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CHAPTER |

INTRODUCTION

Residuated lattices are algebraic structures with strong connectionsto mathematical
logic. This thesis studies properties of a number of collections of residuated lattices. The
algebrasunder investigation combine the fundamenal notions of multiplication, order and
residuation, and include many well-studied orderedalgebraicstructures.

Residuatedlattices were rst consideredalbeit in a morerestrictive setting than the one
we adopt here,by M. Ward and R. P. Dilworth in the 1930's. Their investigation stemmed
from attempts to generalizeproperties of the lattice of idealsof a ring. On the other hand,
work on residuation, a conceptcloselyrelated to the notions of categoricaladjunction and of
Galois connection,wasundertaken in algebra,with emphasison multiplication, and in logic,
with emphasison implication, but without substartial comnunication betweenthe elds.
During relatively recen years, studiesin relevarnt logic, linear logic and substructural logic
aswell ason the algebraicside draw attention to and establishstrong connectionsbetween
the elds. See,for example,[OK], [BVA], [RVA] and [JT].

The generality in the de nition of residuatedlattices is dueto K. Blount and C. Tsinakis
(see[BT]) who rst dewloped a structure theory for these algebras. This thesis relies on
their results and concertrates on subvarieties of residuated |attices.

After discussingjn Chapter Il, the badkground neededfor readingthis thesis,in Chapter
Il we givethe de nition of residuatedlattices and an extensie list of examplesand construc-
tions on residuatedlattices. Also, we give a short overview of the description of congruence
relations, preserted in [BT], commert on the caseof a nite residuatedlattice and give two
easycorollariesof the generaltheory. Furthermore, we de ne a number of interesting subva-
rieties of residuatedlattices and discussproperties of the subvariety lattice. In particular, we
establisha corresppndencebetweenpositive universalformulasin the languageof residuated
lattices and residuated-lattice varieties and apply it to shov, among other things, that the
join of two nitely basedcomnmutativ e varieties of residuated|lattices is also nitely based.
We give a brief exposition of the fact that residuated lattices provide algebraic semattics
for the full Lambek calculus,and review how this implies the decidability of the equational
theory of residuated|attices, a fact proved in [JT]. Finally, we investigatethe limitations of
lexicographicorders on semidirect products, a usefultool for lattice-ordered groups, in the
caseof residuated|attices.

Chapter IV cortains resultsto appearin [BCGJT]. In particular, we note that the class
of residuated lattices with a cancellative monoid reduct is a variety, and we give a number



of equational basesfor the varieties of lattice-ordered groups and their negative conesand
illuminate the connectionsbetweenthe two varieties.

In Chapter V we undertake an investigation of the atomic layer in the subvariety lattice
of residuated lattices. We show that there exist only two cancellative atoms and provide
a courtably in nite list of comnutative atoms. Moreover, we construct a cortinuum of
atomic varietiesthat have anidempotent monoidreduct and are generatedby totally ordered
residuatedlattices. We note that there are only two idempotent commnutative atoms.

Chapter VI focuseson residuatedlattices with a distributiv e lattice reduct. We mertion
that the variety of distributiv e residuatedlattices hasan undecidablequasi-equationakheory,
see[Ga], and remark that the samevariety has a decidable equational theory, see[GR].
Moreover, we establisha Priestley-type duality for the category of distributiv e residuated
bounded-lattices.

The collectionsof MV-algebras, lattice-ordered groups and their negative conesare gen-
eralizedto the variety of GMV-algebras, in Chapter VII. We prove that a GMV-algebra
decompmsesinto the Cartesian product of a lattice-ordered group and a nucleus-retraction
on the negative cone of a lattice-ordered group. Moreover, we shov that a GMV-algebra
is the image of a monotone,idempotent map on a lattice orderedgroup. Thesecharacter-
izations and known results regarding lattice-ordered groups imply the decidability of the
equational theory of GMV-algebras. Finally, we establishan equivalencebetweenthe cate-
gory of GMV-algebrasand a categoryof pairs of lattice-ordered groupsand certain mapson
them. We concludeour study with a list of open problems,in Chapter VII1.

An e ort hasbeenmadesothat the exposition can be understood by the non-specialist.
Toward this goal we have tried to presen proofsin full detail.



CHAPTER |11
PRELIMINARIES

We assumefamiliarity with basicconceptsfrom settheory, mathematical logic, topology
and categorytheory. If hisamapfromAtoB andC A,D B, weseth[C]= fh(c)jc2
Cgandh [D]=fa2 Ajh(a) 2 Dg. In what follows, we give the basicnotions and results
that will be neededfor the presemation of this thesis, organizedaccordingto three subject
areas.

Univ ersal algebra
We start with somebasicde nitions from universalalgebra. For a detailed exposition of
notions and results of the elds, the readeris referredto [MMT ] and [BS].

An (algebaic) language signature, or (similarity) type F is an indexed set of symbols
F togetherwith amap :F ! N, calledthe arity map. An operation on a set A of arity
n is a map from A" to A. An algeba A of type F consistsof a set A and an indexed set
H Ai;,e of operationsf” : A )1 AonA ofarity (f). The setA is calledthe underlying
set or the universe of A and the mapsf# are called the fundamentaloperations of A. We
will be dealing with algebrasover a nite similarity type. Sud algebraswill be denoted

algebrasthat have the samesimilarity type are called similar.
A subuniverseof an algebraA is a subsetB of A that is closedunder the fundamertal

f;jB is the restriction of fA to B (), is called a sutalgeba of A.

If F is a similarity type and G is a subsetof F, the G-reduct of an algebra A with
underlying set A, similarity type F and fundamertal operationsf”; f 2 F is the algebra
A with underlying set A and fundamertal operationsf”; f 2 G. A G-subeduct is a
subalgebraof a G-reduct.

A homomorphismbetweentwo algebrasA and B of the samesimilarity type F is a map
h:A! B,that commuteswith all the fundamertal operations,i.e.,h(f # (ai; a;:::;a ¢1))) =

homomorphismform A to B, then we say that B is a homomorphicimage of A. The kernel
of ahomomorphismh : A ! B isde ned to bethe setK er(h) = f(x;y) 2 A2jh(x) = h(y)g.
If A =fA;ji 2 lgisanindexedset of algebrasof a given similarity type F, then the



product of the algebrasof A is the algebraP = Qm A; with underlying setthe Cartesian
product of the underlying sets of the algebrasin A, similarity type F and fundamenal
operationsf”; f 2 F, de ned by f P (hej1iizr; it he (ryiizi) = A (&1 ;& ())iiai, for
allAi 2 A,a 2A;,i21 andj 2f1;:::; (f)g.

A congruene relation on an aIgebraA of type F is an equivalencerelation that is
compatible with the fundamenal operations of A, i.e., for every fundamenal operation
fAf 2 F,andag;a::;a ), bbby 2 A ifar by a byt ae) by then
f(agag::i;agy) f(bsbyiii;br). It is easyto seethat the congruencerelations on
an algebra coincide with the kernels of homomorphismson the algebra. The congruene
genented by a set X of pairs of elemens from an algebraA is the leastcongruencerelation
Cg(X) cortaining X. The congruencegeneratedby a singleton is called principal. The
collection of all congruenceson an algebraA forms a lattice, seede nition below, denoted
by L(A). Every non-trivial algebrahasat leasttwo congruencesthe universal congruene
A? and the diagonalcongruene f (a;a) ja 2 Ag. If an algebrahasexactly two congruences
it is calledsimple The classof all simple algebrasof a classK is denotedby Ks;.

If A = bA;fy;fo;:::;f,i isanalgebraand a congruenceon A, we de ne the algebra
A= of the samesimilarity type asA, W|th underlylng setthe setof all -congruenceblocks
[a] , a2 A, and fundamenal operatlonsf """ 2", de ned byf “([ad] siina gl ) =
[fA(aq;::;a¢,))] ,foralli2f1;,2:::;ng- the fact that isacongruenceguararteesthat
the operations are well-de ned. The aIgebraA— is called the quotient algeba of A by

A suldirect product of an indexedset A = fA;ji 2 | g of algebrasof a given similarity
type F, is a subalgebraB of the product of the algebrasof A, sud that for everyi 2 | and
for every @ 2 A, there existsan elemen of B, whosei-th coordinate is a;. In other words,
the projection to the i-th coordinate map from B to A; is onto. An non-trivial algebrais
called suldirectly irreducible if it is not a subdirect product of more than one non-trivial
algebras.Looking at the kernelsof the i-th projection maps,it can be seenthat an algebra
is subdirectly irreducible i it hasa minimum non-trivial congruencecalled the monolith.
The collection of all subdirectly irreducible members of a classof algebrasK is denoted by
Ks.

