (b;z), for someb2 K

and z 2 Q. Since,(a;x); (a;y) � (b;z) we get x; y � z, thus x _ y � z. If x _ y < z then

(a;x _ y) would be a commonupper bound of (a;x) and (a;y), but strictly lessthan their

join, a contradiction. So z = x _ y. Sincex; y are incomparable(a;x); (a;y) < (c;x _ y) for

all c 2 K , thus (b;x _ y) = (a;x) _ (a;y) � (c;x _ y) for all c 2 K ; henceb � c, for all c 2 K ,

namely b is the least element of K . Similarly, onecan prove that K is upper bounded;thus

the �rst condition holds.

If Q is not an l-group, then there exists an element x in Q such that x(xne) < e. Let

k; l ; m 2 K , z 2 Q and (m; z) = (k; x)n(l ; e). Then (k� x (m); xz) � (l ; e), so xz � e, i.e.,

z � xne. Hence,(m; z) � (m; xne). Moreover,

(k; x)(m; xne) = (k� x (m); x(xne)) < (l ; e);

hence(m; z) = (m; xne). Furthermore, for every n 2 K ,

(k; x)(n; xne) = (k� x (n); x(xne)) < (l ; e);

hence(n; xne) � (m; xne). Thus, n � m, for all n 2 K , i.e., K has an upper bound, a fact

that establishesthe last condition.

To prove the secondcondition, we need to show that for all x 2 Q, the map � x is

residuated, i.e., there exists a map � 0
x ,such that for all k; n 2 K , � x (n) � l i� n � � 0

x (l).

We de�ne � 0
x (l) to be the �rst coordinate of the element (e;x)n(l ; x). It is easyto seethat

the secondcoordinate of this element is xnx, so (� 0
x (l); xnx) = (e;x)n(l ; x). Given that
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x � (xnx) = x holds in every residuatedlattice, by Lemma 3.1(15), we have

n � � 0
x (l) , (n; xnx) � (� 0

x (l); xnx)

, (n; xnx) � (e;x)n(l ; x)

, (e;x)(n; xnx) � (l ; x)

, (e � � x (n); x � (xnx)) � (l ; x)

, � x (n) � l

Assume,now, that K is not a singleton. We will show that Q is cancellative. Note �rst

that for all q 2 Q, there arem; n 2 K such that m < n and � q(m) 6= � q(n), becauseotherwise

� q(x) = � q(y), for all x; y 2 K , a contradiction sinceno constant map is residuated,unlessit is

de�ned over a singleton. Suppose,by way of contradiction, that qs = qr , for someq; s; r 2 Q.

If t = s _ r , then qt = q(s _ r ) = qs _ qr = qs. Sincemultiplication is order preserving

and (n; s) � (m; t), we get (e;q)(n; s) � (e;q)(m; t), namely (� q(n); qs) � (� q(m); qt). Since

qs = qt, we get � q(n) � � q(m), while from m < n and the fact that � q is order preserving

we have � q(m) � � q(n), a contradiction. Now, supposethat sq = tq and s � t, for some

q; s; t 2 Q. From (n; s) � (m; t), we get (n; s)(e;q) � (m; t)(e;q), namely (n; sq) � (m; tq).

Sincesq = tq, we get n � m, a contradiction. Thus, Q is both left and right cancellative.

Sincethe direct product is a special caseof a semidirectproduct under a residuatedmap,

the sameconditions apply.

For a study of semidirectproducts under di�erent order relations, we refer the readerto

the work in progress[JoT] of B. J�onssonand C. Tsinakis.
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CHAPTER IV

CANCELLATIVE RESIDUATED LATTICES

This section contains a brief exposition of cancellative residuated lattices and of the

connectionsbetween `-groups and their negative cones. Most of the results will appear in

the author's joint paper [BCGJT] and will be usedin Chapter VI I.

Note that every non-trivial cancellative residuatedlattice is in�nite. Indeed,sincea non-

trivial residuatedlattice hasa non-trivial negative cone(it can have a trivial positive cone),

and multiplication is order preservingand cancellative, it follows that all the powers of a

strictly negative element have to be distinct.

It turns out that the languageof residuated lattices has enough descriptive power to

expressequationally the property of cancellativity (ac = bc ) a = c).

Lemma 4.1. [BCGJT] A residuated lattice is right cancellative as a monoid if and only if

it satis�es the identity xy=y � x.

Proof. The identit y (xy=y)y � xy holdsin every residuatedlattice sincexy=y � xy=y implies

(xy=y)y � xy, and xy � xy implies x � xy=y, hencexy � (xy=y)y. By right cancellativity,

we have xy=y = x. Conversely, supposexy=y � x holds, and considerelements a;b;c such

that ac = bc. Then a = ac=c= bc=c= b, so right cancellativity is satis�ed.

Thus, a residuated lattice is cancellative if it satis�es both xnxy � y and yx=x � y.

Consequently, the classCanRL of cancellative residuatedlattices is a variety.

In [AF], it is shown that the lattice reduct of an `-group is distributiv e. Example 3.29

shows that this is not the casefor, even commutativ e, cancellative residuatedlattices. Ac-

tually, it is shown in [BCGJT] that CanRL satis�es no non-trivial lattice identit y.

The following proposition shows that V (Z � ), the variety of residuatedlattices generated

by the non-positive integersunder addition and the natural order, and the variety of `-groups

form a splitting pair in the subvariety lattice of cancellative residuatedlattices.

Prop osition 4.2. For everycancellative residuated lattice, either it hasZ � as a subalgebra

or it is an `-group.

Proof. Let A be a cancellative residuated lattice. In view of Lemma 3.1(4) either there

exists a strictly negative element a of A, such that e=a = e or for every strictly negative

element x of A, e < e=x. It is easyto seethat in the �rst casethe subalgebragenerated
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by a is isomorphic to Z � . In the secondcasefor every element a of A, considerthe element

x = (e=a)a. It cannot be strictly negative becausee=x = e=(e=a)a = (e=a)=(e=a) = e, by

cancellativity; so x = e. Thus, A is an `-group.

Lattice-ordered groups

The most well studied examplesof cancellative residuatedlattices are `-groups. As men-

tioned in Example 3.1, the classLG of `-groupsis axiomatized, in the context of residuated

lattices, by the identit y x(xne) � e. Below we provide alternative axiomatizations of LG.

Lemma 4.3. Each of the following setsof equationsforms an equational basis for LG.

1. (e=x)x � e

2. x � e=(xne) and x=x = e

3. x � y=(xny)

4. x=(yne) � yx

5. x=(yne) � xy and e=x � xne

6. (y=x)x � y

7. x=(ynz) � (z=x)ny)

Proof. Recall that an `-group hasa group and a lattice reduct and multiplication distributes

over joins. Obviously all the equationsare valid in `-groups, if we de�ne x=y = xy � 1 and

ynx = y� 1x.

A residuatedlattice that satis�es the �rst identit y is a monoid such that every element

hasa right inverse,so it is a group. Multiplication distributes over joins, by Lemma 3.1, so

we obtain an `-group. Using the two identities of (2) and Lemma 3.1 we get

(e=x)=(e=x) � e ) e=(e=x)x � e

) [e=(e=x)x]ne � ene

) (e=x)x � e:

So, (2) implies (1). Setting y = e in (3), we obtain x � e=(xne); setting x = e, we get

e � y=y. So (3) implies (2). Setting x = e in (4), we have e=(yne) � y; setting y = e=x,

we get x=[(e=x)ne] � (e=x)x, so x=x � (e=x)x. It follows from Lemma 3.1(4) and (14) that

x=x is an element of the positive coneand that (e=x)x is an element of the negative cone,so
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x=x � (e=x) � e. For (5) we work in a similar way. Identit y (6) yields (1) for y = e. Finally,

for x = z = e in (7), we get y = e=(yne) and for z = x; y = e we have e � x=x = (x=x)ne, so

x=x � e, so x=x = e. Thus, (7) implies (1).

The subvariety lattice of LG hasa uniqueatom, the variety CLG of commutativ e `-groups.

This varitey is known (see[AF]) to be equal to V (Z), the variety of `-groupsgeneratedby

the integersunder addition and the natural order. Moreover, LG has a unique lower cover

N . It is well known that LG hasa decidableequational theory.

Negativ e cones of `-groups

Recallthe de�nition of the negativeconeof a residuatedlattice andof a classof residuated

lattices givenin Example3.7. Wepresent a characterizationof the negativeconesof `-groups,

that allows to conclude that LG� is a variety. Moreover, we investigate the similarities

betweenthe subvariety lattices of LG and LG� .

Recall the de�nition of a generalizedBL-algebra and of a generalizedMV-algebra, from

page34.

Theorem 4.4. [BCGJT] For a residuated lattice L, the following statementsare equivalent.

1. L is the negative cone of an `-group.

2. L is a cancellative integral GMV-algebra.

3. L is a cancellative integral GBL-algebra.

Corollary 4.5. [BCGJT] The class LG� is a variety, axiomatized relative to RL by the

identities xy=y � x � ynyx and (x=y)y � x ^ y � y(ynx). Alternatively, the last two

identities can be replaced by x=(ynx) � x _ y � (x=y)nx.

Recall that for a class K of residuated lattices, H (K), S(K), P(K) and K � denote,

respectively, the classof homomorphicimages,subalgebras,products and negative conesof

members of K.

Theorem 4.6. [BCGJT] The map K 7! K � , de�ned on classesof `-groups,commuteswith

the operators H , S and P, and restricts to a lattice isomorphism between the subvariety

lattices of LG and LG� .

Corollary 4.7. [BCGJT] The variety V(Z � ) consists of all negative cones of Abelian `-

groups.
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We now show how equationalbasesof varietiesare translated by the isomorphismof the

subvariety lattices of LG and LG� .

For a residuatedlattice term t, we de�ne a translated term t � by

x � = x ^ e e� = e

(s=t) � = s� =t� ^ e (snt) � = s� nt � ^ e

(st)� = s� t � (s _ t) � = s� _ t � (s ^ t) � = s� ^ t �

Lemma 4.8. [BCGJT] For any L 2 RL , L � j= s � t i� L j= s� � t � .

Theorem 4.9. [BCGJT] Let V be a subvarietyof LG� , de�ned by a set E of identities and

let W = Mod(E� ) \ LG, where E� = f s� � t � j (s � t) 2 Eg. Then W � = V.

Note that since � and � 1 distribute over _ and ^ , any LG identit y is equivalent to a

conjunction of two identities of the form e � p(g1; : : : ; gn), where p is a lattice term and

g1; : : : ; gn are group terms. Since`-groupsare distributiv e, this can be further reducedto a

�nite conjunction of inequalitiesof the form e � g1 _ � � � _ gn .

For a term t(x1; : : : ; xm ) and a variable z distinct from x1; : : : ; xm , let

�t(z; x1; : : : ; xm ) = t(z� 1x1; : : : ; z� 1xm ):

Every group term g can be written in the form p1q� 1
1 p2q� 1

2 � � � pnq� 1
n wherethe pi and qi

are products of variables(without inverses).De�ne

ĝ = qn � � � q2q1n[qn (� � � (q2(q1p1=q1)p2=q2) � � � )pn=qn ]:

Theorem 4.10. [BCGJT] Let V be a subvariety of LG, de�ned by a set E of identities,

which we may assumeto be of the form e � g1 _ : : : _ gn . Let

�E = f e � b�g1 _ : : : _ b�gn j e � g1 _ : : : _ gn is in Eg:

Then �E is an equational basis for V� relative to LG� .

For exampleconsider the variety R = RL C \ LG of representablè -groups which (by

de�nition) is generatedby the classof totally orderedgroups(see[AF] for moredetails). An

equational basisfor this variety is given by e � x � 1yx _ y� 1 (relative to LG). Applying the

translation above, we obtain e � zxn(zy=z)x _ ynz as as equational basisfor R � .

Corollary 4.11. [BCGJT] The map V 7! V� from L(LG) to L(LG� ) sends�nitely based

subvarietiesof LG to �nitely based subvarietiesof LG� .

51



CHAPTER V

ATOMIC SUBVARIETIES

In this chapter we investigatethe atomic varieties in the subvariety lattice of residuated

lattices. In particular, we give in�nitely many commutativ e atoms and note that there are

only two cancellative ones. Moreover, we present a continuum of atoms that satisfy the

idempotency law for multiplication and are in RL C . Finally, we observe that there are only

two commutativ e idempotent atomic varieties.

A non-trivial algebraA is called strictly simple if it lacks non-trivial proper subalgebras

and congruences.Recall that, by Theorem 3.10, congruenceson residuated lattices corre-

spond to convex normal subalgebras. So, the absenceof non-trivial proper subalgebrasis

enoughto establishthe strict simplicity of a residuatedlattice.

Prop osition 5.1. Let a be a non-identity elementof a strictly simple, lower bounded resid-

uated lattice, A , and let t(x) be a term such that A satis�es t(x) = a, if x 6= e. Then, the

variety generated by A is an atom in the subvarietylattice.

Proof. Let V be the variety generatedby A . By J�onsson'sLemmathe subdirectly irreducible

algebrasof V are contained in HSP u(A ). So, if D 2 VSI , there exists,an ultrapower B of A

and a non-trivial subalgebraC of B such that D = f (C) for somehomomorphismf . Since

A is strictly simple, thus generatedby any of its non-identit y elements, we can assume,

without lossof generality, that a = 0, the least element of A . Note that A satis�es the �rst

order formula:

(8 x; y; z)(x 6= e 6= y ! t(x) = t(y) � z);

thus, so doesB , by the remark on page5. So, B has a least element 00, which is actually

contained in all non-trivial subalgebrasof B .

Sincethe least element is term de�nable and A is generatedby 0, the subalgebraF of

C generatedby 00 is isomorphic to A , henceF is strictly simple. If any two elements of

F have the sameimage under f , then f (F ) = f eg; thus f (00) = f (e). Sincethe identit y

element of a residuatedlattice is its least element only if the residuatedlattice is trivial, we

get f (C) = f eg, a contradiction. Consequently, f (F) � D is isomorphic to F. Thus, A

is isomorphic to a subalgebraof every subdirectly irreducible member of V, henceV is an

atom.

The following lemma describesthe �nitely generatedatoms of L(RL ).
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Corollary 5.2. Let V be a �nitely generated variety. Then V is an atom in L(RL ) i�

V = V(L), for some�nite strictly simple L.

Proof. Let V bean atomic variety generatedby a �nite algebraK . If K is not strictly simple,

then there is a minimal non-trivial subalgebraL of K . SinceV is an atom, it is generated

by L. The converseis a direct consequenceof the previouslemma; the necessaryterm exists

becauseL is strictly simple and �nite.

Comm utativ e atoms

The simplestnon-trivial residuatedlattice is 2. The underlying set is 2 = f 0; eg, 0 is the

leastelement and e the multiplicativ e identit y. Recall the de�nition of a generalizedBoolean

algebrafrom Example 3.2. We prove that the classGBA of generalizedBooleanalgebrasis

a variety and it is generatedby 2. Additionally , we provide equationalbasesfor this variety.

Prop osition 5.3. Let L be a residuated lattice. The following statementsare equivalent.

1. L is a generalized Boolean algebra.

2. L is in the variety V (2).

3. L satis�es the identities

(a) x � y � x ^ y, and

(b) x=(x _ y) _ (x _ y) � e.

4. L satis�es the identities

(a) x � y � x ^ y, and

(b) (x ^ y)=y_ y � e.

5. L satis�es the identities

(a) xy � x ^ y, and

(b) y=(y=x) � x _ y.

6. L satis�es x=(xny) � x � (y=x)nx.

Proof. We will show that (1) ) (3) ) (4) ) (2) ) (5) ) (1) and that (6) , (1).

(1) ) (3): We assumethat every principal ideal is a Booleanalgebra. In particular, L

has a top element e. Considerarbitrary x; y 2 L. Sincethe element x _ y is in the interval
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[x; e], it hasa complement z in [x; e]. Note that x=(x _ y) ^ (x _ y) � x, by Lemma 3.1, and

x=(x _ y) is the maximum element with this property. Sincez alsosatis�es this property, we

have z � x=(x _ y). So,e = z_ (x _ y) � x=(x _ y) _ (x _ y) � e, hencex=(x _ y) _ (x _ y) = e.

(3) ) (4): The identit y (4)(b) follows from the identit y (3)(b). by substituting x ^ y

for x.

(4) ) (2): Let P be a prime �lter of L and f P : L ! 2 be de�ned by f (x) = 1 i�

x 2 P. We will show that f is a residuated lattice homomorphism. It is clear that f P is

a lattice homomorphism,thus a monoid homomorphismas well. To prove that it preserves

the division operations,given their behavior on 2, we only needto show that

x=y 62P i� x 62P and y 2 P.

Assumethat x=y 62P and y 62P. Since, x=y = (x ^ y)=y, and P is prime we have

e = (x ^ y)=y_ y 62P, a contradiction. Assumethat x=y 62P and x 2 P, then x � x=y and,

sinceP is a �lter, x=y 2 P, a contradiction. Conversely, if x 62P, y 2 P and x=y 2 P, then

x � (x=y) ^ y 2 P, hencex 2 P, a contradiction.

Since f P is a homomorphism,K er(f P ) is a congruenceon L. In order to prove that

L is a subdirect product of copiesof 2, we need only show that the intersection of the

congruencesabove is the diagonal. This follows from the fact that any pair of elements (a;b)

in a distributiv e lattice can be separatedby a prime �lter, i.e., there exists a prime �lter P

such that a 2 P and b62P, or such that b2 P and a 62P. Thus L is in V (2).

(2) ) (5): It is trivial to check that 2 satis�es the identities in (5).

(5) ) (1): Assumethat x; y are elements of L , such that x � y. We will show that

x=y is the complement of y in [x; e]. We have x � x=y, sincex ^ y � x; so x � y ^ (x=y).

Moreover, y ^ (x=y) � x, hencey ^ (x=y) = x. Additionally ,

y _ (x=y) = (x=y)=((x=y)=y) = (x=y)=(x=(y ^ y)) = (x=y)=(x=y) = e:

(1) , (6): Having establishedthe equivalenceof (1) and (2), note that the algebra2

satis�es the identit y (6). Conversely, supposethe equation (6) holds in L. For every element

y of it we have e = e=(eny), so e � e=y, i.e., y � e. So, L is an integral residuatedlattice.

Moreover, we have

x � x=(xny) ) xn(xny) � (x=(xny))n(xny)

) x2ny � xny

) x2 � x:

Togetherwith integrality this gives xy = x ^ y, for all x; y 2 L. Assumenow that y � x.
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We will show that the complement of x in [y; e] is xny. Note that y � xny, by integrality, so

y � x ^ xny. On the other hand we have x ^ (xny) � y, by Lemma 3.1, thus x ^ xny = y.

Moreover,
x _ xny = (x=(x _ xny))n(x _ xny)

= (x=x ^ x=(xny))n(x _ xny)

= (x=x ^ x)n(x _ xny)

� xnx � e:

So,x _ xny = e.

Recall that Br denotesthe variety of Brouwerian algebras,seeExample 3.3, and GMV

the variety of generalizedMV-algebras, seepage34. By (5)(b) of the previous lemma, we

have GBA = Br \ GMV . Moreover, GBA is an atom in the subvariety lattice, since2 is

strictly simple. It is easyto seethat it is the only atom below Br .

We denote by n the integral residuated lattice de�ned by the monoid on the set

f e;a;a2; : : : ; an� 1g, under the obvious linear order. It is easyto seethat n is an n-potent

GMV-algebra.

Lemma 5.4. The following list is an equational basis for V (n + 1).

1. � z(x=(x _ y)) _ � w(y=(x _ y)) = e

2. xn+1 � xn

3. x ^ y = x(xny) = (y=x)x

4. xn = xn=(xnnyn)

5. (xn=yn)2 = (xn=yn) and (ynnxn )2 = ynnxn

6. xy � yx

Proof. Obviously, the algebran + 1 satis�es all the identities. Conversely, assumethat L is

a subdirectly irreducible residuatedlattice that satis�es the identities. By (1) and (2), L is

an n-potent chain. It is easyto see,and it will be proved in Lemma7.5, that L is an integral

GBL-algebra, by (3). Note that the idempotent elements are of the form xn and that they

form a subalgebraof L . Indeed,they areclosedunder division by (5), obviously closedunder

the lattice operations, and the product of any two such elements is their meet - if a � b,

then a = a2 � ab � a. By the fourth identit y and Proposition 5.3(6), this subalgebrais a

generalizedBooleanalgebra. Sinceit is also totally orderedit is isomorphic to 2.
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We will, now, show that L is generatedby a single element as a monoid. Assume

that there are non-identit y elements a � b that are not powers of a common element.

De�ne a1 = a, b1 = b, ak+1 = bk ^ bknak and bk+1 = bk _ bknak . Obviously, ak � bk ,

ak = ak+1 bk+1 , becauseof (6) and (3), for all k, and bk is an increasing sequence. So,

a = a1 = a2b2 = a3b3b2 = � � � = an+1 bn+1 bnbn� 1 � � � b3b2 � e(bn+1 )n = (bn+1 )n . Sincethere

are only two idempotent elements in L, either (bn+1 )n = 0, or (bn+1 )n = e. In the �rst

case,a = 0 = bn , so both a and b are powers of b. In the secondcasebn+1 = e. Since

bn+1 = bn _ bnnan = bn� 1 _ bn� 1nan� 1 _ : : : _ bnnan = � � � = b_ b1na1 _ : : : _ bnnan , we have

bknak = e, for somek. We have bk � ak , so ak = bk . Using the fact that bk 2 f ak+1 ; bk+1 g

and ak = ak+1 bk+1 , for all k, and induction, it is not hard to seethat both band a are powers

of bk .

Any strictly simple �nite residuated lattice di�erent from 2 has to have a top element

di�erent than e. This is becauseotherwise f 0; eg would be a subalgebraisomorphic to 2.

We give below an in�nite list of examplesof �nite commutativ e totally orderedresiduated

lattices that are strictly simple and generatedistinct atoms in L(RL ).

For every natural number n set Tn = f 1; eg [ f uk j k 2 Nng. De�ne an order relation

on Tn by uk � ul i� k � l , and uk < e < 1, for all natural numbers k � n. Also, de�ne

multiplication by x1 = 1x = x, for all x 6= e; ukul = umin f n;k + lg, for all k; l 2 Nn ; and the

two division operations by x=y =
W

f z 2 Tn j zy � xg and ynx =
W

f z 2 Tn j yz � xg.

Note that multiplication is order preserving and, since Tn is dually well ordered, T n =

hTn ; ^ ; _; �; n; =;ei is a residuatedlattice.

t 1

t e

t u1

t u2
q
q
q

t un

Figure 3: The residuatedlattice T n .

Lemma 5.5. The variety V (T n) is an atom in the subvarietylattice of RL , for everynatural

number n.
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Proof. Note that T n is generatedby any of its non-identit y elements. If x < e, then e=x = 1;

moreover, e=1 = u and uk = uk , for all k � n. So, T n is strictly simple, henceit generates

an atom by Corollary 5.2.

Set 1(x) = x _ (e=x). If a 2 Tn � f eg, then 1(a) = 1.

Prop osition 5.6. For everyn, the following list Bn of equationsis a �nite equational basis

for V(T n ).

1. � z(x=(x _ y)) _ � w(y=(x _ y)) � e

2. xn+1 � xn

3. (x _ e)2 � (x _ e)

4. e=((x _ e)ne) � x _ e

5. (e=1(x))n � x � (e=1(x))n

6. x ^ y ^ e � (x ^ e)(( x ^ e)n(y ^ e)) � ((y ^ e)=(x ^ e))( x ^ e)

7. (x ^ e)n � (x ^ e)n=((x ^ e)nn(y ^ e)n ^ e) ^ e

8. (xn=yn)2 � (xn=yn) and (ynnxn )2 � ynnxn

9. xy � yx

Proof. Obviously, V(T n ) satis�es Bn . Let L be a subdirectly irreducible residuatedlattice

that satis�es Bn . L has to be a chain, becauseof the �rst equation and Theorem 3.18,and

its negative coneis isomorphic to n, becauseof equations(2), (6), (7), (8) and (9). Assume

that the negative coneis f e;u; u2; :::; un = 0g. Observe that L hasa strictly positive element

a. Otherwise, L would be integral, so e=x = e, for all x 2 L, hence1(x) = e. In that case,

(5) would imply e � x = e, for all x 2 A, a contradiction. By (3), we get a2 = a. SinceL

has a bottom element, it also has a top element 1. For every strictly positive element b of

L, we have u = eu � bu. If e � bu, we have e � beu � bbuu� ::: � bnun = bn0 = 0; a

contradiction. Sobu = u, hencebne = u. Usingequation(4), wehaveb= e=(bne) = e=u= 1,

so there is a unique strictly positive element and L is isomorphic to T n

Working toward a partial description of �nite, commutativ e, strictly simple, residuated

chains, we note that they have similar properties as the algebrasT n .

Lemma 5.7. Let L be a �nite, commutative, strictly simple member of RL C and let 1 be

its top element. Then x1 = x, x=1 = x, x=x = 1 and x(e=1) � x ^ (e=1), for all x 6= e.

Moreover, 1 coverse and e coverse=1.
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Proof. Obviously, L is a subdirectly irreducible element of RL C , soL is chain. If L �= 2, then

the conclusionis obvious. Otherwise,L has a top element 1 6= e. If e = e=1, then e � e=1,

i.e., 1 � e, a contradiction. So,e 6= e=1. Note that e=1 = e=12 = (e=1)=1, so e=1 � (e=1)=1,

hence(e=1)1 � e=1. On the other hand, e=1 � (e=1)1, sincee � 1; so e=1 = (e=1)1.

It is easy to show that if x1 = x and y1 = y, then xy1 = xy, (x=y)1 = x=y and

(e=x)1 = e=x. By the assumptionof strict simplicity, for every element of a 6= e of L , there

exists a term ta, such that a = ta(1). It is easy to prove that x1 = x, for all x 6= e, by

induction on the complexity of ta. Consequently, x � x=1. Since,x=1 � x=e = x, we have

x=1 = x. Moreover, 1x � x implies 1 � x=x, sox=x = 1. Obviously, e=1 � e, sox(e=1) � x.

Also, e=1 � e=x, sincex � 1, i.e., x(e=1) � e. So, x(e=1)1 � e, hencex(e=1) � e=1. Thus,

x(e=1) � x ^ (e=1). To show that e is coveredby 1, note that if x > e, then 1 � 1x = x. It

is obvious that e=1 � e. If x < e, then 1x � e, sox � e=1, hencee is a cover of e=1.

Corollary 5.8. Let V j= (e=(e=x))n � x and (x ^ e)n � (x ^ e)n+1 . Then CanI RL _ V =

CanI RL � V. Hence, CanI RL _ V(T i 1 ; T i 2 ; :::; T i k ) = CanI RL � V(T i 1 ; T i 2 ; :::; T i k ).

Proof. Let � 1(x) = ((e^ x)n+1 =(e^ x)n ) ^ e and � 2(x) = (e=(e=x))n _ x. Note that CanI RL

satis�es � 1(x) = ((e ^ x)n+1 =(e^ x)n ) ^ e � (e^ x) ^ e � x and � 2(x) = (e=(e=x))n _ x �

en _ x � e. On the other hand, V satis�es � 2(x) = (e=(e=x))n _ x � x and � 1(x) =

((e^ x)n+1 =(e^ x)n ) ^ e � ((e^ x)n=(e^ x)n ) ^ e � e.

If n � m and x 2 T m , then, � 1(x) = ((e^ x)n+1 =(e^ x)n ) ^ e = (0=0)^ e = 1^ e = e, for

x 6= e;1, � 1(e) = e and � 1(1) = (e=e) ^ e = e. Thus, V(T m ) satis�es � 1(x) � e. Moreover,

if x 2 T m , then � 2(x) = (e=(e=x))n _ x = (e=1)n _ x = 0 _ x = x, for x 6= e;1, � 2(e) = e

and � 2(1) = (e=(e=1))n _ 1 = 1. SoV(T m ) satis�es � 2(x) � x. If we pick n � maxf i 1; :::; i kg

then V(T i 1 ; T i 2 ; :::; T i k ) satis�es � 1(x) = e and � 2(x) = x.

Note that I RL _ V(T 1) 6= I RL � V(T 1) sinceA 2 S(T 1 � 2) � (I RL � V(T 1)), where

A = f (1; 1); (1; e); (1; 0); (0; 0)g.

Idemp oten t atoms

It is well known and easyto observe that the variety V (Z) generatedby the `-group of

the integersunder addition is the only `-groupatom. It is shown in [BCGJT] that the variety

V (Z � ) generatedby the negative coneof Z is the only atom below the variety of negative

conesof `-groups. Both of theseatomsare cancellative. It follows from Proposition 4.2 that

they are actually the only atoms below the variety of cancellative residuatedlattices.

Corollary 5.9. The varieties V (Z) and V (Z � ) are the only cancellative atoms.
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In view of this observation, it makessenseto investigatethe other endof the spectrum of

atoms,i.e., varietiesthat aren-potent for somen. Wewill provide a continuum of idempotent

atoms, that are actually distributiv e.

For every set of integersS, set NS = f ai j i 2 Zg [ f bi j i 2 Zg [ f eg. We de�ne an order

on NS, by bi < bj < e < ak < al , for all i; j; k; l 2 Z, such that i < j and k > l. Obviously,

this is a total order on NS. We alsode�ne a multiplication by

ai aj = amin f i;j g; bi bj = bmin f i;j g

and

bj ai =

(
bj if j < i; or i = j 2 S

ai if i < j; or i = j 62S
; ai bj =

(
ai if i < j; or i = j 2 S

bj if i > j; or i = j 62S

The division operations are de�ned in the usual way by x=y =
W

f z j xz � yg and ynx =
W

f z j zx � yg.

It is easyto seethat multiplication is associative, order preservingand residuated. So,we

can de�ne a residuatedlattice N S with underlying set NS and operationsthe onesdescribed

above.

We will investigate for which sets S the variety generatedby N S is an atom in the

subvariety lattice of residuatedlattices.

De�ne the following residuatedlattice terms:

`(x) = xne; r (x) = e=x;

t(x) = e=x_ xne;

m(x) = `` (x) ^ `r (x) ^ r `(x) ^ r r (x);

p(x) = `` (x) _ `r (x) _ r `(x) _ r r (x):

Moreover, de�ne three binary relations by,

x r! y , r (x) = y;

x !
`

y , `(x) = y;

x ! y , r (x) = y or `(x) = y:
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Figure 4: The residuatedlattice N S.

A word over f 0; 1g is a function w : A ! f 0; 1g, whereA is a subinterval of Z; A is called

the support, supp(w), of w. We call w �nite (in�nite , bi-in�nite ) if jAj < ! (A = N; A = Z,

respectively). If w is a bi-in�nite and v a �nite word, we say v is a subword of w, if there

existsan integerk, such that v(i ) = w(i + k) for all i 2 supp(v). Note that the characteristic

function wS of a subsetS of Z is a bi-in�nite word. For two bi-in�nite words w1; w2, de�ne

w1 � w2 i� every �nite subword of w1 is a subword of w2. Obviously, � is a pre-order.

De�ne w1
�= w2 i� w1 � w2 � w1. We call a bi-in�nite word w minimal with respect to the

pre-order � , if w �= w0, whenever w � w0, for somebi-in�nite word w0.

Prop osition 5.10. The following properties hold for N S, for every S.

1. For all i 2 Z, m(bi ) = bi � 1; p(bi ) = bi +1 ; m(ai ) = ai +1 ; p(ai ) = ai � 1. Moreover,

t(ai ) = bi and t(bi ) = ai .

2. It is totally ordered.

3. For every x, f xt (x); t(x)xg = f x; t(x)g.
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4. If x < e < y , then m(x) � x � p(x) < e < m(y) � y � p(y) and t(y) < e < t(x).

5. For every x, m(t(x)) = t(p(x)) , p(t(x)) = t(m(x)), m(p(x)) = p(m(x)) = x and

t(t(x)) = x.

6. If x is negative, then xy = yx =

(
x for x � y < t(x)

y for y � x or t(x) < y:

If x is positive, then xy = yx =

(
x for t(x) < y � x

y for y < t(x) or x � y:

7. For all x; y; x ^ y; x _ y; xy 2 f x; yg.

8. For all x; y; x=y; ynx 2 f x; m(x); p(x); t(x); m(t(x)) ; t(y); m(t(y)) ; p(t(y)g.

9. For every �nite word v there existsa universal �rst order formula � (v), suchthat v is

not a subword of wS i� � (v) is satis�ed in N S.

Proof. It is easyto seethat

bi � 1  
`

ai
r !

`
bi

r! ai +1 (i 2 S)

bi � 1
r ai

r !
`

bi !
`

ai +1 (i 62S)

It follows directly that t(bi ) = ai _ ai +1 = ai and t(ai ) = bi � 1 _ bi = bi .

Moreover,

f r (r (bi )) ; r (`(bi )) ; `(r (bi )) ; `(`(bi ))g = f bi � 1; bi ; bi +1 g;

so m(bi ) = bi � 1 and p(bi ) = bi +1 . Similarly, m(ai ) = ai +1 and p(ai ) = ai � 1. So (1) holds.

Moreover, (2) is obvious from the de�nition; (3)-(7) follow from (1); and (8) is easyto check.

Finally for (9), the �rst order formula associated to a �nite word v is

� v = ( 8x1; :::xn ; y1; :::; yn)[(x1 � x2 � ::: � xn < e < yn � ::: � y1)

& (t(x1) = y1 & � � � & t(xn ) = yn ) ! : (x1y1 = s1 & � � � & xnyn = sn )];

wheren is the length of v and si = x i , if v(i ) = 1 and si = yi if v(i ) = 0. Note that � v is

equivalent to a universally quanti�ed formula in the languageof residuatedlattices.

Corollary 5.11. The residuated lattice N S is strictly simple, for every set of integersS.

Proof. For all a;b 2 NS � f eg, (a;b) is in the transitive closureof the relation ! de�ned

above. Thus, N S is strictly simple.
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Lemma 5.12. Every non-trivial one-generated subalgebra of an ultrapower of N S is isomor-

phic to N S0, for someset of integersS0.

Proof. Every �rst order formula true in N S is also true in an ultrapower of it. Sinceprop-

erties (2)-(8) of Proposition 5.10 can be expressedas �rst order formulas, they hold in any

ultrapower of N S.

By property (2), any ultrapower B of N S is totally ordered,so the sameholds for every

subalgebraof B . Let A be a non-trivial one-generatedsubalgebraof B and let a be a

generator for A . The element a can be taken to be negative, since if a is positive, t(a) is

negative and, by property (4), it generatesA , becauset(t(a)) = a, by property (5).