An ultralter over asetX is a lter, seede nition below, in the power set P(X) of X
that is maximal with respectto inclusion. If A = fA;ji 2 I gis an indexedset of algebrasof
a given similarity type and U is an ultra lter over the index setl, then the binary relation

u onthe product P of the algebrasof A, de ned by hajij>; yhiio i fi21ja=hbg2 U,
is a congruenceon P. The quotient algebraP=  is called the ultraproduct of A over the
ultra Iter U. The classof all ultrapro ducts of collectionsof algebrasfrom a classK is denoted
by P (K).



The ultraproduct construction presenesthe validity of rst-order formulas over the sim-
ilarity type F. A celebratedresult due to B. Jonsson,known as Jonssors Lemma states
that if a variety V is congruene distributive, i.e., the congruencdattice of every algebrais
distributive, seede nition below, then the subdirectly irreducible algebrasof V are homomor-
phic imagesof subalgebrasof ultrapro ducts of algebrasof V; in symbols Vs,  HSP (V).

If K is a classof algebraswe denoteby S(K), H(K) and P (K) the classesf all algebras
that are isomorphicto a subalgebra,a homomorphicimage and a product of algebrasof K,
respectively. A classof algebrasis called a variety , if it is closedunder the three operators
S;H and P. We denotethe composition HSP by V. It is not hard to prove that a class
V of algebrasis a variety i V = V (V). Moreover, given a classK of similar algebras,the

Let X beasetofvariables F asimilarity typeand (X [ F) the setofall nite sequences
of elemens of X [ F. The set T (X) of terms in F over X is the least subsetof (X [ F)

isin Tg (X). Usually, we omit the set of variablesand write Tg, if it is understood or of no
particular importance. Frequerly, we will take the set of variablesto be (bijective to) the
set N of natural numbers. The set of variablesVar(t) of aterm t in F over X - we avoid
the clear inductive de nition - is the indexed subsetof variablesof X that occurin t. The
term algeba T¢ in F over X is the algebrawith underlying set T, similarity type F and
fundamertal operationsf T, forf 2 F, dened by f TF (ty;t;:::;t ) = ftaity  t 5y, for
all t; 2 Tg.

If A is an algebraof type F, t a term in F over a set of variables X and Var(t) =

substitutions of fewer terms than the variables. If A is an algebraof type F andt aterm in
F, then the operation t* on A is called a term operation. Two algebrasof possiblydi erent
similarity typesare called term equivalent if every fundamertal operation of oneis a term
operation of the other.

An equation in the similarity type F over a variable set X is a pair of terms of Tg. If
t; s areterms we write t s for the equationthey de ne, instead of (t; s). We say that an
equationt sin F over X isvalid in an algebraA of type F, or an identity of A, or that



it is satised by A, in synbolsA Et s, if t = s*. The notion of validity is extendedto
classeof algebrasand setsof equations. A set E of equationsin a type F is saidto be valid
in, a set of identities of, or satis ed by a classK of algebrasof type F, in synbolsK F E,
if every equationof E is valid in ewery algebraof K.

It is easyto seethat if an equation is valid in an algebrathen it also valid in any
subalgebraand in any homomorphicimage of the algebra. Moreover, if an equationis valid
in a setof algebrasthen it is valid in their product. In other words, equationsare presened
by the operators S;H and P.

A theory of equations,or equational theory T in a similarity type F is a congruenceon
T closedunder substitutions, i.e.,if (t s)2 T, Var(t)[ Var(s) = fxq;Xz;:::;Xng, and

K is a classof algebrasof similarity type F, then Theq(K) = f(t s)2 Te jJKFt sgis
an equational theory, called the equational theory of K.

Given a set E of equationsof a similarity type F the equational class axiomatized by
E is de ned to be the classMod(E) = fA j A E Eg of algebrasof type F, that satisfy all
equationsof E; the setE is called an equational basis for Mod(E). By previousobsenations,
ewery variety is an equational class. G. Birkho 's celebrated HSP-theorem of establishes
that every equational classis a variety. Moreover, for every variety V of similar algebras,
we have that Mod(Thgq(V)) = V, and for every theory T of equationsin a given type,
Theq(Mod(T)) = T.

If K is a classof algebrasof similarity type F, then the quotient algebra Fy(X) =
Tr(X)=Thgy(K) is called the free algebrafor K over X and has the following universal
property: every map from X to an algebraA of K can be extended,in a unique way, to a
homomorphismfrom F¢ (X) to A. It canbe shown that if V is a variety then Fy(X) isin
V.

A subvarietyis a subclassof a variety that is a variety. The classof all subvarieties of a
variety V of algebrasof type F is a set bijective to the set of all subtheoriesof Tg (N), that
cortain the theory Thegq(V). Both of these setsform lattices seede nition below, under
inclusion that are dually isomorphic. We denote the lattice of subvarieties or subvariety
lattice of a variety V, by L (V). Note that L(V) = L(Fy(N)).

Order and lattice theory
Basic de nitions and resultsin order and lattice theory can be found in [Gr].

A (partial) order relation onasetP is a subsetof P? sud that for all x;y;z2 P, (we
write x yfor(x;y)2 )



1. x Xx;
2.ifx vy, theny x;and

3.ifx yandy 2z thenx =z

A partial ly ordered set or poset P is a set P with a partial order onit; P = hP; i . It
is easyto seethat given a partial order , the converserelation is alsoan order. The
posetP@= HP; i is calledthe dual of P = hP; i . A subsetX of P is called increasing

an upset or an order Iter if p2 X, whenewerx p, for somex 2 X. A decreasing set, an
downset or an order ideal is the dual concept. The interval [x;y] in P is de ned to be the
setfz2 Pjx z vyau.

An upper bound of a set X of elemens in a posetP is an elemen p of P, sud that
X p, forall x 2 X. A lower bound is an upper bound of X in the dual poset. If there
exists a least upper bound for a set X of elemens in a posetP, then it is called the join

X of X. The greatestlower bound of X, if it exists, is calledthe meet X of X. If X
is a doubleton f x; yg, we denoteits join by x _y and its meetby x * y. A lattice L is a
poset, sud that ewvery pair of elemens x;y 2 L, hasa join and a meet. In this case,the
meet and the join can be consideredas binary operationson L. The algebraL = h_; ;i
is alsocalled a lattice . Every lattice satis es the following equations:

1. XxAMXx X X X

2. x"y y~xandx_y y_x;and
3. XM(X_Y) x X_(xX"My).

It canbe shown that if analgebral = h_;~; i satis es theseidertities, then hL; i , where
X yi x=x"y,isalattice. Wewill be consideringlattices asalgebraicobjects and think
of the order as an auxiliary expressie tool, asde ned above.

A (lattice) ideal in a lattice is an order ideal that is closedunder joins. Obviously, a
lattice ideal is a sublattice. The notion of a (lattice) lter is de ned dually. A proper ideal
| is called prime, if for every pair of elemens x;y, x 2 1 ory 2 |, wheneerx”~y 2 1. The
dual conceptis that of a prime Iter . The Prime Ideal Theorem statesthat if | \ F = ;, for
anideall and Iter F, then there existsa prime ideal J that contains| andJ\ F = ;.

If P = HP; pi and Q = hQ; i are posetsand f is a map from P to Q, then f is
said to preservethe order, or that to be order preserving if for all x;y 2 P, f(x) o f(y),
wheneerx py.

A closure operator on a lattice L isamap : L ! L, that satises the following
conditions:



1. isextensiwe: x (x), for all x 2 L.
2. ismonotone:if x vy, then (x) (y), forall x;y 2 L.
3. isidempotent: ( (x)) = (x),forallx2L.
An interior operator onalattice L isamap :L ! L, that satis esthe following conditions:
1. iscortracting: (x) x,forallx2L.
2. ismonotone:if x vy, then (x) (y), forall x;y 2 L.
3. isidempotent: ( (x)) = (x), forallx2L.
We denotethe image of an idempotent operator on alattice L, by L . Notethat x 2 L

i x= (x).

Residuation
For badkground in residuation theory we refer the readerto [Ro].

Let P = hP; i beaposet. Amapf : P! P is calledresiduatel if there existsa map
f :P! P,sud that forall x;y 2 P,

f) y, x f(y):

In this case,f is calledthe residual of f. It is not hard to seethat if f is residuatedthen
it presenesthe order and existing joins. Note that if f is the residualoff, thenf f isa
closureoperator andf f is an interior operator.

Let U beasetand S U?, a binary relation on U. For ewery subsetX of U, we set
S[X]= S[X;_]=fy 2 UjxSy, for somex 2 Xgand S[_;X] = fy 2 UjySx, for
somex 2 Xg. We de ne the mapsfs;gs on the power set of U, by fs(X) = S[X] and
os(X)=fy2 UjS[.;fyg] Xag. It isnot hard to seethat both fs; gs are residuatedand
that fg(X) = S[.;X]andgs(X) =fy2 UjS[fyg,-] Xag.