By properties (7) and (8), A is the set of evaluations of terms composedby the terms

m; p;t and the constant term e. By property (5), thesecompositions reduceto one of the

forms mn (x); pn (x); pn (t(x)) and mn (t(x)), for n a natural number.

Set b� n = mn (a); bn = pn (a); a� n = pn (t(a)) and an = mn (t(a)), for all natural numbers

n. By the remark above, A consistsof exactly these elements together with e. De�ne a

subset S0 of Z, by m 2 S0 i� bm am = bm and consider the following map f : A ! N S0,

f (bi ) = b0
i ; f (ai ) = a0

i ; f (e) = e0, whereNS0 = f b0
i j i 2 Zg [ f a0

i j i 2 Zg [ f e0g. By property

(4), this map is an order isomorphismand, sinceA is totally ordered,a lattice isomorphism,

as well. Moreover, it is easyto check that it is a monoid homomorphism,using properties

(3) and (6). Any lattice isomorphismpreservesexisting joins, sof preservesthe two division

operations. Thus, A is isomorphic to N S0.

Theorem 5.13. Let A be a one-generated residuated lattice and S a subsetof Z. Then,

A 2 HSP u(N S) i� A �= N S0, for someS0 suchthat wS0 � wS.

Proof. Let S0 be a set of integers,such that wS0 � wS. Also, let B = (N S)N=F , whereF is

an ultra�lter over N that extendsthe �lter of co-�nite subsets,and NS = f bi j i 2 Zg[ f ai j i 2

Zg [ f eg. We will show that N S0 2 ISP u(N S).

For every natural number n, de�ne the �nite approximations, vn , of the bi-in�nite word

wS0, by vn (i ) = wS0(i ), for all i 2 [� n; n]Z . Since,wS0 � wS, the words vn are subwords of

wS, so for every natural number n there existsan integer K n , such that vn (i ) = wS(K n + i),

for all i 2 supp(vn) = [� n; n]Z .

Let �b = (bK n )n2 N, wherebK n 2 NS. By Lemma 5.12, the subalgebraof B generatedby
~b= [�b], the equivalenceclassof b under F , is isomorphicto N ~S; N ~S = f ~bi j i 2 Zg [ f ~ai j i 2

Zg [ f ~eg, for somesubset ~S of Z. We identify the subalgebrageneratedby ~b with N ~S and

we can actually choose ~S such that ~b0 = ~b. We will show that ~S = S0.

We pick representativ es �bm and �am , for ~bm and ~am , and we adopt a double subscript

notation for their coordinates. So, there exist �bmn and �amn in N S, such that ~bm = [�bm ] =
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[(�bmn )n2 N] and ~am = [�am ] = [(�amn )n2 N].

It is easyto prove that ~bm = [(bK n + m )n2 N] and ~am = [(aK n + m )n2 N], using the de�nition

of ~b, Proposition 5.10(1), basic induction and the following facts:

~am = t(~bm ) = t([(�bmn )n2 N]) = [(t(�bmn ))n2 N]

~bm+1 = p(~bm ) = p([(�bmn )n2 N]) = [(p(�bmn ))n2 N]

~bm� 1 = m(~bm ) = m([(�bmn )n2 N]) = [(m(�bmn ))n2 N]

Now, for jmj < n, i.e., m 2 supp(vn), we have

K n + m 2 S , ws(K n + m) = 1

, vn (m) = 1

, wS0(m) = 1

, m 2 S0:

Since, bK n + maK n + m = bK n + m exactly when K n + m 2 S, we get that if jmj < n, then

bK n + m aK n + m = bK n + m is equivalent to m 2 S0.

In other words,

f n j jmj < ng � f n j bK n + maK n + m = bK n + m , m 2 S0g:

Sincethe �rst set is in F , so is the secondone. It is not hard to check that this meansthat:

f n j bK n + maK n + m = bK n + m g 2 F is equivalent to m 2 S0. So, ~bm ~am = ~bm is equivalent to

m 2 S0; hencem 2 ~S i� m 2 S0. Thus, ~S = S0

For the converse,we will prove the implication for A 2 SPu(N S). This is su�cien t since

under a homomorphismevery one generatedsubalgebrawill either map isomorphically or

to the identit y element, becauseof the strictly simple nature of the algebrasN S0. Let A be

a subalgebraof an ultrapower of N S. By Lemma 5.12, A is isomorphic to N S0, for some

subsetS0 of Z.

To show that wS0 � wS it su�ces to show that, for every �nite word v, if v is not a

subword of wS, then it is not a subword of wS0 either. If v is not a subword of wS, then

N S satis�es � v of Proposition 5.10(9); henceso does every ultrapower of N S. Since � v is

universally quanti�ed it is also satis�ed by any subalgebraof an ultrapower of N S and in

particular by N S0. Thus, v is not a subword of wS0.

Corollary 5.14. Let S;S0 be setsof integers, then
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1. V (N S0) � V (N S) if and only if wS0 � wS, and

2. if wS is minimal with respect to � , then V = V (N S) is an atom in the subvariety

lattice of RL .

Proof. 1) If wS � wS0 then, by Theorem 5.13, N S0 2 HSP u(N S) � V (N S), so V (N S0) �

V (N S). Conversely, if V (N S0) � V (N S), then N S0 2 V (N S). N S0 is subdirectly irreducible,

by Lemma 5.11,so, by J�onsson'sLemma, N S0 2 HSP u(N S). By Theorem5.13,wS0 � wS.

2) If L is a subdirectly irreducible of V, then L 2 HSP u(N S), by J�onsson'sLemma.

Every one-generatedsubalgebraA of L is a member of SHSP u(N S) � HSP u(N S), because

SH � HS; so,by Theorem5.13,A is isomorphicto someN S0, wherewS0 � wS. SincewS is

minimal with respect to the pre-order� , we have wS0 �= wS; henceV (N S0) = V (N S), by (i).

Thus, V = V (N S0) = V (A ) � V (L) � V. SinceV = V (L), for every subdirectly irreducible

L in V, V is an atom.

The following corollary generalizesa result of [JT].

Corollary 5.15. There are uncountably many atoms in the subvariety lattice of RL C \

Mod(x2 � x).

Proof. There are uncountably many minimal bi-in�nite words that are not related by �= , by

[Lo].

The proof of the previousresult reliesheavily on the non-commutativit y of the generating

algebras.If we add the restriction of commutativit y or even the weaker condition e=x � xne,

we get only �nitely many atoms, actually only two, even without the hypothesisthat they

are in RL C .

Theorem 5.16. The only atoms below the variety Mod(x2 � x; e=x � xne) are the varieties

generated by the residuated latticeson the chains f 0; eg and f 0; e;>g .

Proof. AssumeA is a non trivial member of Mod(x2 � x; e=x � xne) and let a be a negative

element of A . If e=a = e, then f e;ag is a subalgebraof A . If e < e=a, set T = e=a and

b = e=T. We have a � b � bT = (e=T)T � e and bT = bbT � b, so bT = b. Since

e=T = Tne, we also get Tb = b. Additionally , T � e=b. If S = e=b, then Sa � Sb � e,

so S � e=a = T; thus, T = e=b. Moreover, b � b=T � (b=T)T � b, so b=T = b. Also,

a � aa � ba � a, so T=b= (e=a)=b= e=ba= e=a= T. Thus, f b;e;Tg is a subalgebraof

A .
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CHAPTER VI

DISTRIBUTIVE RESIDUATED LATTICES

Many interesting examplesof residuated lattices are distributiv e. In this section we

discussthe undecidability of the quasi-equationaltheory of the variety DRL of distributiv e

residuatedlattices and provide a duality theory for distributiv e residuatedbounded-lattices.

We start with somesu�cien t conditions for distributivit y.

Corollary 6.1. [BCGJT] For residuated lattices, any of the following setsof identities im-

plies the distributive law:

1. x=x � e and (x _ y)=z � x=z _ y=z

2. x(xn(x ^ y)) � x ^ y

3. xnxy � y, xy � yx and x(y ^ z) � xy ^ xy.

Undecidabilit y of the quasi-equational theory

The results in this sectionare due to the author and can be found in [Ga]. We present

only the main theoremand its consequencesand refer the readerto the paper for details.

Let V be a vector space. The residuatedlattice P(V ) on the power set of the monoid

reduct of V , given in Example 3.15, is distributiv e.

Theorem 6.2. [Ga] Let V be a variety of distributive residuated lattices, containing P(V ),

for somein�nite-dimensional vector space V . Then, there is a �nitely presented residuated

lattice in V, with unsolvableword problem.

The proof of the theoremusesthe notion of an n-frameand resultson distributiv e lattices

to reducethe decidability of the word problem for semigroupsto the decidability of the word

problem for distributiv e residuatedlattices.

Corollary 6.3. [Ga] If V is a variety such that HSP (P(V )) � V � DRL , for some

in�nite-dimensional vector space V ; then V hasan undecidablequasi-equational theory.

Corollary 6.4. [Ga] The word problemand the quasi-equational theory of distributive and

for commutative distributive residuated lattices are undecidable.
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This result becomesmoreinterestinggiven that, asrecently proved, the equationaltheory

of commutativ edistributiv e residuatedlattices is decidable.The detailscanbefound in [GR].

Dualit y Theory for distributiv e residuated bounded-lattices

In what follows we try to extend the Priestley duality for boundeddistributiv e lattices to

distributiv e residuatedbounded-lattices. The ideasstem from [Ur], wherea duality theory

for bounded distributive lattice-ordered semigroups is developed.

Priestley duality

H. Priestley introduced, seee.g. [DP], a duality between the category of bounded dis-

tributiv e lattices and certain ordered topological spaces. The theory is useful becauseit

presents an alternative understanding of distributiv e lattices and suggestsa di�erent ap-

proach to problemsabout them.

A structure S = hS;� ; �i is called a Priestley space if hS;� i is a compact topological

space,hS;�i is a boundedpartially orderedset and S is totally order-disconnected, i.e., for

all x; y 2 S, if x � y, then there exists a clopen increasingset containing y, but not x.

A map h : S1 ! S2 between two Priestley spacesis a Priestley map if it is order-

preserving,continuous and preservesthe bounds.

If L = hL; ^ ; _; 0; 1i is a boundeddistributiv e lattice, then its dual space is the structure
�S(L) = hS(L); � ; �i , whereS(L) is the set of all prime �lters of L ; � is the topology having

the family of all setsof the form f (l) and (f (l)) c; l 2 L, as sub-basis,where f (l) = f X 2

S(L)j l 2 X g, for l 2 L; and � is set inclusion.

If S = hS;� ; �i is a Priestleyspacethen its dual lattice is the structure �L (S) = hL(S); \ ; [ ; ; ; Si ,

whereL (S) is the set of all clopen increasingsubsetsof S.

Theorem 6.5. [DP]

1. The dual space of a bounded distributive lattice L is a Priestley space and L (S(L)) =

f f (l)j l 2 Lg [ f; ; S(L)g.

2. The dual lattice of a Priestley space is a bounded distributive lattice.

Theorem 6.6. [DP]

1. If L 1; L 2 are bounded distributive lattices and h : L 1 ! L 2 is a bounded-lattice homo-

morphism, then the map �S(h) : �S(L 2) ! �S(L 1), de�ned by �S(h)(X ) = h� 1[X ], is a

Priestley map.

2. If S1; S2 are Priestley spacesand h : S1 ! S2 is a Priestley map, then the map �L (h) :
�L (S2) ! �L (S1), de�ned by �L (h)(A) = h� 1[A], is a bounded-lattice homomorphism.
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Theorem 6.7. [DP] The categoriesof bounded distributive lattices with bounded-lattice ho-

momorphismsand of Priestley spaceswith Priestley mapsare dual.

Dualit y for distributiv e residuatedbounded-lattices

For X ; Y subsetsof a residuatedlattice, we denoteby X � Y their complexproduct and

de�ne X � Y = " (X � Y). Note that if Z is a �lter then X � Y � Z i� X � Y � Z .

Lemma 6.8. If X ; Y are �lters in a residuated lattice, then X � Y is also a �lter.

Proof. The set X � Y is obviously increasing. Moreover, if k1; k2 2 X � Y , then a1b1 � k1

and a2b2 � k2, for somea1; a2 2 X ; b1; b2 2 Y. Thus,

(a1 ^ a2)(b1 ^ b2) � (a1 ^ a2)b1 ^ (a1 ^ a2)b2 � a1b1 ^ a2b2 � k1 ^ k2

and a1 ^ a2 2 X ; b1 ^ b2 2 Y; hence,k1 ^ k2 2 X � Y.

Lemma 6.9. If X ; Y; Z are �lters in a distributive residuated lattice L, Z is a prime �lter

and X Y � Z , then there are prime �lters X 0; Y 0, suchthat X � X 0; Y � Y 0; X 0Y � Z and

X Y 0 � Z .

Proof. We �rst show that I = f l 2 Lj lY 6� Zg is a down-set. Indeed,if l0 � l 2 I and l0 62I ,

then l0Y � Z , i.e., l0y 2 Z , for all y 2 Y. Sincel0y � ly and Z is a �lter, we have ly 2 Z for

all y 2 Y, i.e., lY � Z . So, l 62I , a contradiction.

Furthermore, if l1; l2 2 I then l1Y 6� Z and l2Y 6� Z , i.e., l1y1 62Z and l1y1 62Z , for

somey1; y2 2 Y. SinceZ is prime, we have l1y1 _ l2y2 62Z . Moreover,

(l1 _ l2)(y1 ^ y2) = l1(y1 ^ y2) _ l2(y1 ^ y2) � l1y1 _ l2y2;

so (l1 _ l2)(y1 ^ y2) 62Z , becauseZ is a �lter. Consequently, (l1 _ l2)Y 6� Z , i.e., l1 _ l2 2 I .

Thus, I is an ideal.

Note that X \ I = ; , sincexY � Z for all x in X , soby the Prime Ideal Theorem,there

exists a prime �lter X 0, such that X � X 0 and X 0 \ I = ; , i.e., x 62I , for all x in X 0. So

xY � Z , for all x in X 0, i.e., X 0Y � Z . The existenceof Y 0 is proved similarly.

If R is a ternary relation on a set S, x; y; z are elements of S and A; B are subsetsof S,

we write R(x; y; z) for (x; y; z) 2 R. Moreover, we de�ne

R[A; B ; ] = f z 2 Sj (9x 2 A)(9y 2 B)(R(x; y; z))g;

R[x; B ; ] = R[f xg; B ; ] and R[A; y; ] = R[A; f yg; ]:
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Multiplication in a residuated lattice corresponds to a suitable ternary relation in the

dual space.Recall the de�nition of L (S).

A distributive residuated bounded-lattice space (DRbL-space) is a structure S = hS;� ; �

; R; E i , where hS;� ; �i is a Priestley space,R is a ternary relation on S and E � S, such

that for all x; y; z; w 2 S the following properties hold:

1. R(x; y; u) and R(u; z; w) for someu 2 S i� R(y; z; v) and R(x; v; w) for somev 2 S.

2. If x � y and R(y; z; w), then R(x; z; w);

if x � y and R(z; y; w), then R(z; x; w); and

if x � y and R(z; w; x), then R(z; w; y).

3. The failure of R(x; y; z) is witnessedby someA; B 2 L (S), namely x 2 A; y 2 B and

z 62R[A; B ; ].

4. If A; B 2 L (S) then the setsR[A; B ; ], f z 2 SjR[z; B ; ] � Ag and f z 2 SjR[B ; z; ] �

Ag are clopen.

5. E 2 L (S) and for all K 2 L (S), R[K ; E; ] = R[E; K ; ] = K .

The dual spaceof a distributiv e residuatedbounded-latticeis an extensionof the Priestley

spaceof the distributiv e lattice reduct. Note that the third condition statesthat the spaceis

totally disconnectedwith respect to the ternary relation. This condition for ternary relations

is the analogueof the assumptionthat the spaceis totally disconnectedwith respect to the

order. The �rst and last conditions are reminiscent of the conditions in Example 3.16.

Let L = hL; ^ ; _; �; n; =;e;0; 1i be a distributiv e residuatedbounded-lattice. We denote

by S(L) the set of all prime �lters of L and set

f (k) = f X 2 S(L)j k 2 X g;

for every k 2 L. Let � be the topology whosesub-basisis the family of all sets of the

form f (l) and (f (l)) c; l 2 L. Also, let E = f (e) and R(X ; Y; Z ) = (X � Y � Z ), for all

X ; Y; Z 2 S(L). The structure S(L) = hS(L); � ; � ; R; E i is called the dual space of L .

Let S = hS;� ; � ; R; E i be a DRbL-space and L (S), as mentioned before, the set of

all clopen increasing subsetsof S. For A; B 2 L (S), de�ne the operations A � B =

R[A; B ; ]; A=B = f z 2 S j z � B � Ag; and BnA = f z 2 S j B � z � Ag: The struc-

ture L (S) = hL(S); \ ; [ ; � ; n; =;E; ; ; Si , is called the dual algebra of S.
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In the proofs of the results in this section we will usevariables for di�erent structures.

To make the exposition as clear as possible,we usespeci�c letters for each set of variables.

In particular, we uselower-caseletters toward the endof the alphabet for elements of DRbL-

spacesand letters in the �rst part of the alphabet for boundedresiduatedlattices. For the

dual of a structure we useuppercaseletters and for the seconddual lower-caseGreekletters.

For examplewe will usex; y; z for elements of a DRbL-spaceand A; B ; C, for elements of its

dual.

Lemma 6.10. Let L be a bounded distributive residuated lattice. Then, for all k; l 2 L,

1. f (k � l) = f (k) � f (l),

2. f (k=l) = f (k)=f (l) and

3. f (knl) = f (k)nf (l).

Proof. 1) If W 2 f (k) � f (l) = R[f (k); f (l); ], then there exist U 2 f (k) and V 2 f (l)

such that R(U;V; W), i.e., there exist prime �lters U;V of L such that k 2 U, l 2 V and

U � V � W. Hence,kl 2 U � V � W, i.e., W 2 f (kl).

Conversely, if W 2 f (kl), i.e., W is a prime �lter of L that contains the element kl,

then (" k)( " l) � W. By Lemma 6.9, there exist prime �lters U;V such that k 2 U,

l 2 V and UV � W, i.e., there exist U 2 f (k) and V 2 f (l) such that R(U;V; W); hence

W 2 f (k) � f (l).

2) We have f (k=l) � f (l) = f ((k=l)l) = f W 2 S(L)j (k=l)l 2 Wg. Since(k=l)l � k, we

have f (k=l) � f (l) � f W 2 S(L) j k 2 Wg = f (k). So, if X 2 f (k=l), then f X g� f (l) � f (k),

i.e., X 2 f (k)=f (l).

Conversely, assumethat X 2 f (k)=f (l) and let U = f �l 2 L j (9a 2 X )(a�l � k)g. If

l0 � �l 2 U, then there is an a 2 X such that a�l � k. So, al0 � a�l � k, hencel0 2 U.

Moreover, if l1; l2 2 U, then a1l1 � k and a2l2 � k, for somea1; a2 2 X . Note that

(a1 ^ a2)( l1 _ l2) = (a1 ^ a2)l1 _ (a1 ^ a2)l2 � a1l1 _ a2l2 � k _ k = k

and (a1 ^ a2) 2 X , sinceX is a �lter; so, l1 _ l2 2 U. Consequently, U is an ideal.

We will show that l 2 U. Assume,by way of contradiction, that l 62U. Then U\ " l = ;

and, by the Prime Ideal Theorem, there exists a prime �lter U such that " l � U and

U \ U = ; . In particular, U is contained in the complement of U, hencefor all l0 2 U and

for all a 2 X , we have a�l 6� k. Consequently, k 62X � U, hence# k \ X � U = ; . SinceX � U

is a �lter by Lemma 6.8, there is a prime �lter V such that X � U � V and # k \ V = ; .
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Note that l 2 U, since l0 2 U0, and that k 62V, since # k \ V = ; . Summarizing, there

exist prime �lters U and V such that X � U � V , U 2 f (l) and V 62f (k). This shows that

R[X ; f (l); ] 6� f (k), i.e., X � f (l) 6� f (k), a contradiction, sincef X g 2 f (k)=f (l).

Consequently, l 2 U, i.e., al � k, for somea 2 X ; hencea � k=l, for somea 2 X . Since

X is a �lter, we get (k=l) 2 X , i.e., X 2 f (k=l).

3) We obtain the proof of the last property in a similar way.

Theorem 6.11.

1. The dual algebra L (S) of a DRbL-space S is a distributive residuated bounded-lattice.

2. The dual space S(L) of a distributive residuated bounded-lattice L is a DRbL-space.

Proof. 1) Assumethat S is a DRbL-space. By Priestley duality for bounded distributiv e

lattices, we have that L (S) hasa boundeddistributiv e lattice reduct.

We will show that L (S) is closedunder multiplication and the two division operations.

If A; B are clopen and and increasingthen A � B ; A=B; BnA are clopen, by the the fourth

property of a DRbL-space. Moreover, if x 2 A � B and x � y, then x 2 R[A; B ; ], i.e.,

R(a;b;x) for somea 2 A and b 2 B. By the secondproperty of a DRbL-space,we get

R(a;b;y), i.e., y 2 A � B . Thus, A � B is increasing.Additionally , if x 2 A=B and x � y, then

R[x; B ; ] � A and R[y; B ; ] � R[x; B ; ]. So,R[y; B ; ] � A, i.e., y 2 A=B. Consequently,

A=B is increasing.The opposite set BnA is also increasing;thus, A � B ; A=B; BnA 2 L (S).

To see that multiplication is associative, note that w 2 (A � B) � C, namely w 2

R[R[A; B ; ]; C; ]; is equivalent to R(x; y; u) and R(u; z; w), for someu 2 L; x 2 A; y 2 B

and z 2 C. By the �rst property of a DRbL-space, this is equivalent to R(x; v; w) and

R(y; z; v), for somev 2 L; x 2 A; y 2 B and z 2 C. Finally, this is in turn equivalent to

w 2 R[A; R[B ; C; ]; ], namely w 2 A � (B � C). Thus, (A � B) � C = A � (B � C).

To show that = is the right residual of multiplication, we needto show that A � B � C

i� A � C=B, i.e., that

R[A; B ; ] � C i� A � f x 2 Sj R[x; B ; ] � Cg.

For the forward direction, assumethat x 2 A. If z 2 R[x; B ; ], then there is a y 2 B such

that R(x; y; z); thus z 2 R[A; B ; ]. By assumptionR[A; B ; ] � C, so z 2 C. Conversely,

assumethat z 2 R[A; B ; ]. Then, there is an x 2 A such that z 2 R[x; B ; ]. By our

assumptionR[x; B ; ] � C, for all x 2 A, hencez 2 C.

Likewise,we have that n is the left residualof multiplication. Finally, it follows from the

last property of a DRbL-spacethat E is the multiplicativ e identit y.
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2) By Theorem 6.5, hS(L); � ; �i is a Priestley spaceand L (S(L)) = f f (l)j l 2 Lg [

f; ; S(L)g. In what follows we verify all the properties of a DRbL-space.

For the �rst property, supposeR(X ; Y; U) and R(U;Z; W) hold, i.e., X � Y � U and

U � Z � W. Let V 0 = Y � Z . If d 2 X � V 0, then there exist a 2 X and g 2 V 0 such

that ag � d. SinceV 0 = Y � Z , there exist b 2 Y and c 2 Z such that bc� g. Moreover,

ab2 U, sinceX � Y � U, henceabc2 U � Z . Consequently, ag 2 U � Z , so d 2 W. Thus,

X � V 0 � W. By Lemma 6.9, there exists a prime �lter V such that X � V � Z; V 0 � V

and Y � Z � V, i.e., R(X ; V; W) and R(Y; Z; V).

To seethat the secondproperty holds, let X ; Y; U;V 2 S(L) and X � Y. If R(Y; U;V)

holds, i.e., Y � U � V , then

X � U = " (X � U) � " (Y � U) = Y � U � V;

thus X � U � V , i.e., R(X ; U;V) holds. The other two implications are proved similarly.

To prove the third property, note �rst that if there exist A; B 2 L (S), such that x 2

A; y 2 B and z 62R[A; B ; ], then R(U;V; Z ) fails, for all U 2 � and V 2 � . In

particular R(X ; Y; Z ) is false. Conversely, if R(X ; Y; Z ) fails for someX ; Y; Z 2 S(L), then

" (X � Y) 6� Z , i.e., there exists a c in L such that c 2 " (X � Y) and c 62Z . So, ab � c and

c 62Z , for somec 2 L; a 2 X and b 2 Y. If � = f (a); � = f (b), then, X 2 � and Y 2 � .

We will show that Z 62R[� ; � ; ]. If Z 2 R[� ; � ; ], then R(X 0; Y 0; Z ), i.e., " (X 0 � Y 0) � Z ,

for someX 0 2 � ; Y 0 2 � . Sincea 2 X 0, b 2 Y 0 and ab� c, we get c 2 Z , a contradiction.

The fourth property follows from Lemma 6.10,sinceif � ; � 2 L (S(L)), then there exist

a 2 L and b2 L, such that � = f (a) and � = f (b)). So,

R[� ; � ; ] = � � � = f (a) � f (b) = f (ab) 2 L (S(L ));

f c 2 X j f cg � � � � g = � =� = f (a)=f (b) = f (a=b) 2 L (S(L ));

and

f c 2 X j � � f cg � � g = � na = f (b)nf (a) = f (bna) 2 L (S(L )):

To verify the last property, let K be a clopen increasingsubsetof S(L); then, K = f (k),

for somek 2 L. We have,

R[K ; E; ] = R[f (k); f (e); ] = f (k) � f (e) = f (ke) = f (k) = K

and similarly R[E; K ; ] = K .

The following theoremshows that we can recover the original structure from the dual.
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Theorem 6.12.

1. The dual algebra L (S(L)) of the dual space of a distributive residuated bounded-lattice

L is isomorphic to L.

2. The dual space S(L (S)) of the dual algebra of a DRbL-space S is homeomorphic to S

under a map that respects and preservesthe order, the ternary and the unary relation.

Proof. 1) Let f : L ! L (S(L)) be the map l 7! f (l). Note that f is a lattice isomorphism,

by Theorem6.7; L (S(L)) is a distributiv e residuatedbounded-lattice,by Theorem6.11;and

f preserves multiplication and both division operations, by Lemma 6.10. Sincef (e) = E,

the map f is a residuatedlattice isomorphism.

2) De�ne g : S ! S(L (S)) by g(x) = f A 2 L (S)j x 2 Ag. Notice that, by Theorem 6.7,

g is a topological homeomorphismthat is also an order-isomorphism. We will show that g

is a R-isomorphism,as well, i.e.,

RS(x; y; z) i� RS(L (S)) (g(x); g(y); g(z)),

or equivalently that

RS(x; y; z) , " (g(x) � g(y)) � g(z):

For the forward direction, assumethat C 2 " (g(x) � g(y)). Then, A � B � C, for some

A 2 g(x) and B 2 g(y), i.e., RS[A; B ; ] � C, for someprime �lters A; B , such that x 2 A

and y 2 B. By the hypothesis,z 2 RS[A; B ; ], thus z 2 C, i.e., C 2 g(z).

Conversely, if RS(x; y; z) is false, then there exist A; B 2 L (S), such that x 2 A; y 2 B

and z 62R[A; B ; ] = A � B , i.e., A � B 62g(z), for someA 2 g(x) and B 2 g(y). So,

g(x) � g(y) 6� g(z); a fortiori, " (g(x) � g(y)) 6� g(z).

Finally, x 2 ES i� ES 2 g(x) i� g(x) 2 f (ES) i� g(x) 2 ES(L (S)) , namely g is an

E-isomorphism.

Let S1 = hS1; � 1; � 1; R1; E1i and S2 = hS2; � 2; � 2; R2; E2i be two DRbL-spaces. A

DRbL-map, is a Priestley map h : S1 ! S2 that satis�es the following conditions.

1. If R1(x; y; z), then R2(h(x); h(y); h(z)).

2. If R2(u; v; h(z)), then u � h(x), v � h(y) and R1(x; y; z), for somex; y 2 S1.

3. For all B ; C 2 L (S2) and for all x 2 S1, if R1[x; h� 1[B ]; ] � h� 1[C] then R2[h(x); B ; ] �

C.

4. h� 1[E2] = E1.
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We can now prove the main result in this section.

Theorem 6.13. The categories of distributive residuated bounded-lattices with residuated

bounded-lattice homomorphismsthat preservethe lattice boundsand DRbL-spaceswith DRbL

mapsare dual.

Proof. The restrictions S and L of the functors �S and �L that arise from Priestley duality,

given in Theorem 6.7, are bijective on objects of the subcategoriesof distributiv e residu-

ated bounded-latticesand DRbL-spaces,by Theorems6.11 and 6.12. We show that these

restrictions map morphismsto morphismson the subcategories.

Let L 1; L 2 be distributiv e residuated bounded-latticesand h : L 1 ! L 2 a residuated

lattice homomorphismthat preservesthe lattice bounds. We de�ne the map S(h) : S(L 2) !

S(L 1), by S(h)(A) = h� 1[A]. By Theorem 6.6, it is a Priestley map. To show that S(h) is

a DRbL-map we verify the four conditions of the de�nition.

If R2(X ; Y; Z ), i.e., X � Y � Z , then h� 1[X � Y] � h� 1[Z ]. So h� 1[X ] � h� 1[Y ] � h� 1[Z ],

i.e., R1(h� 1[X ]; h� 1[Y ]; h� 1[Z ]).

For the secondcondition, assumethat R1(U;V; h� 1[Z ]), i.e., UV � h� 1[Z ], holds and set

X 0 = " (h[U]) and Y 0 = " (h[V ]). If a 2 U, then h(a) 2 h[U] � " (h[U]) = X 0, soa 2 h� 1[X 0].

Thus U � h� 1[X 0] and similarly V � h� 1[Y 0]. Moreover, if a 2 X 0 and b 2 Y 0, then there are

c 2 U; d 2 V such that h(c) � a and h(d) � b; so, h(c) � h(d) � ab and cd 2 UV � h� 1[Z ],

i.e., h(cd) 2 Z . Since h is a homomorphismand Z is an upset we have ab 2 Z . Thus,

X 0� Y 0 � Z . Finally, by Lemma6.9, there are prime �lters X ; Y such that X 0 � X ; Y 0 � Y

and X Y � Z , i.e., U � h� 1[X ]; V � h� 1[Y 0] and R1(X ; Y; Z ).

To show the third condition, let � ; 
 be clopen increasingsubsetsof S1 = S(L1), let

X 2 S2 = S(L2) and assumethat R2[X ; (S(h)) � 1[� ]; ] � (S(h)) � 1[
 ]. We will show that

R1[S(h)[X ]; � ; ] � 
 . For that purposelet Z 2 R1[h� 1[X ]; � ; ], namelyR1(h� 1[X ]; Y; Z ), for

someY 2 � . By de�nition, � = f (b) and 
 = f (c), for someb;c 2 L 2, so " (h� 1[X ]Y) � Z ,

for someprime �lter Y of L 1, such that b2 Y. We will show that Z 2 
 , i.e., that c 2 Z .

We will �rst show that c=b2 h� 1[X ]. If this is not the case,then c=b62h� 1[X ], i.e.,

h(c)=h(b) 62X , sinceh is a homomorphism.SinceX is increasing,we have that there is no

element a of X , such that a � h(c)=h(b), i.e., such that ah(b) � h(c). So, h(c) 62" (X � "

(h(b))) and in particular

" (X � " (h(b))) \ # (h(c)) = ; :

Note that " (X � " (h(b))) is a �lter, by Lemma 6.8, so by the Prime Ideal Theorem there

exists a prime �lter W such that " (X � " (h(b))) � W and W\ # (h(c)) = ; , i.e., such that

" (X � " (h(b))) � W and h(c) 62W. By Lemma 6.9, there is a prime �lter V, such that
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h(b) 2 V andX V � W, i.e., such that b2 h� 1[V ] and X V � W. So,there is a prime �lter V ,

such that h� 1[V ] 2 � , X V � W and c 62h� 1[W], i.e., there exist a V 2 S(h)) � 1[� ], such that

X V � W and h� 1[W] 62
 . Consequently, W 2 R2[X ; (S(h)) � 1[� ]; ], but W 62(S(h)) � 1[
 ],

a contradiction to our hypothesis. So,c=b2 h� 1[X ].

Now, note that sinceb 2 Y and c=b2 h� 1[X ], we have (c=b)b 2 h� 1[X ]Y . Moreover,

(c=b)b � c, so c 2 " (h� 1[X ]Y). Thus, c 2 Z .

Finally, for the last condition, we will show that (S(h)) � 1[E1] = E2. Note that a clopen

increasingsetX is in the �rst set i� X 2 (S(h)) � 1(Y), for someY 2 E1, i.e., i� S(h)(X ) = Y,

for someclopen increasingset Y , such that e1 2 Y. Recalling the de�nition of S(h), this

is equivalent to h� 1(X ) = Y and e1 2 Y, i.e., to e1 2 h� 1(X ). This is in turn equivalent

to h(e1) 2 X , namely to e2 2 X . In view of the de�nition of E2, this is a restatement of

X 2 E2.

For the reverse direction, let S1; S2 be DRbL-spacesand h : S1 ! S2 a DRbL-map.

We de�ne the map L (h) : L (S2) ! L (S1), by L (h)(A) = h� 1[A]. By Theorem 6.6, L (h)

is a lattice homomorphismthat preserves lattice bounds. To show that it is a residuated

lattice homomorphismwe needto demonstratethat it preservesmultiplication, both division

operations and the identit y.

We �rst show that

h� 1[A] � h� 1[B ] = h� 1(A � B):

If z 2 h� 1[A]� h� 1[B ], i.e., z 2 R1[h� 1[A]; h� 1[B ]; ], then (R1(x; y; z), for somex 2 h� 1[A]

and y 2 h� 1[B ]. By the �rst property of a DRbL-map, we get R2(h(x); h(y); h(z)), for some

x; y 2 S1 such that h(x) 2 A and h(y) 2 B, henceh(z) 2 R2[A; B ; ]. So,h(z) 2 A � B , i.e.,

z 2 h� 1(A � B).

Conversely, if z 2 h� 1(A � B), then h(z) 2 A � B = R2[A; B ; ], i.e., R2(x; y; h(z)),

for somex 2 A and y 2 B. By the secondproperty for h, we have R1(u; v; z), for some

x 2 A; y 2 B and for someu; v 2 S1 such that x � h(u) and y � h(v). In other words

R1(u; v; z), for someu; v 2 S1 such that h(u) 2 A and h(v) 2 B, i.e., such that u 2 h� 1[A]

and v 2 h� 1[B ]. So,z 2 R1[h� 1[A]; h� 1[B ]; ] = h� 1[A] � h� 1[B ].