A binary operation onaposetP = hP; i is calledresiduatel if the mapsl, andry on
P,dened by I4(y) = x yandry(y) =y X, areresiduated,for all x 2 P, i.e., if there exist
binary operationsn and = on P, sud that for all x;y;z2 P

X'y z, Yy Xxnz, X z=y

Let U beasetandR US3, aternary relation on U. We write R(x;y;z) for (x;y;z) 2 R
and R[X;Y;_]forfz 2 PjR(Xx;y;z), for somex 2 X;y 2 Yg. For X;Y subsetsof U,

8



we de ne the binary relations on U, Rx = f(y;2z) 2 P2jR(x;y;z), for somex 2 Xg and
RY = f(x;2) 2 P?jR(x;y;z), for somey 2 Yg, and the binary operation on the power set
of U, X Y = R[X;Y;_]. It iseasyto seethat is residuatedand the assaiated residuals
or division operationsare X nZ = fp (Z) and Z=Y = ., (2).



CHAPTER 111
RESIDUATED LATTICES

We beginwith the de nition of residuatedlattices and a list of their basicproperties.

De nition
A residuatel lattice, or residuatel lattice-ordered monoid, is an algebra
L = hH;”; ;;n=;e sud that h_;~; i is a lattice; h_; ;e is a monoid; and for all

a,b;c2 L,
ab c, a c=b, b anc
It is not hard to seethat RL, the classof all residuated lattices, is a variety and the
identities
X XN(xy_2)=y; x(Y_z) Xxy_Xxz; (X=y)y_x X
y ytxn(xy_z); (Y_2z)x yx_zx; y(ynx)_x X

together with the monoid and the lattice idertities form an equational basisfor it.

In a residuated lattice term, multiplication has priority over the division operations,
which, in turn, have priority over the lattice operations. So, for example,x=yz”* unv means
[x=(yz)] * (unv). We will be usingthe inequality t s instead of the equalitiest = t" s
andt_s= sto simplify the presemation, whenewer appropriate.

The following lemmacorntains a number of identities usefulin algebraicmanipulations of
residuatedlattices. The proof can be found in [BT] and is left to the reader.

Lemma 3.1. [BT] Residuata lattices satisfy the following identities:
1. x(y_2z) xy_xz and (y_2)Xx yx_ zX
2. xn(y™z) (xny)™ (xnz) and (Y™ z)=x (y=x) " (z=x)
3. x=(y_2z) (x=y)"(x=2) and (y_z)nx (ynx)”" (znx)
4. (x=y)y x and y(ynx) X
5. x(y=2) xy=z and (zny)x znyx
6. (x=y)=z x=(zy) and zn(ynx) (yz)nx

7. (x=y)(y=2) x=z and (zny)(ynx) znx
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8. x=y (x=2)=(y=2) andynx (zny)n(znx)
9. x=y (z=x)n(z=y) andynx (ynz)=(xnz)
10. x=y xz=yz andynx zynzX

11. x  y=(xny) andx (y=x)ny

12. xn(y=2) (xny)=z

13. x=e x enx

14. e x=x and e Xnx

15. x(xnx) x (X=X)x

16. (xnx)2  (xnx) and (x=x)2 (x=X)

Moreover, if a residuatel lattice hasa bottom elementO, then it alsohasa top elementl
and for everyelementa, we have:

(i) a0= 0a= 0,
(i) a=0= Ona= 1 and
(i) 1=a= anl= 1.

It followsfrom (1), (2) and (3) of the lemmaabove that multiplication is order-preserving
and that the two divisions are order-preservingin the numerator and order-rewersingin the
denominator. Moreover, it is shavn in [BT] that the distribution in (1) and (2) holds for all
existing meetsand joins.

It is not dicult to seethat the last condition in the de nition of a residuatedlattice is
equivalent to the stipulation that multiplication is order-preservingand for any two elemens
y; z, the join of ead of the setsfxjxy zgandfxjyx zgexistsandis equalto z=y and
ynz, respectively.

The dual of a residuated|lattice equation is the equation obtained by interchanging the
two lattice operations. By the opposite of a residuatedlattice equation we understand the
\mirror image" of it, namelythe equationwritten in reverseorder, wherethe two division op-
erationsare interchanged. Examplesof the opposite of an equation can be seenin properties
(4)-(11) of Lemma3.1; property (12) is self-opposite up to a permutation of the variables.
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A residuated lattice is called commutative (respectively, cancellative, idempotent, n-
potent), when its monoid reduct is commnutativ e (respectively, cancellative, idempotert, n-
potent). A residuatedlattice is called distributive if it hasa distributiv e lattice reduct; it is
calledintegral if its lattice reduct is upper boundedby the multiplicativ e idertit y. Note that
if a residuatedlattice is commutativ e the two divisions operations coincide (ead oneis the
opposite of the other). In this casewe denotethe elemem xny = y=x by x ! vy.

A residuatel boundel-lattice is an algebra L = Hh;"; ; ;n;=;e;0i sud that
L = h;™; _; ;e;n; = is aresiduatedlattice and the nullary operation, O, satisesx _ 0  X.
Note that 1 = OnO = 0=0 is the top elemen of sud an algebra, so the constart 1 can be
consenatively addedto the type.

An elemen a in a residuatedlattice L is calledinvertible, if there existsan elemen a !
sud that aa ' = e = a 'a; ais called integral, if e=a= ane = e. We denote the set of
invertible elemens of L by G(L) and the set of integral elemens by I (L). It is easyto see
that a is invertible i a(ane) = e= (e=da; in this case,a ! = e=a= ane.

To establish an equality betweentwo elemens a;b of a residuated lattice, we will fre-
quertly provethat x a, Xx Db for every elemen x. By setting x = a, we havea b
On the other hand, by setting x = b, we obtain b  a.

Lemma 3.2. If ais invertible, then for all x;y we have

1. x=a= xa !andanx = a x;

N

.a(xMy)=axMayand (x " y)a= xa” ya;
3. ana= eanda=a= €

4. (x=a)y = x(any):; and

(62}

. a(a x=a ly) = (x=y)a and a(a lyna x) = a(ynx).
Moreover, (4) implies that a is invertible.
Proof. 1) For every elemen z we have

z x=a, za x, z xabl

sox=a= xa !. Similarly, we get the opposite equality anx = a x.
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2) Wehavea(x"y) ax;ay, soa(x"y) ax” ay. Forthe reverseinequality, note that
al(ax™ay) alax”alay=x"y;

henceax”™ ay a(x”y). Similarly we get the opposite equality.

3) This is a direct consequencef (1).

4) If ais invertible, then (x=a)y = xa 'y = x(any). Conversely if wesetx = eandy = a
in (x=a)y = x(any), we get (e=ge = ana. Since,by Lemma3.1(4) and (14), (e=ga eand
ana e, we obtain (e=ga = ana= e. Similarly, (ane)a = e.

5) For ewery z, we have

z al@ax=aly) , alz alx=aly
, alzaly alx
, zaly x
, zal x=y
, Z (x=y)a

The opposite equation follows, sincethe de nition of an invertible elemen is self-opposite.
[

Examples
In what followswe give a list of examplesof residuatedlattices, with the goalof enhancing
the intuition of the reader.

Known algebraicstructures
As mertioned before, residuatedlattices generalizea classof well studied algebraicstruc-
tures. In what follows we mertion a few.

Example 3.1. Lattic e-ordered groups

A lattice-ordered group or “-group is an algebraG = hG;”; _; ; 1;éi, sudthat hG;”~; i
is a lattice, hG; ; ;e is a group and multiplication is order preserving. It can be easily
shown, seg[AF], that the last requiremen is equivalert to the stipulation that multiplication
distributes over binary meetsand/or joins, hencethe classof all "-groupsis a variety. It
is easyto seethat this variety is term equivalent to the subvariety of residuated lattices
axiomatized by the idertity (e=X)x e viax ! = e=xandx=y = xy 1, ynx = y 1x, see
Lemma4.3.
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Example 3.2. Gener alized Boolean algebras

A genenlized Boolean algeba B is a lattice sud that ewery principal Iter is a Boolean
algebra. Weinclude in the type synmbols for the lattice operations,the top elemen e and the
binary operation that, givenx;y in B, producesthe complemen of x in the Booleanalgebra
[y; €]. It is shavn in Proposition 5.3 that the classof generalizedBoolean algebrasis term
equivalent to the subvariety GBA of RL generatedby 2, the two-elemen residuatedlattice.
This variety is shovn to be an atom in the lattice of subvarieties of residuated lattices and
an equational basisis provided for it.