Next we show that

h� 1[C=B] � h� 1[B ] = h� 1[C]=h� 1[B ]:

First, note that h� 1[C=B] � h� 1[B ] = h� 1[(C=B) � B ] � h� 1[C]. Consequently, we have

h� 1[C=B] � h� 1[C]=h� 1[B ]. Conversely, if x 2 h� 1[C]=h� 1[B ], then x � h� 1[B ] � h� 1[C],

i.e., R1[x; h� 1[B ]; ] � h� 1[C]. By the third property of h, we have R2[h(x); B ; ] � C, i.e.,

h(x) � B � C. Thus, h(x) 2 C=B, namely x 2 h� 1[C=B].
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Finally the last condition for h givesh� 1[E2] = E1.

Thus, the correspondencesS and L are the restrictions of the functors �S and �L on the

objects and on the morphismsof the subcategories. Sincethey are actually restrictions of

a duality, they induce a duality between the category of distributiv e residuated bounded-

lattices and homomorphisms,and the categoryof DRbL-spacesand DRbL-maps.
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CHAPTER VI I

GENERALIZED MV-ALGEBRAS

As we have seenbefore, generalizedBL-algebras encompass̀ -groups and Brouwerian

algebras. Also, generalizedBoolean algebrasand `-groups are special casesof generalized

MV-algebras. In this chapter we study GBL and GMV-algebras and show that they de-

composeinto Cartesian products of `-groupsand integral residuatedlattices. Moreover, we

characterize the integral factor of a GMV-algebra as a nucleus retraction on the negative

coneof an `-group. From the analysiswe get that every GMV-algebra is equivalent to an

imageof a core map on an `-group. Both of the correspondences,in the integral and in the

generalcase,extend to categoricalequivalences.Finally, we observe that the closeconnec-

tion of the variety GMV with thoseof `-groupsand of their negative conesguaranteesthe

decidability of its equational theory.

De�nitions and basic prop erties

Recall the de�nition of a GBL and of a GMV-algebra from page 34. Note that the

equational basesfor the varieties GBL of generalizedBL-algebrasand GMV of generalized

MV-algebrashave the following more simple quasi-identit y formulations, respectively:

x � y ) (x=y)y = x = y(ynx)

and

x � y ) x=(ynx) = y = (x=y)nx:

Moreover, it is noted in [BCGJT] that the following are equivalent basesof equationsfor

the two varieties, respectively:

x(xny ^ e) � x ^ y � (y=x ^ e)x

and

x=(ynx ^ e) = x _ y = (x=y ^ e)nx

Also note that the �rst set of identities is alsoequivalent to the property of divisibility :

x � y ) (9z; w)(zy = x = yw);

in the setting of residuatedlattices.
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Lemma 7.1. [BCGJT] Every GMV-algebra is also a GBL-algebra.

Proof. Let x; y be elements of L such that x � y. Set z = (x=y)y and note that, by

Lemma 3.1, z � x and y=z � x=z.

Using the equivalent quasi-equationfor GMV-algebrasand Lemma 3.1(12), (6), we have

the following:
z � x ) (z=x)nz = x

) ((z=x)nz)=y = x=y

) (z=x)n(z=y) = x=y

) (z=y)=((z=x)n(z=y)) = (z=y)=(x=y)

) z=x = z=(x=y)y

) (z=x)nz = (z=(x=y)y)nz

) x = (x=y)y

Thus, x � y implies x = (x=y)y. Likewise,x � y implies y(ynx) = x.

Lattice-ordered groups and their negative cones are examplesof cancellative GMV-

algebras.Non-cancellative examplesinclude generalizedBooleanalgebras.

Lemma 7.2. Let L be a GBL-algebra. Then,

1. Every positive elementof L is invertible.

2. L satis�es the identities x=x � xnx � e.

3. L satis�es e=x � xne.

Proof. For the �rst property, let a be a positive element; by the de�ning identit y for GBL-

algebras,we get a(ane) = e = (e=a)a; that is, a is invertible. By (1) and Lemma 3.1(14),

x=x and xnx are invertible for every x. Hence,by Lemma 3.1(16), x=x = e = xnx. Finally,

by (2) and Lemma 3.1(5), x(e=x) � x=x = e, hencee=x � xne. Likewise,xne � e=x.

Lemma 7.3. If x; y are elementsof a GBL-algebra and x _ y = e, (x; y are orthogonal),

then xy = x ^ y.

Proof. We have,

x = x=e= x=(x _ y) = x=x ^ x=y = e^ x=y = y=y^ x=y = (y ^ x)=y:

So,xy = ((x ^ y)=y)y = x ^ y.

Lemma 7.4. Every GBL-algebra hasa distributive lattice reduct.
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Proof. Let L be a GBL-algebra and x; y; z 2 L. Using Lemma 3.1, we have

x ^ (y _ z) = [(x ^ (y _ z))=(y _ z)](y _ z)

= [x=(y _ z) ^ e](y _ z)

= [x=(y _ z) ^ e]y _ [x=(y _ z) ^ e]z

� (x=y ^ e)y _ (x=z ^ e)z

= (x ^ y) _ (x ^ z);

for all x; y; z. We have proved that the lattice reduct of L is distributiv e.

We denote the variety of integral GBL-algebras by I GBL and the variety of integral

GMV-algebrasby I GMV .

Lemma 7.5.

1. The variety I GBL is axiomatized, relative to RL , by the equations

(x=y)y � x ^ y � y(ynx):

2. The variety I GMV is axiomatized by the equations

x=(ynx) � x _ y � (x=y)nx:

Proof. In view of the alternative axiomatizationsof GBL and GMV , the proposedequations

hold in the corresponding varieties. For the reversedirection we verify that the proposed

identities imply integrality. This is obvious for the �rst set of identities for y = e. For the

secondset observe that for every x,

e � e_ e=x= e=((e=x)ne) = e=(e_ x);

so e_ x � e, i.e., x � e.

Negative conesof `-groupsare examplesof integral GMV-algebras,hencealsoof integral

GBL-algebras. Moreover, they are cancellative residuated lattices. Note that, by Corol-

lary 4.4, LG� = I GMV \ CanRL = I GBL \ CanRL .

It is easyto seethat I GBL contains all Brouwerian algebras. Also, it was mentioned

beforethat GBA = V (2) = I GMV \ Br .

Lemma 7.6.

1. Every integral GBL-algebra satis�es the identity (y=x)n(x=y) � x=y and its opposite.
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2. Every integral GMV-algebra satis�es the identity x=y _ y=x � e and its opposite.

3. Every commutative integral GMV-algebra is in RL C . Consequently, the subdirectly

irr educiblecommutative integral GMV-algebras are totally ordered.

Proof. 1) For every integral GBL-algebra, y=x � e, so (y=x)n(x=y) � x=y.

To show the reverseinequality, we needto check that

((y=x)n(x=y))y � x:

By Lemma 3.1(12), it su�ces to show that

((( y=x)nx)=y)y � x:

Using oneof the the de�ning equations,(u=v)v � (v=u)u, of integral GBL-algebras,we see

that the last equation is equivalent to

(y=((y=x)nx))(( y=x)nx) � x;

which in turn is equivalent to

y=((y=x)nx) � x=((y=x)nx):

To show that this holds note that

y=((y=x)nx) � y=x;

sincey=x � e, and that

y=x � x=((y=x)nx);

sinceu � v=(unv) is valid in any residuatedlattice, by Lemma 3.1(11).

2) Using one of the de�ning equations, u _ v � u=(vnu), for integral GMV-algebras,

x=y _ y=x equals(x=y)=((y=x)n(x=y)); which simpli�es to (x=y)=(x=y); by invoking (1) and

the fact that integral GMV-algebrasare integral GBL-algebras.Finally, the last term equals

to e in integral residuatedlattices.

3) By Lemma 3.18,an equational basisfor RL C , relative to RL , is

zn(x=(x _ y))z _ w(y=(x _ y))=w � e;
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which simpli�es to

x=(x _ y) _ y=(x _ y) � e;

under commutativit y and integrality. In every residuatedlattice

x=(x _ y) _ y=(x _ y) = (x=x ^ x=y) _ (y=x ^ y=y);

which in turn equalsx=y_ y=x, under integrality. By (2), every commutativ e integral GMV-

algebrasatis�es the last equation.

Bosbach's embedding theorem

The results of this sectionare due to B. Bosbach, see[BoRG] and [BoCA]. Our presen-

tation is a variant of his exposition.

A cone algebra is an algebraC = hC; n; =;ei , that satis�es:

(xny)n(xnz) � (ynx)n(ynz) (z=y)=(x=y) � (z=x)=(y=x)

eny � y y � y=e

xn(y=z) � (xny)=z x=(ynx) � (y=x)ny

xnx � e x=x � e

Lemma 7.7. ([BoRG], [BoCA]) If C = hC; n; =;ei is a cone algebra, then

1. for all a;b2 C; anb= e i� b=a= e;

2. the relation � on C de�ned by a � b , anb = e is a semilattice order with a _ b =

a=(bna); in particular a � e, for all a;

3. if a � b, then cna � cnb and a=c� b=c.

If L = hL; ^ ; _; �; e;n; =;i , is an integral GMV-algebra, then hL; n; =i is a conealgebra,

called the cone algebra of L .

It will be shown that every cone algebra is a subalgebraof the cone algebra of the

negative coneof an `-group. In the following construction, the negative coneis de�ned as

the union of an ascendingchain hCn i n2 N of cone algebras,each of which is a subalgebra

of its successor. In the processof constructing the algebrasC n , we also de�ne in Cn+1

binary products of elements of Cn . Each such product is identi�ed with the congruence

class of the corresponding ordered pair. The de�nition below of the division operations

becomestransparent if we note that negative conesof `-groups satisfy the law abncd =

(bn(anc)) � ((( anc)nb)n((cna)nd)) and its opposite.
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Let C be a conealgebra. De�ne the operations n and = and the relations � and � 0 on

C � C, by

(a;b)n(c;d) = (bn(anc); ((anc)nb)n((cna)nd))

(d;c)=(b;a) = ((d=(a=c))=(b=(c=a)); (c=a)=b)

(a;b)� (c;d) , (a;b)n(c;d) = (e;e) and (c;d)n(a;b) = (e;e)

(a;b)� 0(c;d) , (a;b)=(c;d) = (e;e) and (c;d)=(a;b) = (e;e)

Lemma 7.8. ([BoRG], [BoCA]) Let C be a cone algebra. Then:

i) � = � 0.

ii) � is a congruence relation.

iii) s(C) = hC � C; n; =i =� is a cone algebra.

iv) C can be embedded in s(C).

Let C0 = C; Cn+1 = s(Cn ), for every natural number n, and C =
S

Cn , the directed

union of the Cn 's.

We can now establishthe main result of [BoCA].

Theorem 7.9. [BoCA] Every cone algebra C is a subalgebra of the cone algebra of the

negativecone bC of an `-group. Moreover, everyelementof bC is a product of elementsof C.

Proof. We will show that C is the conealgebra, i.e., the fn ; =g-reduct of the negative cone
bC of an `-group.

For two elements of C, wede�ne their product, a�b, to bethe element [(a;b)] � . This is well

de�ned, becauseof the embedding of Cn into Cn+1 , for every n. Let bC = hC; ^ ; _; �; n; =;ei ,

wheren = nC ; = = =C ; x _ y = x=(ynx) and x ^ y = (x=y) � y. We will show that bC is the

negative coneof an `-group.

By the de�nition of the operations in bC and Lemma7.7(2), bC is a join semilattice. Note

that abncd = (bn(anc)) � ((( anc)nb)n((cna)nd)). In particular, abnc = bn(anc) and anab= b.

The dual equationshold, as well. Finally, note that e=a= e = ane.

To seethat multiplication is order preserving, let a � c. We have e = anc, by the

de�nition of � . To show that ab � cb, we note that abncb = bn[(cna)nb] = [(cna)b]nb.

Moreover,

b=[(cna)b] = (b=b)=(cnd) = e=(cnd) = e:

This yields successively, (cna)b � b, [(cna)b]nb = e, abncb= e and ab � cb. Likewisea � c
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implies ba� bc. Also, multiplication is associative, since

(ab)c � d , ab� d=c

, b � an(d=c)

, b � (and)=c

, bc� (and)

, a(bc) � d:

To see that multiplication is residuated, note that a(anc) � c, since [a(anc)]nc =

(anc)n(anc) = e. If ab � c, then anab � anc, so b � anc. Conversely, if b � anc, then

ab� a(anc) � c. The equivalencefor right division is the opposite of the oneestablished.

To show that the operation ^ that we have de�ned above is the meet operation, note

that it was proved above that a(anb) � b. Moreover, a(anb) � ae = a. On the other hand,

if c � a and c � b, then e = cna = cnb. We have,

cna(anb) = (cna) � [(anc)n(anc)] = (cna)n(cnb) = e;

so c � a(anb). Interchanging the roles of a and b we get that c � a;b , c � b(bna). The

oppositesof theseproperties are obtained in a similar way.

Thus, bC is a residuatedlattice. Sinceit satis�es xnxy � y � yx=x and x=(ynx) � x _ y �

(x=y)nx, it is the negative coneof an `-group, by Corollary 4.5. Finally, by construction,

every element of bC is the product of elements of C.

The algebra bC is called the product extensionof C.

Decomp osition of GBL-algebras

We now show that every GBL-algebra decomposesinto a direct product.

Lemma 7.10. Every GBL-algebra satis�es the identity x � (x _ e)(x ^ e).

Proof. Setting y = e into the equivalent axiomatization of GBL-algebras, we have that

(e=x^ e)x = x ^ e. Moreover, by Lemma7.2(1), x _ e is invertible and (x _ e) � 1 = e=(x _ e) =

e=x^ e. Thus, (x _ e) � 1x = x ^ e, i.e., x = (x _ e)(x ^ e).

We say that an algebraA is the direct sum of two of its subuniversesB; C, in symbols

A = B � C, if the map f : B � C ! A , de�ned by f (x; y) = xy is an isomorphism.

Recall the de�nition of the set G(L) of invertible and I (L) of integral elements of L .

Theorem 7.11. Every GBL-algebra, L , is equal to the direct sum G(L) � I (L ).
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Proof. We begin with a seriesof claims.

Claim 1: G(L) is a subuniverseof L .

Let x; y beinvertible elements. It is clearthat xy is invertible. Additionally , by Lemma3.2,

x=y = xy � 1 and ynx = y� 1x are invertible.

Lastly, x_ y = (xy � 1_ e)y. So,x_ y is invertible, sinceevery positiveelement is invertible,

by Lemma 7.2(1), and the fact that the product of two invertible elements is invertible. By

Lemma 7.2(3), x ^ y = e=(x � 1 _ y� 1), which is invertible, since we have already shown

that G(L) is closedunder joins and the division operation. We have veri�ed that G(L) is a

subuniverseof L .

Claim 2: I (L) is a subuniverseof L .

Note that every integral element a is negative, sincee = e=aimplies e � e=aand a � e.

For x; y 2 I (L), using Lemma 3.1 repeatedly, we get:

e=xy = (e=y)=x = e=x= e, so xy 2 I (L).

e=(x _ y) = e=x^ e=y= e, so x _ y 2 I (L).

e � e=x � e=(x ^ y) � e=xy = e, so x ^ y 2 I (L).

e = e=(e=y) � e=(x=y) � e=(x=e) = e=x= e, so x=y 2 I (L).

We have shown that I (L) is a subuniverseof L .

Claim 3: For every g 2 (G(L)) � and every h 2 I (L), g _ h = e.

Let g 2 (G(L)) � and h 2 I (L). We have e=(g _ h) = e=g^ e=h = e=g^ e = e, since

e � e=g. Moreover, g � g _ h, so e � g� 1(g _ h). Thus, by the GBL-algebra identities

e = (e=[g� 1(g _ h)])[g� 1(g _ h)]

= ([e=(g _ h)]=g� 1)g� 1(g _ h)

= (e=g� 1)g� 1(g _ h)

= gg� 1(g _ h)

= g _ h:

Claim 4: For every g 2 (G(L)) � and every h 2 I (L), gh = g ^ h.

In light of Lemma 7.10, g� 1h = (g� 1h _ e)(g� 1h ^ e). Multiplication by g yields h =

(h _ g)(g� 1h ^ e). Using Claim 3 and Lemma 3.2(2), we have gh = g(g� 1h ^ e) = h ^ g.
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Claim 5: For every g 2 G(L) and every h 2 I (L), gh = hg.

The statement is true if g � e, by Claim 4. If g � e then g� 1 � e, thus g� 1h = hg� 1,

hencehg = gh. For arbitrary g, note that both g _ e and g ^ e commute with h. Using

Lemma 7.10,we get gh = (g _ e)(g ^ e)h = (g _ e)h(g ^ e) = h(g _ e)(g ^ e) = hg.

Claim 6: For every x 2 L, there exist gx 2 G(L) and hx 2 I (L), such that x = gxhx .

By Lemma7.10,x = (x _ e)(x ^ e). Sincee � x _ e and e � e=(x ^ e), by Lemma7.2(1),

theseelements are invertible. Set gx = (x _ e)(e=(x ^ e)) � 1 and hx = (e=(x ^ e))( x ^ e). It

is clear that x = gxhx , gx is invertible and hx is integral.

Claim 7: For every g1; g2 2 G(L) and h1; h2 2 I (L), g1h1 � g2h2 if and only if g1 � g2 and

h1 � h2.

For the non-trivial direction we have

g1h1 � g2h2 ) g� 1
2 g1h1 � h2 ) g� 1

2 g1 � h2=h1 � e ) g1 � g2:

Moreover,
g� 1

2 g1 � h2=h1 ) e � g� 1
1 g2(h2=h1)

) e = [e=g� 1
1 g2(h2=h1)]g� 1

1 g2(h2=h1)

) e = [(e=(h2=h1))=g� 1
1 g2]g� 1

1 g2(h2=h1)

) e = g� 1
2 g1g� 1

1 g2(h2=h1)

) e = h2=h1

) h1 � h2:

By Claims 1 and 2, G(L) and I (L) are subalgebrasof L . De�ne f : G(L) � I (L ) ! L

by f (g; h) = gh. We will show that f is an isomorphism. It is onto by Claim 6 and an order

isomorphismby Claim 7. So, it is a lattice isomorphism,as well. To verify that f preserves

the other operations note that, by Claim 5 and 7, for all g; g0 2 G(L) and h; h0 2 I (L),

gg0hh0 = ghg0h0, gh=g0h0 = (g=g0)(h=h0) and g0h0ngh = (g0ng)(h0nh).

Corollary 7.12. The varieties GBL and GMV decomposeas follows:

GBL = LG � I GBL = LG _ I GBL and GMV = LG � I GMV = LG _ I GMV

Taking intersectionswith CanRL and recalling Theorem4.4, we get:

Corollary 7.13. CanGMV = CanGBL = LG � LG� .

This simpli�es the equationalbasisobtainedby Corollary 3.30. Moreover, in conjunction

with Lemma 7.6(3) and Theorem3.18,we have:
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Corollary 7.14. CGMV � RL C . Thus, every commutative GMV-algebra is a subdirect

product of totally ordered GMV-algebras.

Represen tation theorems

In this section we establish two related representation theorems for generalizedMV-

algebras,by �rst characterizing integral GMV-algebras.

Direct product representation

The �rst representation decomposesa generalizedMV-algebra into the direct product of

an `-group and the nucleusimageof the negative coneof an `-group.

Recall the de�nition of a nucleusfrom Example 3.3.

Theorem 7.15. If L = hL; ^ ; _; �; n; =;ei is a GMV-algebra and 
 a nucleuson it, then

1. L 
 = hL 
 ; ^ ; _; � 
 ; n; =;ei and L 
 is a GMV-algebra,

2. L 
 is a �lter in L and

3. 
 is join-preserving.

Proof. 1) By Lemma 3.4, L 
 is a residuatedlattice. Since
 is extensive, e � 
 (e). Hence,


 (e) is invertible, by Lemma 7.2(i). By the fact that 
 is a nucleus,we get 
 (e)
 (e) � 
 (e),

so 
 (e) � e. Thus, 
 (e) = e.

SinceL is a GMV-algebra, if x 2 L 
 , then x _ y = x=((x _ y)nx) 2 L 
 , by Lemma3.3(2).

Thus, _ 
 is the restriction of _ on L 
 . Finally, L 
 is a GMV-algebra, becausethe join and

division operations of L 
 are the restrictions of the onesin L, and L is a GMV-algebra.

2) If x 2 L 
 ; y 2 L and x � y, then by Lemma 3.3, y = x _ y = x=((x _ y)nx) is an

element of L 
 . SinceL 
 is alsoa sublattice, it is a �lter.

3) For all x; y 2 L we have


 (x) _ 
 (y) � 
 (x _ y);

by the monotonicity of 
 . So,


 (
 (x) _ 
 (y)) � 
 (x _ y);

by the monotonicity and idempotency of 
 . The reverseinequality is also true, since 
 is

extensive and monotone,so


 (x _ y) = 
 (
 (x) _ 
 (y)) :
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Finally, since
 (x) _ 
 (y) is an element of L 
 ,


 (
 (x) _ 
 (y)) = 
 (x) _ 
 (y):

Thus,


 (x _ y) = 
 (x) _ 
 (y):

Corollary 7.16. If L is an integral GMV-algebra and 
 is a nucleuson it, then L 
 is an

integral GMV-algebra, as well.

Lemma 7.17. Let L be the negativecone of an `-group and 
 a nucleuson it. If z 2 L and

u = 
 (z), then 
 agreeswith 
 u on the principal �lter generated by z, where 
 u(x) = u _ x.

Proof. Let x � z. We will show that 
 (x) = u_ x. On the onehand, u_ x = 
 (z) _ x � 
 (x),

since
 is monotoneand extensive. Moreover, x � u _ x, so
 (x) � 
 (u _ x) = u _ x, because

L 
 is a �lter, by Theorem7.15(2).

Corollary 7.18. Every nucleuson a GMV-algebra is a lattice homomorphism.

Proof. In view of Theorem 7.15(3), we needonly show that 
 preservesmeets. Let x; y be

elements of the GMV-algebra and set z = x ^ y and u = 
 (z). By Lemma 7.17,we have


 (x ^ y) = 
 u(x ^ y) = u _ (x ^ y) = (u _ x) ^ (u _ y) = 
 u(x) ^ 
 u(y) = 
 (x) ^ 
 (y):

We used the fact that GMV-algebras have a distributiv e lattice reduct; this follows from

Lemmas7.1 and 7.4.

Theorem 7.19. The residuated lattice M is an integral GMV-algebra if and only if M �= L 
 ,

for someL 2 LG� and somenucleus
 on it.

Proof. One direction follows from the previous corollary. For the other direction, let

M = hM ; ^ ; _; � ; n; =;ei be an integral GMV-algebra. Using Lemma 7.1, Lemma 7.5(2),

Lemma 3.1(6), Lemma 7.2(2), Lemma 3.1(8),(7) and Lemma 7.5(1), we seethat hM ; n; =i

is a conealgebra. So, by Theorem 7.9, it is a subreduct of the negative coneL = cM of an

`-group, such that the monoid generatedby M is equal to L.

Sincethe division operationsof M are the restrictions of the division operationsof L we

use the symbols n and = for the latter, as well. Moreover, the sameholds for the join and

the constant e, becausein integral GMV-algebras they are term de�nable by the division

operations (x _ y � x=(ynx) and e � x=x). We denotemultiplication in L by �.
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SinceM generatesL as a monoid, for every x 2 L, there exist elements x1; : : : ; xn 2 M ,

such that x = x1 � x2 � � � xn . We prove the following Claim.

Claim: If z 2 M ; x 2 L and x = x1 � � � xn , then z _ x = z _ x1 � � � � � xn .

z _ x = z=(xnz) (axiom of IGMV-algebras)

= z=((x1 � � � xn )nz)

= z=[xnn(: : : (x2n(x1nz)) : : : )] (Lemma 3.1(6))

= z=((x1 � � � � � xn )nz) (Lemma 3.1(4))

= z _ x1 � � � � � xn (axiom of IGMV-algebras)

Supposenow that x = x1 � � � xn = y1 � � � yn , with x i ; yi 2 M . Then,

x1 � � � � � xn _ y1 � � � � � yn = x1 � � � � � xn _ x1 � � � � � xn ;

by the precedingclaim. Hence,y1 � � � � � yn � x1 � � � � � xn : Likewise,x1 � � � � � xn � y1 � � � � � yn ;

hencex1 � � � � � xn = y1 � � � � � yn :

Retaining the notation establishedin the precedingparagraph,we de�ne 
 (x) = x1 � � � � �

xn . By the previous paragraph this map is well-de�ned. We will show that it is a nucleus

on L, L 
 = M and L 

�= M .

Note that 
 (x) 2 M , for all x 2 L, so by setting z = 
 (x) to the claim above, we get


 (x) _ x = 
 (x). So,x � 
 (x), for all x 2 L. If x � y, then


 (x) � 
 (y) _ 
 (x)

= 
 (y) _ x (Claim for z = 
 (y))

� 
 (y) _ y (x � y)

� 
 (y) (extensivity of 
 )

So, 
 is monotone. We alsohave


 (
 (x)) = 
 (x1 � � � � � xn ) = x1 � � � � � xn = 
 (x):

Wehaveshown that 
 is idempotent, hence
 is a closureoperator. Finally, if x = x1 � � � xn

and y = y1 � � � yn , then


 (x) � 
 (y) � 
 (
 (x) � 
 (y)) (extensivity)

= 
 ((x1 � � � � � xn ) � (y1 � � � � � ym )) (de�nition of 
 )

= (x1 � � � � � xn ) � (y1 � � � � � yn) (de�nition of 
 )

= 
 (x � y) (de�nition of 
 )
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Thus, 
 is a nucleus. By de�nition, 
 (x) 2 M , for every x 2 L. So,L 
 � M . Conversely,

if x 2 M , then 
 (x) = x, that is x 2 L 
 . We have establishedthat L 
 = M .

By the remarks at the beginning of the proof and the de�nition of L 
 , we seethat the

division operations, join and e agreeon L 
 and M . Moreover, for x; y 2 M ; x � 
 y =


 (x � y) = x � y. Finally, the meet operation on the two structures is the same,sinceintegral

GMV-algebrassatisfy the identit y x^ y � (x=y)�y. Thus, the two structuresareidentical.

As an example,we note that the collection of all co-�nite subsetsof N is the universe

of a generalizedBoolean algebraA , hencean integral GMV-algebra. It is easyto seethat

A �= ((Z � )N)
 , where
 ((xn )n2 N) = (xn _ (� 1))n2 N.

Combining Theorem7.11and Theorem7.19,we obtain the following.

Theorem 7.20. A residuated lattice M is a GMV-algebra if and only if it has a direct

product decomposition M �= G � H �

 ,where G; H are `-groupsand 
 is a nucleuson H � .

Representation as a retraction

In what followsweobtain a secondcharacterizationof GMV-algebras. A generalizedMV-

algebrais shown to be the imageof an `-group under an idempotent monotoneoperator.

Recall the de�nition of a kernel from Example 3.11.

Lemma 7.21. If L is a GMV-algebra or a GBL-algebra and � a kernel on it, then so is the

� -contraction of L .

Proof. If L is a GMV-algebra, then

(x _ y)nx = xnx ^ ynx = e^ ynx � e:

SinceL � is an ideal that contains e, we have

� ((x _ y)nx) = (x _ y)nx:

So,

x=� [(x _ y)n� x] = � (x=� ((x _ y)nx)) = � (x=((x _ y)nx)) = � (x _ y) = x _ y:

Similarly, if L is a GBL-algebra, (x ^ y)=y � e, so

((x ^ y)=� y)y = � ((x ^ y)=y)y = ((x ^ y)=y)y = x ^ y:
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The opposite properties are obtained similarly.

Theorem 7.22. A residuated lattice L is a GMV-algebra i� L �= (G � )
 , for some`-group

G, somekernel � on G and somenucleus
 on G � .

Proof. By the previous lemma, if G is an `-group and � a kernel on it, then G � is a GMV-

algebra. Moreover, by Theorem7.16, (G � )
 is a GMV-algebra, as well.

Conversely, let L be a GMV-algebra. By Corollary 7.22,L �= K � H �

 , for some`-groups

K and H , and a nucleus
 on H � . De�ne a map � on K � H , by � (k; h) = (k; h ^ e). We

will show that � is a kernel. It is obviously an interior operator and � (e;e) = (e;e). Note

that

� (k; h)� (k0; h0) = (k; h ^ e)(k0; h0^ e) = (kk0; (h ^ e)(h0^ e)) = (kk0; hh0^ h ^ h0^ e)

and � (kk0; hh0^ h ^ h0^ e) = (kk0; hh0^ h ^ h0^ e). Similarly

� (k; h) ^ (k0; h0) = (k; h ^ e) ^ (k0; h) = (k ^ k0; h ^ e^ h0)

and � (k ^ k0; h ^ e^ h0) = (k ^ k0; h ^ e^ h0).

Observe that the underlying set of (K � H ) � is K � H � . De�ne �
 on K � H � , by

�
 (k; h) = (k; 
 (h)). We will show that �
 is a nucleuson (K � H ) � . It is obviously a closure

operator. Moreover,
�
 (k; h)�
 (k0; h0) = (k; 
 (h))( k0; 
 (h0))

= (kk0; 
 (h)
 (h0))

� (kk0; 
 (hh0))

= �
 (kk0; hh0)

= �
 ((k; h)(k0; h0)) :

Notice that �
 ((K � H ) � ) = �
 (K � H � ) = K � H �

 . So, the underlying set of K � H �




and ((K � H ) � ) �
 coincide. Recallingthe constructionsof the � -contraction and 
 -retraction,

we seethat the lattice operations on the two algebrascoincide. To show that the other

operations are the same,as well, note that for all (k; h); (k0h0) 2 K � H �

 ,

(k; h) � (( K � H ) � ) �
 (k0; h0) = (k; h) � �
 (k0; h0)

= �
 ((k; h) � (k0; h0))

= �
 (kk0; hh0)

= (kk0; 
 (hh0))

= (kk0; h � 
 h0)

= (k; h) � K � H �



(k0; h0)
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(k; h)n(( K � H ) � ) �
 (k0; h0) = � ((k; h)nK � H (k0; h0))

= � ((knK k0; hnH h0))

= (knK k0; hnH h0^ e)

= (knK k0; hnH � h0)

= (knK k0; hnH �



h0)

= (k; h)nK � H �


(k0; h0)

and likewisefor the other division operation.

We investigatethe action of nuclei and kernelson GMV-algebras,beforewe characterize

their compositions.

Corollary 7.23. If � is a kernel on an `-group G, then there exist `-groupsK ; H , suchthat

G = K � H and � (k; h) = (k; h ^ e), for all (k; h) 2 K � H . Thus, G � = K � H � .

Proof. SinceG � is a GMV-algebra, by Theorem7.15,there are `-groupsK ; H and a nucleus


 on H � , such that G � = K � H �

 and the submonoidgeneratedby H �


 is H � . SinceK � H �



is contained in G, the `-subgroupgeneratedby K � H �

 is contained in G, as well. So, K

and the `-subgroupgeneratedby H �

 are contained in G. Sincethe submonoidgeneratedby

H �

 is H � and the `-subgroupgeneratedby H � is H , H is contained in G. So, K � H is

contained in G. By Theorem 7.21, G � is a lattice ideal of G. Since(k; h) 2 G, for k 2 K

and h 2 H � , and (k; e) 2 K � H �

 = G� , we get (k; h) 2 G� . So, K � H � is contained in

G� = K � H �

 , which in turn is contained in K � H � . Thus, G� = K � H � . If x 2 G� , we

get x 2 G� , sincee 2 G� . So, G� is contained in G� = K � H � , henceG� is contained in

K � � H � , which in turn is contained in G. So,G� = K � � H � , thus G = K � H .

Consequently, (K � H ) � = K � H � , so� (K � H ) = � 0(K � H ), where� 0(g; h) = (g; h^ e)

is a interior operator. Sincean interior operator is de�ned by its image, we get � (g; h) =

(g; h ^ e).

Lemma 7.24.

1. The identity map is the only nucleuson an `-group.

2. The identity is the only kernel on an integral GMV-algebra.

Proof. 1) Assume
 is a nucleuson the `-group G. SinceG is a GMV-algebra, by Theo-

rem 7.15, e = 
 (e) 2 G
 . Moreover, by Lemma 3.3, for every x 2 G, e=x 2 G
 , that is

x � 1 2 G
 . Thus, G
 = G. Sincea closureoperator is uniquely de�ned by its image,
 is the

identit y on G.

2) Assumethat � is a kernelon an integral GMV-algebra M . By Lemma7.21,M � is an ideal

of M . Moreover, e = � (e) 2 M � . So,M � = M , hence� is the identit y.
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Corollary 7.25. If � is a kernel on a GMV-algebra M , then there exist a GMV-algebra N

and an `-group H , such that M = N � H and � (n; h) = (n; h ^ e), for all (n; h) 2 N � H .

Thus, M � = N � H � .

Proof. By Theorem 7.20, there are `-groupsG; L, and a nucleus
 on L � , such that M =

G � L �

 . The coordinate mapsof � , which we denoteby � , aswell, on G and L �


 are kernels,

becauseof the equationalde�nition of a kernel. By Corollary 7.23,there exist `-groupsK ; H ,

such that G = K � H and � (k; h) = (k; h ^ e), for all (k; h) 2 K � H . So,M = K � H � L �

 .

Moreover, by Lemma7.24(2), � on L �

 is the identit y. If we identify isomorphicalgebrasand

set N = K � L �

 , we get M = N � H and � (n; h) = (n; h ^ e), for all (n; h) 2 N � H .

Corollary 7.26.

1. A residuated lattice L is a cancellative GMV-algebra i� L �= G � , for some`-group G

and somekernel � on G.

2. A residuated lattice L is a GMV-algebra i� L �= K 
 , for somecancellative GMV-algebra

K and somenucleus
 on K .

Proof. 1) One direction follows from Corollary 7.23and Corollary 7.13. For the other direc-

tion, assumethat L is a cancellative GMV-algebra. By Corollary 7.13, L = K � H � , for

some`-groupsK ; H . It is easyto seethat the map � on K � H , de�ned by � (k; h) = (k; h^ e)

is a kernel and that (K � H ) � = K � H � = L.

2) One direction follows from Theorem 7.15. Conversely, if L is a GMV-algebra, by Theo-

rem 7.20 , there exist `-groups G; H and a nucleuson H � , such that L = G � H �

 . It is

easyto check that the map �
 on G � H � de�ned by �
 (g; h) = (g; 
 (h)) is a nucleusand

that (G � H � ) �
 = G � H �

 = L. Finally, K = G � H � is a cancellative GMV-algebra, by

Corollary 7.13.

A core, de�ned below, on a GMV-algebra is a typical composition of a nucleus and a

kernel.