Example 3.3. Brouwerian algebras

A generalizedBoolean algebrais a special caseof a Brouwerian algeba. The latter is a
lattice sud that for any pair of elemelts x;y there exits an elemen z, which is maximum
with respect to the property x~ z  y. This elemen is denotedby x ! y and it is called
the relative pseudo-omplementof x with respectto y. Asin the caseof generalizedBoolean
algebras, the lattice operations, the top elemen and the relative pseudo-complemenare
consideredas fundamertal operations of the Brouwerian algebra. It is easyto seethat the
classof Brouwerian algebrasis term equivalent to the subvariety Br of residuated lattices
axiomatized by the equationx y x” y and that the only atom belov Br is GBA. For a
study of Brouwerian algebraswe refer the readerto [BD].

Example 3.4. Reducts of MV-algebr as

MV-algebias are algebraic models of multi-valued logic. Among many term equivalert
de nitions, we chosethe one given in the setting of residuated lattices. An MV-algebra is
a comnutativ e residuatedbounded-lattice that satis es the identity (x ! y)! y x _v,
the relativized law of double negation. MV-algebrasare generalizationsof Booleanalgebras
and have beenstudied extensiwly; see[COM], [Ha] and [Mu]. In Chapter 7, we investigate
a commongeneralizationof MV-algebrasand "-groups.

Example 3.5. Reducts of relation algebras
A relation algebm is an algebra A = hA;”; ; ;01 ;e; Li, sud that
hA;”~; ; ;0;1i isaBooleanalgebra,hA; ;e is a monoid and for all a;b;c2 A

(i) @) =a (ay!l = pdal;
(i) a(b_c)=ab_ac;(b_ca=Dba_ca;(a_bl =a b;and
(i) a @y b.
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The structure R(A) = PA;~; ; :n;=;ei, whereanb= (alb ) andb=a= (b al) is
a residuated lattice. The only thing to be chedked is that the division operations are the
residualsof multiplication, i.e., the last condition in the de nition of a residuatedlattice. If
ab cthenc (ab . So,alc a (ab b , by (iii); henceb (alc ) . On the other
hand,if b (alc ) ,thenab a(alc) ¢ by (iii), andthe idempotencyof! and

Generalconstructionson residuated|attices
Before proceedingto concreteexamples,we mernion somegeneralconstructionson ex-
isting residuated lattices that produce new ones.

Example 3.6. Subalgebras, products and homomorphic images

As mertioned before,the classof all residuatedlattices is equationally de nable. Thus,
by Birkho 's Theorem,it is avariety, namelyit is closedunder the operationsof subalgebras,
products and homomorphicimages.

Example 3.7. The negative cone

The negative cone of a residuated lattice L = h_;”~;_; ;n;=;e is de ned to be the
algebraL = h. ;~; ;;n. ;= ;e,whereL =fx2Ljx eg, xn. y=xny” eand
= y=x=y” e It iseasyto chek that L is alsoa residuatedlattice, which is obviously
integral. If K is a classof residuatedlattices, we denotethe classof negative conesof elemeits
of K by K .

Example 3.8. The opposite residuate d lattic e

The opposite of a residuated lattice L = H.;”; _; ;n;=;ei is the algebra L°® =
he; ™y %P noP; =P ei, wherex Py = y X, x=°°y = ynx and yn°’x = x=y. The oppo-
site of a residuated lattice is also a residuated lattice, becausethe de ning idertities of
residuatedlattices are self-opposite. We will usethis symmetry frequertly to obtain proofs
of the oppositesof already proved idertities.

Example 3.9. [Ro] Nuclei retractions
We rst de ne an important notion in the cortext of residuatedlattices.
A nucleuson a residuatedlattice L is a closureoperator on L sud that (a) (b
(ab), forall a;b2 L.
The conceptof a nucleusis not new to ordered algebraic structures. It was de ned in
the context of Brouwerian algebras,see[ST]. Recallthat L is the imageof L under
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Lemma 3.3. [Ro] If is a closure operator on a residuatel lattice L, then the following
statementsare equivalent:

1. is anucleus.
2. (X)) ()= (xy), forall x;y2L.
3.x=y; ynx 2L ,forallx2L ;y2L.

Proof. (1)) (2): Letx 2 L andy 2 L. Since isextensive and monotone,we have (xy)
( (x) (y)): On the other hand, by the de ning property of a nucleusand monotonicity, we
have ( (x) (y))  ( (xy)):So, ( (x) (¥))  (xy), since isidempotert.

(2)) (3): Sincex 2L ,weget (x)= x. So,

(x=y) vy ( (x=y) (y)) ( isextensiwe)

((x=y) y) (2)

(%) (Lemma 3.1(4) and monotonicity)
= X.

So, (x=y) x=y, by the de ning property of residuated lattices. Sincethe reverse
inequality follows by the extensivity of , we have x=y = (x=y) 2 L . Similarly, we get the
result for the other division operation.

(3) ) (2): Since is extensiwe, xy (xy), sox (xy)=y. By the monotonicity of
and the hypothesis,we have (x) (xy)=y. Using the de ning property of residuated
lattices, we get y (xX)n (xy). Invoking the monotonicity of and the hypothesis, once
more, we obtain (y) (xX)n (xy), namely (x) (y) (xy). O

Actually, it canbe shownn that an arbitrary map on a residuatedlIattice L is a nucleus
if and only if (a)=b= (a)= (b andbn (a) = (bn (a), for all a;b2 L.

If L = h;"; _;;n;=;el is aresiduatedlattice and a nucleuson L, then the algebra
L =h ;7 ;m=; (e)i,wherex y= (x y)andx _ y= (x_Yy), iscalledthe
-retraction of L.

Prop osition 3.4. [Ro] If L is aresiduatel latticeand a nucleuson it, thenthe -retraction
L of L is aresiduatel lattice.

Proof. Obviously, (e) isthe multiplicativ e identity of L and L isclosedunder and” .
By Lemma 3.3, it is also closedunder the division operations. To prove that L is closed
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under meets,note that for x;y2 L , (X"vy) (xX)™ (y) = x™y. The reverseinequality
follows by the fact that is extensive,sox”y 2 L . Thus,L isclosedunderall operations,
and it is a meet-subsemilatticeof L.

To show that L is a lattice note that for elements x;y;z2 L , X;y z is equivalert to
X _y z. Since (z) = zand is extensiw, this is, in turn, equivalert to (x _y) z,
namelytox _ y z. Thus,_ isthejoininL .

We next shav that multiplication is assaiative. Let x;y;z 2 L . UsingLemma3.3 and
the de nition of multiplication, we get

(xy) z
((xy 2
(xy ()
(xy) 2)
(xy 2):

x y z

Similarly,
x (y 2= (xy 2)

Hence,multiplication in L is ass@iativeandhL; ; (e)i isa monoid.

Finally, to chek that s residuated,considerx;y;z 2 L . We have

x y z, (xy z
o xy z (xy (xyandz= (2)
, Y Xnz
Likewisex 'y z, x z=y. O

If L is an algebraon the signature of residuated lattices without the constart e, then
the conceptof nucleuscan be de ned asabove. In that caseL de nes a residuated|attice,
provided that it hasa multiplicativ e idertit y.

The precedingconstruction is quite generalas it can be seenin the following known
result.

Prop osition 3.5. [Ro] Every completeresiduatel lattice is a nucleusretraction of the power
setof a monoid. (See Example3.15.)

Example 3.10. Retraction to an interval
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Let L be a residuated lattice and a 2 L sud that a e. The structure L, =
Haj€el;";_; aiMa;=a €, Wherex oy = Xy _ a; xmy = (xny) * e and y=x = (y=x) " €,
is a residuated|attice.

Themap onlL ,dened by (x)= x_ aisobviously a closureoperator. To seethat
it is a nucleus,note that if x;y a, then xa;ya;a> a, so

(xX) (=(x_a(y_a=xy_xa_ay_a> xy_a= (xy):

It is easyto obsenethat L, = (L ) , which is a residuatedlattice, by Proposition 3.4. Note
that if a2 L ,thenlL,= (L )a.

It is known, see[Mu], that if L is a commnutative "-group and a is a negative elemen of
L, then L, is an MV-algebra.

Example 3.11. Kernel contr actions
A kernel on aresiduatedlattice L is an interior operator sud that for all x;y in L

L ()= ) W,

2. (e)=eand

3. (x)ry= (()"y).

Let L be aresiduatedlattice and a kernelonit. The -contraction of L is the algebra
L =h ;" _;;n;=;e,wherex=y= (x=y)andxny= (xny).

Prop osition 3.6. The -contraction L of a residuatel lattice L under a kernel onL is
a residuatel lattice. Moreover, L is a lattice-ideal of L.