A map � on a residuatedlattice is called a core if

1. � (x)� (y) � � (xy),

2. � (e) = e,

3. (� (x) ^ x)( � (y) ^ y) � � (( � (x) ^ x)( � (y) ^ y)),

4. � (x) ^ x ^ y � � (� (x) ^ x ^ y) and

5. � (� (x) ^ x) = � (x).

91



If � is a map on a residuated lattice L and 
 a map on � (L), de�ne � (
 ;� ) on L, by

� (
 ;� ) (x) = 
 (� (x)). Moreover, � is a map on a residuatedlattice, de�ne � � on L and 
 � on

� � (L), by � � (x) = � (x) ^ x and 
 � (x) = � (x).

Lemma 7.27. Let L be a GMV-algebra. If � is a kernel on L, 
 a nucleuson L � , and � a

core on L, then

1. 
 � is a nucleuson � � (L) and � � is a kernel on L,

2. � � ( 
 ;� )
= � , 
 � ( 
 ;� )

= 
 and � (
 � ;� � ) = � ,

3. � (
 ;� ) is a core on L.

Proof. 1) Since
 � is the restriction of � , we have 
 � (x)
 � (y) � 
 � (xy), by the �rst property

of a core. So, 
 � is a nucleus.

Obviously, � � (e) = � (e) ^ e = e, by the secondproperty of a core. The remaining two

properties of a kernel state that � � (x)� � (y) and � � (x) _ y are elements �xed by � � . It is easy

to seethat for every x, � � (x) = x i� x � � (x). So, the remaining properties are equivalent

to properties (3) and (4) of the de�nition of a core,which hold for � . Thus, � � is a kernel.

2) We have � � ( 
 ;� )
(x) = � (
 ;� ) (x) ^ x = 
 (� (x)) ^ x. In view of Corollary 7.25, to show

that � � ( 
 ;� )
= � , it su�ces to verify that 
 (� (x)) ^ x = � (x), only for the cases� (x) = x

and � (x) = x ^ e. In the �rst case,the equation holds, by the extensivity of 
 . In the

secondcase,the equation reducesto 
 (x ^ e) ^ x = x ^ e. By the extensivity of 
 we have

x^ e = x^ e^ x � 
 (x^ e)^ x andby the monotonicity of 
 weget 
 (x^ e)^ x � 
 (e)^ x = e^ x,

by Theorem7.15(1).

For every x in the rangeof � � ( 
 ;� )
= � , namely � (x) = x, we have 
 � ( 
 ;� )

(x) = � (
 ;� ) (x) =


 (� (x)) = 
 (x): Finally, � (
 � ;� � )(x) = 
 � (� � (x)) = � (� (x) ^ x) = � (x).

3) For the �rst property of a corewe have

� (x)� (y) = 
 (� (x)) 
 (� (y)) � 
 (� (x)� (y)) = 
 (� (� (x)� (y))) � 
 (� (xy)) = � (xy):

Also, � (e) = 
 (� (e)) = 
 (e) = e, by Theorem7.15(1).

Sincefor every x, x � � (
 ;� ) (x) i� � � ( 
 ;� )
(x) = x, properties (3) and (4) of the de�nition

of a corehold for � (
 ;� ) i� and only if the last two properties of a kernel hold for � � ( 
 ;� )
. This

is a true statement, since� � ( 
 ;� )
= � , by (2).

The last property of a core for � (
 ;� ) is equivalent to � (
 ;� ) (� � ( 
 ;� )
(x)) = � (
 ;� ) (x), that is

� (
 ;� ) (� (x)) = � (
 ;� ) (x), namely 
 (� (� (x))) = 
 (� (x)), which follows from the idempotency of

� .
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For a residuatedlattice L and a core � on it, de�ne L � = (L � � )
 � .

Corollary 7.28. A residuated lattice L is a GMV-algebra i� L �= G � , for some`-group G

and somecore � on G.

Categorical equiv alences

In this sectionwe show that the representations of integral GMV-algebrasand of GMV-

algebrasextend to categoricalequivalences.

Let IGMV be the category with objects integral GMV-algebrasand morphismsresid-

uated lattice homomorphisms.Also, let LG �
� be the categorywith objects algebrashL; 
 i ,

such that L is the negative coneof an `-group and 
 is a nucleuson it, whoseimagegener-

ates L as a monoid. Let the morphismsof this categorybe homomorphismsbetweenthese

algebras.

Moreover, let GMV be the categorywith objects GMV-algebrasand morphismsresid-

uated lattice homomorphisms.Also, let LG � be the categorywith objects algebrashG; � i ,

such that G is an `-group and � is coreon G, whoseimagegeneratesG. Let the morphisms

of this categorybe homomorphismsbetweenthesealgebras.

The two main results of this section, Theorem 7.43 and Theorem 7.44, assert that the

two pairs of categoriesde�ned above are pairs of equivalent categories.

Lemma 7.29. For a;b;c in the negative cone of an `-group, ab= c i� (a = c=band c � b)

i� (b = anc and c � a). Moreover, the negative cone of every `-group satis�es the identity,

x=(y ^ z) � x=y _ x=z and its opposite.

Proof. If ab= c, then ab=b= c=b, so, by Theorem 4.5, a = c=b. Moreover, c = ab� eb� b,

by integrality. Conversely, if a = c=b, then ab= (c=b)b. So,sincenegative conesof `-groups

are integral GBL-algebras,ab= c ^ b. Sincec � b, we get ab= c.

Assumethat G is an `-group and recall the de�nition of a negative cone. For elements

x; y; z 2 G� , we have
x=(y ^ z) = x(y ^ z) � 1 ^ e

= x(y� 1 _ z� 1) ^ e

= (xy � 1 _ xz� 1) ^ e

= (xy � 1 ^ e) _ (xz� 1 ^ e)

= x=y _ x=z:

For the opposite equation we work similarly.
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De�nition 7.30 and lemmas 7.31, 7.32, 7.33, 7.36 and 7.39 are non-commutativ e, un-

boundedgeneralizationsof conceptsand results in [Mu].

De�nition 7.30. Let L be the negative cone of an `-group and u; x elementsof it. De�ne

the elementsxu
n and bu

n , for every natural number n, inductively, by bu
0 = x and xu

k+1 =

u _ bu
k ; bu

k+1 = xu
k+1 nbu

k , for all k � 0.

Lemma 7.31. Let L be the negative cone of an `-group and u; x elementsof it. For all

natural numbers n,

1. bu
n = unnx,

2. bu
n = (xu

1xu
2 � � � xu

n )nx,

3. x � xu
1xu

2 � � � xu
n .

Proof. Statement (1) is obvious for n = 0; we proceedby induction. Assumethe statement

is true for n = k. To show that it is true for n = k + 1, note that, using properties (3) and

(6) of Lemma 3.1, we get

bu
k+1 = xu

k+1 nbu
k = (u _ bu

k )nbu
k

= unbu
k ^ bu

k nbu
k = unbu

k ^ e

= un(uknx) = uk+1 nx:

The secondstatement is clear from the de�nition of bu
n and Lemma 3.1(6). We prove the

third statement by induction. For n = 1 we have x = bu
0 � u _ bu

0 = x1. If x � xu
1xu

2 � � � xu
n ,

then,
x = xu

1xu
2 � � � xu

n ^ x

= xu
1xu

2 � � � xu
n [(xu

1xu
2 � � � xu

n )nx]

= xu
1xu

2 � � � xu
nbu

n

� xu
1xu

2 � � � xu
n (u _ bu

n )

� xu
1xu

2 � � � xu
n � xu

n+1 :

Thus, x � xu
1xu

2 � � � xu
n holds for all natural numbers.

Lemma 7.32. Let L be the negative cone of an `-group and u; x elementsof it. If un � x,

for somenatural number n, then

1. bu
k� 1 = e, for all k > n,

2. xu
k = e, for all k > n,

3. x = xu
1xu

2 � � � xu
n ,
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4. If x � y, then xu
i � yu

i , for all i .

Proof. For the �rst property note that uk� 1 � un � x, so e � uk� 1nx. Hence, bu
k� 1 =

u(k� 1)nx = e. As a consequencewe have xu
k = u _ bu

k� 1 = u _ e = e. Moreover, by

Lemma 7.29and Lemma 7.31(3), x = xu
1xu

2 � � � xu
n ,so e = bu

k� 1 = (xu
1xu

2 � � � xu
n )nx. Finally, by

Lemma 7.31(1), we have xu
i = u _ ui � 1nx � u _ ui � 1ny = yu

i , for all i .

Lemma 7.33. Let L be the negative cone of an `-group and 
 a nucleuson it, suchthat L 


generatesL as a monoid. If x 2 L and u � 
 (x), then x = xu
1xu

2 � � � xu
n , for somen.

Proof. By the monoid generation property, we have x = x1x2 � � � xn , for some elements

x1; : : : xn of L 
 and somenatural number n. So,

u � 
 (x) = 
 (x1 � � � xn ) = x1 � 
 � � � � 
 xn � x i ;

for all i . Thus, un � x1x2 � � � xn = x. The lemma follows from Lemma 7.32(3).

Lemma 7.34. Let L be the negative cone of an `-group and 
 a nucleuson it, suchthat L 


generates L as a monoid. Also, let z; x 2 L; x � z and u = 
 (z). Then, the elementsxu
i

are the uniqueelementsx i that satisfy x = x1 � � � xn , for somen, and x i � 
 x i +1 = x i , for all

i � 1.

Proof. Note that x = xu
1 � � � xu

n , for somen, by Lemma 7.33, sinceu = 
 (z) � 
 (x), by the

monotonicity of 
 . Additionally , xu
i � 
 xu

i+1 = 
 (xu
i xu

i+1 ) = 
 u(xu
i xu

i+1 ), by Lemma7.17,since

z � x � xu
i xu

i+1 , which in turn equalsu _ xu
i xu

i+1 = u _ xu
i (u _ bu

i ) = u _ xu
i u _ xu

i bu
i =

u _ xu
i u _ bu

i � 1 = u _ bu
i � 1 = xu

i .

Conversely, if x = x1 � � � xn , for somen, and x i � 
 x i +1 = x i , for all i , then 
 (x) =


 (x1 � � � xn ). So, sincez � x, by Lemma 7.17, 
 u(x) = x1 � 
 � � � � 
 xn , henceu _ x = x1,

namely x1 = xu
1. We proceedby induction. If x i = xu

i , for all i � k, then

(x1 � � � xk)nx = xk+1 � � � xn ) (xu
1 � � � xu

k )nx = xk+1 � � � xn

) bu
k = xk+1 � � � xn � x � z

) 
 (bu
k ) = 
 (xk+1 � � � xn ) and z � bu

k

) 
 (bu
k ) = xk+1 � 
 � � � � 
 xn and 
 (bu

k ) = 
 u(bu
k )

) 
 (bu
k ) = xk+1 and 
 (bu

k ) = u _ bu
k

) xk+1 = xu
k+1 :

Thus, the decomposition is unique.

Corollary 7.35. Let L be the negative cone of an `-group and 
 a nucleuson it, such that

L 
 generatesL as a monoid. If z; x 2 L and z � x, then, for all i � 1, x 
 (z)
i = x 
 (x)

i .
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Lemma 7.36. Let L be the negative cone of an `-group and 
 a nucleuson it, suchthat L 


generatesL as a monoid. Also, let x; y; t be elementsof L, suchthat t � x ^ y and u = 
 (t).

Then, for somenatural number s,

x ^ y =
sY

i =1

(xu
i ^ yu

i ):

Proof. Set z = x ^ y. Then, by Lemma 7.33, for somes,

x =
sY

i =1

xu
i ; y =

sY

i =1

yu
i and z =

sY

i =1

zu
i :

Obviously,
sY

i =1

(xu
i ^ yu

i ) �
sY

i =1

xu
i ^

sY

i =1

yu
i = x ^ y = z

Moreover, z � x; y, so zu
i � xu

i ^ yu
i , for all i , by Lemma 7.32(4). Consequently,

z =
sY

i =1

zu
i �

sY

i =1

(xu
i ^ yu

i ):

Thus, z =
sY

i =1

(xu
i ^ yu

i ):

Let L be the negative cone of an `-group and ai ; bj ; cij 2 L. We say that the matrix

C = [cij ]; 1 � i � n; 1 � j � m is an orthogonal decomposition of the factors of the

equation a1 � a2 � � � an = b1 � b2 � � � bm , in symbols,

a1 : : : an

b1
...

bm

2

6
6
4

2

6
6
4

c11 : : c1n
...

...

cm1 : : cmn

3

7
7
5

3

7
7
5

if for all i; j ,

ai =
mY

j =1

cij ; bj =
nY

i =1

cij ;

and the (i; j )-orthogonality condition,

nY

k= i+1

ckj _
mY

l= j +1

cil = e
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holds, for all i; j ; that is the product of the elements to the right of cij is orthogonal to

the product of elements below it.

Lemma 7.37. Let L be the negative cone of an `-group and ai ; bj ; cij 2 L. If the matrix C

is an orthogonaldecomposition of the factors of the equation a1 � a2 � � � an = b1 � b2 � � � bm , then

the equation holds.

Proof. For m = n = 2, we have a1a2 = c11c12c21c22 = c11c21c12c22 = b1b2. We proceedby

induction on the pair (m; n). Assumethe lemma is true for all pairs (m; k), where m � 2

and k < n. We will show it is true for the pair (m; n).

Supposethat the matrix C = [cij ]; 1 � i � n; 1 � j � m is an orthogonaldecomposition

of the factors of the equation a1 � a2 � � � an = b1 � b2 � � � bm . It is easyto seethat

a2 : : : an

c1
...

cm

2

6
6
4

2

6
6
4

c12 : : c1n
...

...

cm2 : : cmn

3

7
7
5

3

7
7
5

and

a1 c

b1
...

bm

2

6
6
4

2

6
6
4

c11 c1
...

...

cm1 cm

3

7
7
5

3

7
7
5

wherec = c1 � � � cm . So,a1 � a2 � � � an = a1 � (c2 � � � cm ) = a1c = b1 � b2 � � � bm

The following re�nement lemma, can be found in [Fu]. For completeness,we give the

proof in the languageof negative conesof `-groups.

Lemma 7.38. ([Fu], Theorem 1, p. 68) Let L be the negative cone of an `-group and let

a1; :::; an ; b1; :::; bm be elementsof L. Then, a1 � a2 � � � an = b1 � b2 � � � bm i� there exists an

orthogonal decomposition of the factors of the equation.

Proof. One direction is given by the previous lemma. For the other direction we useinduc-

tion. We �rst prove it for m = n = 2. Assumethat a1a2 = b1b2 = c. Set

c11 = a1 _ b1, c21 = a2=c22

c12 = c11na1, c22 = a2 _ b2
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Using Lemma 7.29and Lemma 3.1 we get

c21 = a2=c22 = a2=(a2 _ b2)

= (a1nc)=(a1nc _ b1nc)

= (a1nc)=((a1 ^ b1)nc)

= a1n[c=((a1 ^ b1)nc)]

= a1n[(a1 ^ b1) _ c]

= a1n(a1 ^ b1) = a1na1 ^ a1nb1

= e^ a1nb1 = a1nb1 ^ b1nb1

= (a1 _ b1)nb1 = c11nb1

Similarly, we show that c12 = b2=c22. Consequently, we can compute the products

c11c12 = c11(c11na1) = c11 ^ a1 = (a1 _ b1) ^ a1 = a1

c21c22 = (a2=c22)c22 = a2 ^ c22 = a2

c11c21 = c11(c11nb1) = c11 ^ b1 = b1

c12c22 = (b2=c22)c22 = b2 ^ c22 = b2

Finally, c12 _ c21 = c11na1 _ c11nb1 = c11n(a1 _ b1) = c11nc11 = e.

For the general case,we proceedby induction on the pair (m; n). Assume that the

statement is true for all pairs (m; k), where m � 2 and k < n. We will show it is true for

the pair (m; n).

Assumethat a1 � a2 � � � an = b1 � b2 � � � bm and set a = a2 � a3:::an . So, a1a = b1 � b2 � � � bm .

By the induction hypothesis,we get

a1 a

b1
...

bm

2

6
6
4

2

6
6
4

c11 c12
...

...

cm1 cm2

3

7
7
5

3

7
7
5

and

a2 : : : an

c12
...

cm2

2

6
6
4

2

6
6
4

d12 : : d1n
...

...

dm2 : : dmn

3

7
7
5

3

7
7
5

So,we have,
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a1 a2 : : : an

b1
...

bm

2

6
6
4

2

6
6
4

c11 d12 : : : d1n
...

...

cm1 dm2 : : : dmn

3

7
7
5

3

7
7
5

Lemma 7.39. Let L be the negative cone of an `-group, 
 a nucleuson it and a;a1; : : : ; an

in L 
 . Then, a = a1 � a2 � � � an i� a = a1 � 
 a2 � 
 � � � � 
 an and ak = (ak � 
 ak+1 � 
 � � � � 


an )=(ak+1 � 
 ak+2 � 
 � � � � 
 an ), for all 1 � k < n.

Proof. We useinduction on n. For n = 2, if a = a1a2, then 
 (a) = 
 (a1a2), so a = a1 � 
 a2.

Moreover, by Lemma7.29,a1 = a=a2, soa1 = (a1 � 
 a2)=a2. Conversely, if a = a1 � 
 a2, then

a = 
 (a1a2) � 
 (a2) = a2. Sincea1 = a=a2, we get a = a1a2, by Lemma 7.29.

Assume,now, that the statement is true for all numbers lessthan n.

a = a1(a2 � � � an ) , a = a1b and b= a2 � � � an

, a = a1 � 
 b; a1 = a=b; b= a2 � 
 � � � � 
 an and

ak = (ak � 
 ak+1 � 
 � � � � 
 an )=(ak+1 � 
 ak+2 � 
 � � � � 
 an ),

for all 2 � k < n

, a = a1 � 
 a2 � 
 � � � � 
 an and

ak = (ak � 
 ak+1 � 
 � � � � 
 an )=(ak+1 � 
 ak+2 � 
 � � � � 
 an ),

for all 1 � k < n.

Lemma 7.40. AssumeK ; L are negative conesof `-groups, 
 1; 
 2 are nuclei and K 
 1 , L 
 2

generate K and L respectively as monoids. Moreover, let f : K 
 1 ! L 
 2 be a residuated

lattice homomorphismand let a1; : : : ; an ; b1; : : : ; bm be elementsof M , suchthat a1a2 � � � an =

b1b2 � � � bm , where multiplication is in K . Then, f (a1)f (a2) � � � f (an ) = f (b1)f (b2) � � � f (bm ),

where multiplication is in L.

Proof. First note that, for all c1; c2; : : : ; cn 2 K 
 1 , if c1c2 � � � cn 2 K 
 1 , then

f (c1c2 � � � cn ) = f (c1)f (c2) � � � f (cn ):

To seethat, notice that by Lemma7.39,c = c1c2 � � � cn is equivalent to a systemof IGMV-

algebraequationsin K 
 1 . Sincef is a homomorphism,the sameequationshold for the images

of the elements under f . Applying Lemma 7.39again, we get f (c) = f (c1)f (c2) � � � f (cn ).
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By Lemma 7.38, there exist cij 2 K 
 1 , such that if for all i; j ,

ai =
mY

j =1

cij ; bj =
nY

i =1

cij and
nY

k= i+1

ckj _
mY

l= j +1

cil = e:

Using the observation above and the fact that f preserves joins (join in K 
 1 is the

restriction of join in K ), we get that, for all i; j ,

f (ai ) =
mY

j =1

f (cij ); f (bj ) =
nY

i =1

f (cij ) and
nY

k= i+1

f (ckj ) _
mY

l= j +1

f (cil ) = e:

Applying Lemma 7.38again, we get

f (a1)f (a2) � � � f (an ) = f (b1)f (b2) � � � f (bm );

wheremultiplication is calculated in L.

Lemma 7.41. Assume K ; L are negative cones of `-groups, 
 1; 
 2 are nuclei, K 
 1 , L 
 2

generate K and L respectively as monoids, and f : K 
 1 ! L 
 2 is a residuated lattice homo-

morphism. Then, the map �f : K ! L , de�ned by �f (x1x2 � � � xn ) = f (x1)f (x2) � � � f (xn ), is a

homomorphism,suchthat �f � 
 1 = 
 2 � �f .

Proof. By Lemma7.40, �f is well de�ned and it obviously preservesmultiplication. If x 2 K ,

then there exist x1; : : : ; xn 2 L 
 1 such that x = x1 � � � xn . Hence,

�f (
 1(x)) = f (
 1(x))

= f (
 2(x1 � � � xn ))

= f (x1 � 
 1 � � � � 
 1 xn )

= f (x1) � 
 2 � � � � 
 2 f (xn )

= 
 2(f (x1) � � � f (xn ))

= 
 2( �f (x)) :

Thus, �f � 
 1 = 
 2 � �f . Note that �f is order preserving. If x � y and u = 
 (x ^ y), then

�f (x) = f (xu
1) � � � f (xu

n ) � f (yu
1 ) � � � f (yu

n ) = �f (y);

by Lemma 7.32(4). Note that if u = 
 1(z); z � x, then, by Lemma 7.34,

x = xu
1 � � � xu

n and xu
i � 
 1 xu

i+1 = xu
i :
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So,
�f (x) = f (xu

1) � � � f (xu
n ) and f (xu

i ) � 
 2 f (xu
i+1 ) = f (xu

i ):

Applying Lemma 7.34again, we get that for all i ,

f (xu
i ) = ( �f (x)) 
 2 ( �f (x))

i :

Since �f preservesorder, �f (z) � �f (x). So,by Corollary 7.35,

f (xu
i ) = ( �f (x)) 
 2 ( �f (z))

i :

We can now show that �f preservesmeets.

Let z = x ^ y; u = 
 1(z)

�f (x ^ y) = �f (
sY

i =1

(xu
i ^ yu

i )) (Lemma 7:36)

=
sY

i =1

f (xu
i ^ yu

i )

=
sY

i =1

(f (xu
i ) ^ f (yu

i ))

=
sY

i =1

[( �f (x)) 
 2 ( �f (z))
i ^ ( �f (y)) 
 2( �f (z))

i ]

= �f (x) ^ �f (y);

wherethe last equality is given by Lemma 7.36,since


 2( �f (z)) � 
 2( �f (x)) ^ 
 2( �f (y)) :

Thus, �f is a map betweenthe negativeconesof two `-groupsthat preservesmultiplication

and meet. By Theorem1.4.5of [BKW], �f is a homomorphism.

Corollary 7.42. Under the hypothesisof the previoustheorem, if f is an isomorphism,then

so is �f .

Proof. To show that �f is onto, let y 2 L. There exist y1; : : : ; yn 2 K 
 2 , such that y =

y1 � � � yn . Moreover, there exist x1; : : : ; xn 2 K 
 1 , such that f (x i ) = yi for all i . Then,
�f (x1 � � � xn ) = f (x1) � � � f (xn ) = y1 � � � yn = y.

If �f (x) = �f (y), namely f (xu
1) � � � f (xu

n ) = f (yu
1 ) � � � f (yu

m) then, by the preservation of the

uniquenessof the decomposition under �f , given in the proof of the previoustheorem,we get

f (xu
i ) = f (yu

i ) for all i . By the injectivit y of f we get xu
i = yu

i , for all i , so x = y.
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Theorem 7.43. The categoriesLG �
� and IGMV are equivalent.

Proof. For an object hK ; 
 i of LG �
� , let �( hK ; 
 i ) = K 
 and for a homomorphism f :

hK ; 
 1i ! hL ; 
 2i let �( f ) be the restriction of f to K 
 1 .

By Corollary 7.16,�( hK ; 
 i ) is an object. Using the fact that f commuteswith the nuclei

it is easyto seethat �( f ) is a morphism of IGMV . To check, for example,that it preserves

multiplication, note that

�( f )(x � 
 1 y) = f (
 1(xy)) = 
 2(f (xy)) = 
 2(f (x)f (y)) = f (x) � 
 2 f (y):

Moreover, it is obvious that �( f � g) = �( f ) � �( g) and that �( idK 
 1
) = idK 
 1

. Thus, �

is a functor betweenthe two categories.By Theorem 7.19, � is onto the objects of IGMV

and by Lemma 7.41, � is full. Finally, � is faithful, becauseif two morphismsagreeon a

generatingset, they agreeon the whole negative coneof the `-group. Thus, by [Ml], � is a

categoricalequivalencebetweenthe two categories.

Sincethe category of `-groups and the category of their negative conesare equivalent,

by [BCGJT], onecan considerfor objects pairs (G; 
 ), whereG is an `-group, but all other

conditions remain the same(i.e., 
 is a nucleuson G � and morphismsare homomorphisms

between negative cones),and still obtain a categorical equivalencebetween the categories

LG � and IGMV .

The categoricalequivalenceholds alsofor the full subcategoriesof IGMV and LG �
� (or

LG � ), wherewe consideronly boundedIGMV-algebras, alsoknown aspseudo-MV-algebras

(category bIGMV ), and nuclei 
 such that 
 (x) = u _ x, for someu (category bLG �
� or

bLG � ).

Moreover, the categorical equivalenceholds also for the subcategoriesof IGMV and

LG �
� (or LG � ), wherewe consideronly homomorphismssuch that the order �lter generated

by the imageis the co-domain(categoriesIGMVb , and LG �
� b or LG � b).

Finally, the sameholds if we make both of these restrictions to obtain the categories

bIGMVb , and bLG �
� b or bLG � b. This �nal categoricalequivalenceis the oneestablished

by Dvure�censkij in [Dv]. If we restrict further to the commutativ e sub-case,we obtain

Mundici's result, in [Mu].

Theorem 7.44. The categoriesLG � and GMV are equivalent.

Proof. For an object hG; � i of LG � , de�ne �( hG; � i ) = G � . For a morphism f of LG � with

domain hG; � i , de�ne �( f ) to be the restriction of f to G� .
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Let � = � � and 
 = 
 � . By Corollary 7.21 and Theorem 7.15, �( hG; � i ) is an object

of GMV . Actually, G � = h(G� )
 ; ^ ; _; � 
 ; n� ; =� ; ei . To show that �( f ) is a morphism of

GMV we usethe fact that f commutes with � - we usethe samesymbol for the coresin

the domain and in the co-domain.

First note that if x = � (x), then x = 
 (x) = � (x). In this casef (x) = � (f (x)) = 
 (f (x)).

By Lemma 7.27,

� (f (x)) = � (f (x)) ^ f (x) = f (� (x)) ^ f (x) = f (� (x) ^ x) = f (� (x)) = f (x):

Moreover, 
 (f (x)) = 
 (� (f (x))) = f (
 (� (x))) = f (x).

We can now show that f preservesmultiplication. For x; y 2 � (G), x = � (x) = 
 (x) and

y = � (y)
 (y), so � (xy) = � (� (x)� (y)) = � (x)� (y) = xy. Thus,

f (x � 
 y) = f (
 (xy)) = f (
 (� (xy)) = f (� (xy))

= � (f (xy)) = 
 (� (f (xy))) = 
 (f (xy))

= 
 (f (x)f (y)) = f (x) � 
 f (y)

Additionally ,
f (x=� y) = f (
 (x)=� 
 (y)) = f (
 (x=� y))

= f (
 (� (x=y))) = 
 (� (f (x=y)))

= 
 (� (f (x)=f (y))) = 
 (f (x)=� f (y))

= 
 (f (x))=� 
 (f (y)) = f (x)=� f (y):

For the other division we work similarly. �( f ) preservesthe lattice operations,becausethey

are restrictions of the lattice operations of the `-group, so �( f ) is a homomorphism.

By Theorem7.28,� is onto the objects of GMV . Moreover, � is faithful, becauseif two

morphismsagreeon a generatingset, they agreeon the whole `-group.

To seethat � is full, let g : M ! N , be a morphism in GMV . By Corollary 7.20, there

exist `-groupsK ; H ; K ; H and nuclei 
 1 on H � and 
 2 on H
�

, such that M = K � H �

 1

and

N = K � H
�

 2

. Moreover, by the proof of Theorem7.22,there exist kernels� 1 on K � H , � 2

on K � H , and nuclei 
 1 on (K � H ) � 1 and 
 2 on (K � H ) � 2 , such that � i (k; h) = (k; h ^ e)

and 
 i (k; h) = (k; 
 i (h)), i 2 f 1; 2g. So, there are homomorphismsg1 : G ! G and

g2 : H �

 1

! H
�

 2

, such that g = (g1; g2). By Theorem 7.41, there exists a homomorphism

f �
2 : H � ! H

�
, that extendsg2 and commutes with the 
 's. By the results in [BCGJT],

there exists a homomorphismf 2 : H ! H that extendsf �
2 . Let f : K � H ! K � H be

de�ned by f = (g1; f 2). It is clear that �( f ) = g. We will show that g(� 1(x)) = � 2(g(x)),
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where� i (x) = 
 i (� i (x)). Let (k; h) 2 K � H �

 1

.

g(� 1(k; h)) = g(
 1(� 1(k; h))) = g(k; 
 1(h ^ e))

= (g1(k); g2(
 1(h ^ e))) = (g1(k); 
 2(g2(h ^ e)))

= (g1(k); 
 2(g2(h) ^ e)) = 
 2(g1(k); g2(h) ^ e)

= 
 2(� 2((g1(k); g2(h)))) = � 2(g(k; h)):

Thus, by [Ml ], � is a categoricalequivalencebetweenthe two categories.

Decidabilit y of the equational theory

We obtain the decidability of the equational theory of GMV as an easyapplication of

the representation theorem,establishedabove.

For a residuatedlattice term t and a variablez 62Var(t), wede�ne the term tz inductively

on the complexity of a term, by

xz = x _ z ez = e

(s _ r )z = sz _ r z (s ^ r )z = sz ^ r z

(s=r)z = sz=rz (snr )z = sznr z (sr)z = szr z _ z;

for every variable x and every pair of terms s; r .

Recall the de�nition of the term operation tA on an algebraA induced by a term t over

the (ordered) set of variablesf x i j i 2 Ng, given on page5.

For a residuatedlattice term t, a residuatedlattice L and a map 
 on L, we de�ne the

operation t 
 on L, of arity equal to the number of variablesin t, by

x 
 = xL e
 = eL

(s _ r ) 
 = s
 _ r 
 (s ^ r ) 
 = s
 ^ r 


(s=r) 
 = s
 =rz (snr ) 
 = s
 nr 
 (sr) 
 = 
 (s
 r 
 )

for every variable x and every pair of terms s; r .

Essentially , t 
 is obtained from tL by replacing every product sr by 
 (sr), and tz is

obtained from t by replacingevery product sr by sr _ z and every variable x by x _ z. We

extendthe abovede�nitions to every residuatedlattice identit y " = (t � s) by " z = (tz � sz),

for a variable z that doesnot occur in " . Moreover, we de�ne " 
 (�a) = (t 
 (�a) = s
 (�a)), where

�a is an element of an appropriate power of L.

Lemma 7.45. An identity " holds in I GMV i� the identity " z holds in LG� , where z 62
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Var(").

Proof. We prove the contrapositive of the lemma. Let " be an identit y that fails in I GMV .

Then there existsan integral generalizedMV-algebra M , and an �a in an appropriate power,

n, of M , such that "(�a) is false. By Theorem 7.19, there exists a negative cone L of an

`-group and a nucleus
 on L, such that M = L 
 . By the de�nition of L 
 , it follows that

" 
 (�a) is false in L. Let p be the meet of all products t 
 (�a)s
 (�a), where t; s range over all

subtermsof " and u = 
 (p). By Lemma 7.17, 
 and 
 u agreeon the upset of p. Sincethe

arguments of all occurencesof 
 in " 
 (�a) are of the form t 
 (�a)s
 (�a), wheret; s are subterms

of " , and t 
 (�a)s
 (�a) are in the upset of p, we can replace,working inductively inwards, all

occurencesof 
 in " 
 (�a) by 
 u. So, " 
 u (�a) = " 
 (�a), hence" 
 u (�a) is falsein L. Note that p is

below �a(i ), for all i 2 f 1; : : : ; ng, so u = 
 (p) � 
 (�a(i )) = �a(i ), hence�a(i ) = �a(i ) _ u, for all

i 2 f 1; : : : ; ng. Consequently, " 
 u (�a) = (" z)L (�a;u), thus " z fails in L ; i.e., " z fails in LG� .

Conversely, if " z, fails in LG� , then there exists a negative coneL of an `-group, �a in

an appropriate power, n, of L and u 2 L, such that (" q)L (�a;u) is false. Obviously, 
 u is

a nucleuson L, so L 
 u is an integral generalizedMV-algebra. Let �b be the element of L n ,

de�ned by �b(i ) = �a(i ) _ u, for all i 2 f 1; : : : ; ng. Note that (" z)L (�a;u) = " 
 u (�b) = "L 
 u (�b)

and u; �b(i ) 2 L 
 u , for all i 2 f 1; : : : ; ng. So" fails in L 
 u , henceit fails in I GMV .

In view of Theorem7.20we have the following corollary.

Corollary 7.46. An identity " holdsin GMV i� " holdsin LG and " z holdsin LG� , where

z 62Var(").

The variety of `-groupshas a decidableequational theory by [HM]. Basedon this fact,

it is shown in [BCGJT] that the sameholds for LG� . So,we get the following result.

Corollary 7.47. The equational theories of the varieties I GMV and GMV are decidable.
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CHAPTER VI I I

CONCLUDING REMARKS AND OPEN PROBLEMS

In this thesis we have tried to present a range of subvarieties of residuated lattices.

Our goal was not to exhaust the topic, but rather to stimulate interest for this area of

mathematics that is algebraic in nature and has connectionsto logic. The vastnessof the

topic is apparent consideringthat many well and not well-studied classesof algebrasare

examplesof residuated lattices. We believe that the context of residuated lattices is ideal

for formulating and proving generalresults about its subclasses.

The connectionsto logic (substructural, relevant, linear etc.) have not been explored

fully. It is promisingthat lately researchersconcentrate on the interactionsmentioned above.

Certain results seemto have easier,or only, logic proofs, i.e., see[JT], [GR].

We mention below a number of open problemsthat have comeup from our study. We

believe that a lot of them have relative easyanswers, but we suspect that someare very

hard.

1. Is there a continuum of commutativ e atomic subvarieties of residuatedlattices?

2. Are there in�nitely many integral atoms in the subvariety lattice of RL ?

3. Is the equational theory of distributiv e or cancellative residuated lattices decidable?

Are there cut-free Gentzen systemsfor the corresponding logics?

4. Do commutativ e cancellative integral residuatedlattices satisfy any non-trivial lattice

identit y?

5. Is the join of any two �nitely basedresiduatedlattice varieties also �nitely based?

6. Which varieties of residuatedlattices have EDPC. Which satisfy the CEP or the AP?

7. Is there a good description of all monoid or lattice reducts of residuatedlattices?
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