Proof. Note that L is closedunder join, since is an interior operator, and under multipli-
cation, by the rst property of a kernel. Moreover, it cortains e and it is obviously closed
undern and=.

By the third property of a kerneland the fact that it is closedunder joins, L is an ideal
of L. So,L is closedunder all the operations.

Finally, L isresiduated. Indeed,forall x;y;z2 L ,x z=yisequialert to x (x=y),
which in turn is equivalert to x  z=y, since is cortracting and x = (X). O

Note that under the weaker assumptions ( (x) (y)) = (x) (y) and (e) (x) = (X) =
(x) (e) on , the algebrahL ;~; ; ;n;=; (e)i,wherex y= (Xx_Y), isaresiduated
lattice.
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The -cortraction construction, where is a kernel, is a generalizationof the negative
coneconstruction, de ned in Example 3.7. The negative coneof a residuated lattice is its
-cortraction, where (x) = x” e.

Example 3.12. The dual of a residuate d lattic e with respect to an element
Let L = h;”™; ; ;n;=;e be aresiduatedlattice and a2 L a dualizing element i.e., an
elemen of L sud that
X = ax(xna) = (a=xX)na,

for all x 2 L. Then, the dual of L with respect to the elemen a is the algebra
L@ = h; ;~;+; = ~:a, wherex + y = x=(yna), x =y = x(yna) and x -y = (a=x)y.
(Notice that the underlying lattice of L@ is the dual of the lattice reduct of L.)

Prop osition 3.7. The dual L@ of a residuatel lattice L with resgct to a dualizing element
a of L is also a residuata lattice.

Proof. First obsene that

X+y x=(yna)
((a=x)na)=((yna)
= (a=x)n(a<yna))

= (a=ny

and that e= a=ena) = (a=9na, i.e., e= a=a= ana.
It is obviousthat h_; ;" is a lattice. Multiplication is assaiative because

(x+y)+z = [(a=x)ny]=(zna)
= (a=x)n[y=(zna)]
=X+ (y+ 2);

and a is the additive idertity since
X+ a= x=(ana) = x=e= X

and
a+ x = (a=gnx = enx = X:
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Finally multiplication is residuated,since

X+y L@z , X+Yy _Z
, X=(yna) Lz
, X L z(yna)
y X iny
, X LazZ-y

and similarly for —. O

The dual is a generalizationof a construction for MV-algebras. The dual of an MV-
algebrawith respect to its least elemen is known to be an MV-algebra.

Example 3.13. Translations with respect to an invertible element

Let L bearesiduatedlattice, a an invertible elemen of L andf ; the maponL de ned by
fa(x) = ax. Note that the map f , is invertible and f, 1(x) = a !x. Considerthe structure
L2 =h; "8, 2 2 n? =2 e, wheree? = a and for every binary operation ?2 f* ; _; ;n;=g,

x 2y =1 '(x)?f Yy):
By Lemma 3.2, we have
xMey=a(a xraly)=aa l(x"y)=x"y:
Similarly, 2= _. Moreover, by Lemma 3.2,
x 2y = a(a 'xa y) = xa 'y,

x="y = a(a 'x=a y) = (x=y)a
and
ynx = a(a lyna !x) = a(ynx):

Note that if we take g,(X) = xa, then we obtain the samestructure, soL? doesnot depend
on the choice of left or right multiplication by a. The algebralL? = H_;"; ; 2;n?; =#;ai
is called the translation of L with respect to a. We remark that we could have de ned the
operations asfollows: x 2y = (x=a)y, yn?x = (y=anx and x=2y = x=(any).

Prop osition 3.8. The translation L2 of a residuatel lattice L with respect to an invertible
elementa is a residuatel lattice.
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Proof. It is trivial to ched that multiplication is asseiative and a is the multiplicativ e
identity. To show that multiplication is residuated,let x;y;z 2 L. We have

a

x3 z, xaly z, aly xnz, y a(xnz), y xnz

and similarly for the other division. O

Note that the translation by an invertible elemen and the negative cone constructions
on a residuatedlattice L comnute, i.e., (L?) = (L )2

Example 3.14. [BI] The Dedekind-McNeil le completion

Let L be a residuated lattice and the map de ned on P(L) by (X) = XY, where
A'=fx2Ljx aforalla2 AgandA'=fx2Ljx aforalla2 Ag, forall A L.
It is shavn in [BI] that is a nucleus, so the Dedekind-McNeille completion P(L) , see
Examples3.15and 3.9, of L is a residuatedlattice. The Dedekind-McNeillecompletionis
a completeresiduatedlattice and arbitrary existing joins and meetsof L are presened. In
view of Proposition 3.5, this shovsthat every residuatedlattice is a subalgebraof the nucleus
image of the power set of a monoid.

For two more completionsof residuatedlattices seeExamples3.17 and 3.24, below.

Subsetsof monoids
We now proceedto concreteexamplesof residuated|attices.

Example 3.15. The power set of a monoid

Let M = hM; ;e be a monoid. For any two elemeits X;Y of the power setP(M) of
M, we denotetheir intersection, union and complexproduct respectively, by X \ Y, X[ Y
and X Y =fx yjx2 X;y2Yg. Also, wede ne the setsX=Y = fzjfzg Y Xgand
YnX =fzjY fzg Xag. It iseasyto seethat the algebraP(M) = hP(M);\ ;[ ; ;n;=;fegi
is a residuated|attice.

It follows that ewvery monoid is a monoid subreductof a residuatedlattice. On the other
hand no nite non-trivial group is the monoid reduct of a residuated lattice. It is an open
problem to determine all monoid reducts of residuated lattices.

A partial groupoid hS; i is a set S with a partially de ned binary operation on it,
namely a subsetof S sud that if (x;y;z) 2 and (x;y;z%) 2 thenz= z° If thereisaz
sud that (x;y;z) 2 , we denotethis unique z, the product of X;y, by x y. We abbreviate
the fact that sud az existsby x y2 S.
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A partial semigioup 1S; i is partial groupoid sud that if any of the two sidesof the
assaiativity condition is de ned, then the other sideis alsode ned and they are equal. It
is not hard to seethat if the product of someelemens of S existswith respect to a certain
assaiation of the parerthesis,then the product of the elemerts in the sameorder existswith
respect to any other assaiation of the parerthesisand the two products are equal.

A partial monoid hM; ;e is a structure, sud that hM; i is a partial semigroupand
X e=e x=Xx,forallx2 M.

Example 3.16. The power set of a partial monoid

Let M = hM;R;Ei be a structure, whereM is a set, R M3 a ternary relation on
M and E is a subsetof M. De ne the following operations on the power setP(M) of M:
X Y =R[X;Y;_],X=Y=fz2Mjfzg Y XgandYnX =fz2M Y fzg Xg It
is not hard to seethat the algebraP (M) = hM;\ ;[ ; ;n;=;Ei is aresiduatedlattice i for
all x;y;z,w2 M,

1. R(x; e;y), forsomee2 E,i x=vy,i R(e;x;y), for somee2 E; and
2. R(x;y;u) andR(u; z;w), forsomeu 2 M i R(x;v;w) andR(y; z;v), for somev 2 M.

In this case,the residuated lattice P(M) is called the power set of M. If R is a partial
operation, then E is a singletonand M is a partial monoid.

Example 3.17. Order ideals of a partial ly ordered monoid

As a di erent generalizationof Example 3.15,let M = hM; ;e; i bea partially ordered
monoid, namely a relational structure sud that M ; ;e is a monoid, M ; i is a partially
ordered set and multiplication is order preserving. Moreover, let O be the set of all order
ideals of the underlying partially orderedset. For every X;Y 2 O, setX Y =#(X Y),
the downset of their complexproduct. Then, the algebraO(M) = hO;\ ;[ ; ;n;=;#fegi is
a residuated |attice.

To prove this we show that the map on P(M) dened by (X) =# X is a nucleus.
Indeed,if z2 (X) (Y)= (#X)(#Y),thenz=aha xandb vy, forsomex 2 X and
y2Y. So,z xy,namelyz 2#XY. Finally notice that for any two order ideals X;Y,

X[TY)=#(X][ Y)= X[ Y. Thus, by Proposition 3.4,0(M) = (P(M)) .

In the caseof a discrete order we obtain Example 3.15. Note that we could have taken
order lters instead of order ideals.

If hS; i is a partial semigroup,then for every two subsetsX;Y of SwesetX Y =
fxX yjx y2S;x2 X;y2Yg, the complexproduct of X andY, hXi = fx; x; Xn 2
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Sjn 2 N; X3;:::Xp 2 X g, the subsemigoup generatedby X, and[X] = X[ (S X)[ (X
S)[ (S X S), the semigoup ideal generatedby X .

Example 3.18. Ideals of a commutative partial semigr oup

Let S= KS; i beacomnutative partial semigroup. De ne  on the power set of S, by
(X) = [X] . SinceS is commutativ e this simplies to (X)= X[ (S X).

It is easyto seethat is a closureoperator. Moreover, note that if X;Y S, a2
X[ (S X)andb2 Y[ (S Y), thena bisin oneofthe twoformsx y; s x vy, forsome
s2 S;x2 X andy 2 Y. In both casesa bisanelememnof (X Y)[ (S X Y)= (X Y).
Finally, S X = X S= X, for ewery closedsetX, i.e., S actsasan idertity elemen. So,by
the remark following Proposition 3.4, givesrise to the residuatedlattice 1 | (S) = (P(S))
of semigroup-idealof S.

In casethat a partial semigroupis commnutative and idempotent, namely a partial semi-
lattice, we can look at its subsemigroups.

Example 3.19. Subsemilattic es of a partial lower-b ounded semilattic e.

Let L = h; i bea partial lower-boundedjoin-semilattice and let be the map de ned
by (X)= hXi ,forewerysubsetX ofL. It isclearthat is a closureoperator. Moreover,
ifa2 (X)andb2 (Y), then

a= Xy _Xp_ i _Xpandb=vy; vy, i Y,
for somen; m 2 N; X1;Xo;:::;Xn 2 X andyq; Yo, i ¥ym 2 Y. So,
a_b=(Xe_Xo_:ii_Xn)_(Yi_Y2_:ii_Ym):

If n m, usingthe commutativit y and idempotency of join, we get

a_b=(X1_y1) _(Xa_y2) _ii(Xn _Yn) _ (X2 _Yn+1) _ 10 (X2 _ Ym);

which isanelemen of (X _Y). If Oisthe lowerboundofL, thenfOg_X = X _f0g= X, for
all X L; soinvoking the remark after Proposition 3.4, we can seethat the subsemilattices
of L form a residuatedlattice S(L) = (P (L)) .

Example 3.20. Subsemigr oups of a partial semiring

A partial semiring is a structure S= hS; ;e;+i sud that hS; ;e is amonoid, hS;+i is
a partial semigroupand distributes over existing binary sums,namelyif x + y 2 S, then
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X z+x y=(x+y) zandz x+z y=2z (x+Yy). Note, that it followsthat distributes
over nite existing sums.

Assumethat S = KS; ;e;+i is a partial semiring. By Example 3.15, P (hS; ;ei) is a
residuated|lattice, which we denoteby P(S). Dene onP(S) by (X) = hXi,. We will
showv that is a nucleuson P(S).

It is clearthat is a closureoperator. To chedk that (X) (Y) (X Y), namely
Xi, hyiy, HhX Yis,leta2 Xi, andb2 hYi,. Then

a= X1+ Xot+t +Xpandb=y +y,+ 4 yp,

for somem;n 2 N; X1;Xo:::Xy 2 X andyq;yo;:::ym 2 Y. SO,

a b= X1+ X+  +X)(Y1t Yot  + Ym);

which, by the de nition of a partial semiring, is equalto a sum of products of elemets of
X andY. Thus,a b2 hX Yi,.

According to Proposition 3.4, givesriseto the residuatedlattice S(S) = (P(S)) of the
+-subsemigroupsof S.

Note that in a partial semiringS = hS; ;e;+i, multiplication coincideswith addition
i S°= 1S; ;e is a lower-bounded join-semilattice. Moreover, in this casethe residuated
lattice S(S) of subsemigroupsof S, given in Example 3.19, coincideswith the residuated
lattice of subsemilatticesS(S% of S° givenin Example 3.20.

Example 3.21. Semigr oup-ide als of a partial +-commutative semiring

Assumethat S = bS; ;e;+i isapartial +-commutativesemiring. De ne themap (X) =
[X]+ on P(S). In view of commutativit y of addition, simpliesto (X)= X[ (S+ X).

Clearly is a closureoperator. To seethat it is a nucleus,let X;Y be subsetsof S,
a2 X)=X[(S+X)andb2 (Y)=Y[ (S+Y). Thena=xora=s;+Xx,andb=y
orb=s,+ vy, forsomes;;s;2 S; x2X andy2 Y. Ifa=s;+ xandb= s, +y, then

a b=(s;+Xx) (s2+ty)=8s1 S+S y+X S+ X,

which isanelemenm of (X Y)[ [S+(X Y)]= (X Y). It iseasyto seethata b2 (X Y)
in the other three cases,aswell. Thus, by Proposition 3.4, the nucleus givesrise to the
residuatedlattice | 5(S) = (P(S)) of semigroup-idealf S.
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hM; ;e;i canbeidentied with a partial
x forall x 2 M andif x*y 2 M then
x Ny = y” x. The de nitional equivalenceis givenby x*y = xi x y. Moreover,
#X = [X]r, namelythe notions of order-idealof M and semigroup-idealof M © coincide. So,
the residuatedlattice O(M) of order-idealsof M given in Example 3.17is a special caseof
the residuatedlattice 1 s(M) of semigroup-idealsof M ? givenin the previousexample.

Note that a partially ordered monoid M
semiring M % = hM; ;e;"i sud that x A X

Example 3.22. Ideals of a partial semiring

Assumethat S = KS; ;e;+i is a partial semiring. Setl = fX SjX = [Xi.] g, the
collection of all ideals of S. It is easyto seethat | (S) = hl;”; _; ;=;n;el is a subalgebraof
S(S), givenin Example 3.20. In the casewhereS is -comnutative, | (S) canberealizedas
the imageof the power setof S underthe nucleusde ned by (X) = [hXi.] , the composition
of the nuclei givenin Examples3.20and 3.18.

In casethat S is aring with unit we get the residuatedlattice of idealsof a ring. It was
in this setting that (commutativ e, integral) residuatedlattices were rst consideredoy Ward
and Dilworth, see[WD38] and [WD39].

Example 3.23. Ideals of a join-semilattic e-ordered monoid

A join-semilattice-ordered monoid M = hM; ;e; i is an algebra,sudt that hM; ;e is
a monoid, M ; i is a join-semilattice and multiplication distributes over binary joins. Sut
an algebrais a special caseof a partial semiring, soby Example 3.22the join-closedsubsets
of M form a residuated|attice.

A meet-semilattioe-ordered monoid is de ned in a similar way.

Let M = hM; ;e;_i be a join-semilattice-orderedmonoid. Under the order induced
by the join operation, M can be considereda partially ordered monoid. By Example 3.17
the map de ned by 1(X) =# X is a nucleus. Moreover, by the previous obsenation and
Example 3.19,the map de ned by ,(X) = hXi_ isalsoanucleus.lt is easyto seethat the
composition of two nuclei is also a nucleus. The composition of the two maps, which in
our casecomrute, givesrise to the residuatedlattice I |/ (M) = (P(M)) of join-idealsof M.

Note that the sameholds for the lters of a meet-semilattice-orderedmonoid.

In view of the remark following Example 3.21, a join-semilattice-orderedmonoid can be
viewed as a structure M = hM; ;e;_ ;" , wherehM; ;e;_i and hM; ;e;N are partial
semirings. It is mertioned that the map » is a special caseof the nucleusof Example 3.19,
that givesthe _-subsemigroupsof hM; ;e; i, while the map ; can be considereda spe-
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cial caseof the nucleus (X) = [X]~ in Example 3.17, that givesthe "-semigroup-ideals
of M; ;e;™i . Obviously, the join-ideals of a join-semilattice-orderedmonoid are the -
subsemigroupghat happento be ”-ideals.

Example 3.24. Ideals of a lattic e-or dered monoid

A lattice-ordered monoid M = hM; ;e;”; i isanalgebrasud that M ”; i is alattice,
and both WM ; ;e; i andhM; ;e;™ are semilattice-orderedmonoids.

As a special caseof the previousexampleand of the remark following it, we obtain that
the ideals of a lattice-ordered monoid M form a residuatedlattice | (M ). The sameholds
for the lters of a lattice-ordered monoid.

Example 3.25. Ideals of a distributive lattic e

A bounded distributiv e lattice L can be viewed as a lattice or join-semilattice ordered
monoid, where multiplication is meet. Sothe ideals of it form a residuated lattice. Even
without the assumption of bounds the map de ned on the power set of the semigroup
;2o by (X) =#hXi = [Xi ] givesrise to an integral residuated lattice, actually
to a Brouwerian algebra,in view of the remark following Proposition 3.4.

Example 3.26. Canc ellative Monoids

Let K = K ;e be a cancellatie monoid and set My = K [ f0;1g. We de ne an
orderon My, by 0< k < 1, for all k 2 K, and extend the multiplication of K to M, by
stipulating that 1 is an absorbingelemen for K [ f1g and 0 an absorb\i/r\llg elemen for the
setMKWConsiderthe algebraM ¢ = M ;”™; ; ;n;=;el, wherexzsy = fzjzy xgand
ynx = fzjyz xg. Toseethat M g is a residuatedlattice, note that it is isomorphicto
(P(K)) , where (X) = X, if X hasat most one elemen, and (X) = K otherwise, for
every X K. The map is anucleussince,if at leastoneof X;Y is the empty set, then
both (X) (Y)and (XY) areempty. If X;Y areboth singletonsthen (X) (Y) = XY,
which is also a singleton, thus equalto (X Y). Finally if noneis empty and at least
one has more than one elemeits then XY has at least two elemens, by cancellativity, so

(XY)=K (X)) (Y).

Note that the stipulation that K is cancellative is necessarysince otherwiseif ab= ac
for somea;b;c 2 K, then, by Lemma3.1(1), 1= al=alb_c¢) = ab_ac= ab2 K; a
cortradiction.
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Other examples
We presen a few more examplesthat we considerof special interest.

Example 3.27. Every bounded lattic e with at least one completely join-irr educible
element

Let h_;~; i be a boundedlattice with at least one completely join-irreducible elemen
e. Denoteby 0 and 1 the leastand greatestelemens of the lattice and de ne multiplication
onL by xy = 0, if both x;y are lessthan e; xy = yx = y if y is lessthan e, but x is not;
and xy = 1, if none of x;y is lessthan or equalto e. The elemen e is the multiplicativ e
identity. One C% easily chedk that multip\l/i\(}ation is assaiative, order preservingand that
the joinsx=y= fzjzy xgandynx= fzjyz xgexistinL. Thus,h;”"; ; ;n;=;e@
is a residuated|attice.

This example generalizesthe example due to Peter Jipsen mertioned in [Bl], where e
is stipulated to be an atom of L. As a special casewe get that ewery dually algebraic
lattice, in particular every nite lattice, can be residuatel, i.e., it is the lattice reduct of a
residuatedlattice. Moreover, it followsthat ewery lattice is a lattice subreductof a residuated
lattice. Actually, it is shavn in [BCGJT] that ewery lattice is a lattice subreductof a simple,
cancellative residuatedIattice.

Newertheless,it is not the casethat ewery lattice is the lattice reduct of a residuated
lattice. By Lemma 3.1, if a residuatedlattice hasa bottom elemen then it must have a top
elemen, aswell. So, lattices that are lower, but not upper bounded cannot be residuated.
An exampleof an algebraiclattice that cannot be residuatedis given below.

Example 3.28. The lattice of a binary tree: a non-example

Consideran in nite binary tree and add a least elemen to it. The underlying setL of
the lattice L obtained can be realized as the set of all nite words on two letters, that is
the set of all functions from initial segmets of the natural numbersto the two elemen set
f 1, 29, together with a distinguishedelemen 0. The order is de ned as follows: a function
f is greaterthan or equalto a function gi the domainof f is a subsetof the domain of g,
and f ; g agreeon the domain of f . Moreover, the elemen 0 is lessthan any function.

Assumethat L canbe residuatedand let e be the multiplicativ e idertity. Every non-zero
elemen of L hasexactly two lower covers. Let a; b be the lower coversof e, and c oneof the
two lower coversof b. Sincea;b;c e wehaveab ae= aandab b soab a”b=0.
Moreover, cb ce= c. By Lemma3.1(1),b=eb= (a_cb=ab_cb 0 _c=¢c a
cortradiction.
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Figure 1: A non-distributive cancellatie comnutative example

It is an open problem to determinethe lattice reducts of all residuated|attices.

Example 3.29. [BCGJT] A commutativ e, non-distributiv e residuated lattice on a
free monoid

Let F = hfa'dc® :i;j; k 2 Ng; ;e be the 3-generatedfree commutative monoid. For a
word w 2 F, we denotethe length of w by jwj, and for x 2 fa;b;cg, we de ne jwj, to be
the number of occurrencesof x in w. The orderon F is de ned by w v if jwj > jvj, or
JWj = jvj, jwjp  JVjp and jwj.  jvjc (seeFigure 1). In [BCGJT] it is veri ed that F de nes
a residuated |attice.

We refer the reader to [Co2], for general constructions of residuated lattices, whose
monoid reduct is a free monoid.

Example 3.30. ([BI], [Le]) Residuated maps

Let L be a complete residuated lattice and let ReqL;L) be the set of all residuated
mapson L. If we order all sudr mapspoint-wise and de ne multiplication to be composition
then it canbe shown, see[Bl], that the aIgebraLL\ﬁ hRegL;L);”;_; ;n;= isaresiduated
lattice, wheref=g= fhjh g fgandgnf = fhjg h fg.
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Structure theory
The structure theory of residuatedlattices wasdeweloped by K. Blount and C. Tsinakisin
[BT]. Wereviewtheir basicresult, specializeit to the nite caseand give two easycorollaries
of their descriptionsof congruencerelations on residuated|attices.

Congruencesas convex normal subalgebras
Congruencerelations are in one-to-onecorrespndencewith normal subgroups,in the
setting of group theory and with idealsin ring theory, but generallyit is not the casethat
congruencesorrespnd to special subalgebras. It is shovn in [BT] that residuated-lattice
congruencegorrespnd to convexnormal subalgebras.

Lemma 3.9. [BT] Let L be a residuatel lattice and 2 Con(L). Then the following are
equivalent:

l.a b
2. [a=b" €] eand[b=a" € e
3. [anb™ €] eand[bna” € e

Let L be aresiduatedlattice, Y a setof variables. Forx 2 L[ Y [ feg, wheree is the
constart in the languageof residuatedlattices andy 2 Y, we de ne the polynomials

«(Y) = xy=x" eand ,(y) = xnyx " e,

the right and left conjugateof y with respectto x. An iterated conjugateis a composition of

a number of left and right conjugates- we considercomposition of conjugateswith respect

to their argumerts. For X ;A subsetsof L [ Y [ feg, we de ne the sets % = f g,

x=Fxi xo Sl x2f xi @ Xxi2X[ fegi2 Ng;
x(A)=f (@] 2 };a2Ag
L. ..
x = f 1n2Ng;
[ .
x(A)=f J(A)jn2 Ng

Note that if L is a residuatedlattice, o(X) = &X) = x"e (x) eand (e = g
for all x 2 L and for ewery iterated conjugate 2 . In particular, if x is negative,
e(X) = o(x) = x. If L iscomnutative,thenx”™ e  (x),forallx2 L and 2 .
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A subsetN of L is called normal, if it is closedunder conjugation,i.e., (N) N, for
all 2 |. A subsetX ofL is calledconvex if for every x;yin X andzinL,x 2z vy
impliesthat z isin X.

Theorem 3.10. [BT]

1. The convexnormal sulalgebes of a residuate lattice L form a lattice CNS (L), which
is isomorphic to the congruene lattice ConL of L via

S7! s=f(ajb 2 L% (a=b" e)(b=a" €) 2 Hg

and 7! [¢], the -classofe.

Moreover, for eacha 2 L, the principal congruene geneated by (a;€) correspndsto
the convexnormal sukalgeba geneated by a.

2. The convex normal (in L) submonoidsof the negative cone of a residuate lattice
L form a lattice CN_ SM (L ), which is isomorphicto CNS(L), via S 7! S and
M7'Sy=fx2Ljm x e=m;m2 Mg.

The convexnormal submonoidgeneated by a negative elementcorrespndsto the con-
vex normal sulalgeba geneated by that element.

3. 1If A L then the convexnormal (in L) submonoidof the negative cone of L is
M(A)=fx2Ljouo:g, X e forsomen2 Nandg;;:::;0,2 L(A)g.

The description of congruencesn a residuated lattice by corvex normal subalgebrasis
pivotal. For nite residuatedlattices, we can get a more concreterepresetation than the
onein the generalcase.

Let L bearesiduatedlattice andS L. Wedenotethe setof idempotent elements of S by
E(S) = fa2 Sja? = ag and the setof central idempotentsof S by CE(S) = fa2 Sja’= a
and ax = xa, for all x 2 Lg.

Lemma 3.11. Let L be a residuatel lattice. If a2 CE(L ), then [a;e=g is the universe
of a convexnormal sulalgebea of L. Conversely,if N is the universe of a convex normal
sulalgeba of L with a least elementa, then N = [a;e=d anda 2 CE(L ).

Proof. Let a2 CE(L ). Note that a(e=g = (e=ga €, soe=a ane. Similarly we get
ane e=a hence,e=a= ane. Moreover, sincea is negative,e e=a soby Lemma3.1,

eca (e=9(e=g (e=de=a (e=9=a= e=& = e=a;
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hencee=a2 E(L). For ewery x;y 2 [a;e=4, we have

a=a xy (e=3(e=9 = e=a;

thus, xy 2 [a;e=d. Moreover,
a=a’> a¥e=9 x=y (e=9=a= e=& = e=a;

that is x=y 2 [a;e=d. Since,x _y;x " y;e 2 [a;e=4d, the interval [a;e=4 is a subuniverse,
which is obviously corvex. To prove that [a;e=4 is nhormal, let x 2 [a;e=d and z2 L. We
have,

a=a”e az=z"e=za=z"e zx=z"e e€

that is ,(x) 2 [a;e=d. Similarly, we showv that ,(x) 2 [a;e=4.

Conversely assumethat N is a cornvex normal subalgebrawith a least elemen a. The
elemen ais in the negative cone,soa® a. Sincea? 2 N, wegeta= a2 i.e.,a2 E(L). By
the normality of N, for all z 2 L, za=z" eis an elemen of N, hencea za=z" e. Sinceais
already negatiwve, this is equivalernt to a za=z thusaz zafor all z2 L. Symmetrically,
wegetza azforallz2 L,soa2 CE(L ). Moreover, sinceN is a corvex subalgebra
[a;e=d N. On the other hand, for every b2 N, we have e=b2 N, soa e=hi.e,
ab e By the certrality ofawegetba e i.e.,b e=a henceb2 [a;e=d. Consequetly,
[a;e=d = N. O

The next theoremshawsthat the congruencdattice of a nite residuatedlattice is dually
isomorphicto a join-subsemilatticeof L.

Theorem 3.12. Let L be a nite residuate lattice. Then the structure CE(L ) =
hCE(L ); ;_i is alattice and ConL = (CE(L ))@

Proof. It is easyto seethat CE(L ) is a lattice and that for all a;b2 CE(L ),
a=ab, a b, a_b=h:

Wedenethemap :CE(L )! CNS(L), by (a) = [a;e=d. If followsfrom the previous
lemmathat is well dened. If (a) = (b for somea;b 2 CE(L ), then [a;e=g =
[b;e=l, soa = by hence is one-to-one. If N 2 CNS(L), then, by the previous lemma,
N = [a;e=d, for somea 2 CE(L ), so isonto. The map reversesthe order, since
if a b then [b;e=) [a;e=d. Moreover, if [a;e=gd [b;e=h then b a, so isa
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lattice anti-isomorphism. Using the isomorphismbetweenConL and CNS (L) provided in
Theorem 3.10, we get an anti-isomorphism betweenConL and CE(L ). O

In the comnutativ e casewe do not needthe certralit y assumption.

Corollary 3.13. Let L be a nite commutative residuatel lattice. Then E(L ) is a lattice
with multiplication as meet and ConL = (E(L ))@

Note that the statemen is false without the assumption of niteness. For example,
jConZ j=2,but JCE(Z )j= 1.

Varietieswith equationally de nable principal congruences
We usethe description of congruencerelations to characterizethe comnutativ e varieties
of residuated|attices that have EDPC.
For two elemerts a;bin a residuatedlattice, seta b= (a=b" e)(b=a" e).

Lemma 3.14. If a variety V satis es the identity (x * €)Xy  y(x* ), for somek 2 N ,
thenfor everyL 2 V andfor all a;b;c;d 2 L, (a;b) 2 Cg(c;d) is equivalentto (¢ d)! a b
for somel 2 N

Proof. Let L be a residuated lattice and a;b 2 L. It follows from Lemma 3.9 that a b
i (a b e. Consequetly, Cg(a;b) = Cg(a b;e); moreover, (a;b) 2 Cg(c;d)i a b2
[€lcgc ae). Sincea b is negative, (a;b) 2 Cg(c;d) is equivalert to a b2 M(c d), by
Theorem 3.10. Using the description of the corvex, normal submonoid M (s) generated
8/ a negative elemen s given Theorem 3.10(3), we seethat this is in turn equivalert to

i”:‘l i(c d a b forsomem 2 N and someiterated conjugates i;::;; , 2 L. Recall
that f (f), for every negative elemen f 2 L and for ewvery iterated conjugate 2 |, so,

yn yn
(c )" =((c A" i((c d)) i(c d);
i=1 i=1
thus (a;b) 2 Cg(c;d) is equivalert to (¢ d)' a b, for somel 2 N. O

We sa that a variety hasequationaly de nable principal congruenes or EDPC if there
isaconjunction (x;y;z;w) of equationssud that for every algebrain the variety and for all
elemetts a;b;c;d in the algebra,(a;b) is in the congruencegeneratedby (c;d) i  (a;b;c;d)
holds.

Prop osition 3.15. Let V be a variety that satis es (x * e)y  y(x* €)X, for somek 2 N
andlet. Then,V hasEDPCi V satises (x” €" (x” e"*, for somen 2 N.
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Proof. Assumethat V satises (x* €)" (x” e"*!, for somen 2 N andlet L 2 V and
a;b;c;d2 L. Since,(c d)" (c d), for every |, by Lemma3.14we get

(a;b 2 Cg(c;d) , (¢ )" a b

Conversely if V hasEDPC givenby a conjunction of equationsand (x* e)"  (x" e)"*!
fails for every natural number n, then for every n there exist A, 2 V anda, 2 A,, a, < €
sud that ai*! < al. Let A= ~_ Ap; a= (an)n2n and b= (a*!)n2n. SinceA, satis es

(a7*1;e;an;€), for all n, it follows that A satis es (b;e;a;e), that is (b;e) 2 Cg(a;€). By
Lemma 3.14, this is equivalert to a' b, for somenumber |. Thus,a  a/**, for somel, a
cortradiction. 0

Corollary 3.16. A variety of commutative residuatel lattices has EDPC i the negative
conesof the algebas in the variety are n-potent, for somenatural numker n.

The congruenceextensionproperty
A variety hasthe congruene extensionproperty or CEP if for every algebraA in the
variety, for any subalgebraB of A and for any congruence on B, there existsa congruence
onA,sudthat \ B?=
Note that in view of Theorem 3.10 congruence®f subalgebrascan be extendedto the

whole algebrai corvex normal subalgebrascan be extended.

Lemma 3.17. If a variety satises (x * €y  y(x~ €)X then it enjoysthe congruene
extensionproperty. In particular CRL hasthe CEP.

Proof. Recall that by Theorem 3.10, congruenceon a residuated lattice are in one-to-one
corresppndencewith convex normal (in the whole residuated lattice) submonoidsof the
negative cone. Let A be a residuatedlattice, B a subalgebraof it and N a corvex normal
submonoidof B. If N%is the corvex normal submonoidof A generatedby N, it su ces to
shav that N = N B. For the non-obviousinclusion,let b2 N% B. Then ., i(a) b,
for someay;::;;an 2 N and someiterated conjugates 1;:::; . Since, k-powers of the
negative coneare in the certer, af i(ak). Moreover, ;(ak) i(a), becauseg; arein the
negative cone. Thus, ~, a b Since,a 2 N andb2 B, wegetb2 N. O

Not ewvery residuatedlattice satis esthe CEP. Let A = f0;c;b;a;egand0< c< b< a<
e. Dene @ = a;l? = ba= ab= bjac= bc= c, and let all other non-trivial products be
0. It is easyto seethat A is a residuatedlattice and B = fe;a;bg de nes a subalgebraof
it. B hasthe non-trivial congruencef e;ag;f bgg, while A is simple. To seethat, let bea
non-trivial congruenceand a e, then (ca=Q ce=¢namelyc e. So,0 e, hence = A A.
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The subvariet y lattice
In this sectionwe de ne a number of interesting subvarieties of RL and investigatetheir
relative position in L(RL ). Also, we descrite a correspndencebetween positive universal
formulas of residuatedlattices and subvarieties, and we apply it to get equational basisfor
joins of varieties in L(RL). Finally, we provide su cient conditions for the join of two
nitely basedvarietiesto be nitely basedand give exampleswherethe join of two varieties
is their Cartesian product.

We denote the classof commutativ e, cancellative, distributiv e, and integral residuated
lattices, by CRL, CanRL, DRL and I RL, respectively. It is clear that all theseclasses,
exceptpossiblyfor CanRL , arevarieties(in particular, | RL = Mod(x*e x) = Mod(e=x
e)). We will shov in Lemma 4.1 that CanRL is a variety as well. Also, let RL € be the
variety generatedby the classof all totally orderedresiduatedIlattices.

Theorem 3.18. ([BT], [JT]) The equation ,(x=(x _Vy)) _ w(y=(X_y)) e constitutesan
equational basis for RL €.

De nition 3.19. A genealized BL-algebia (GBL-algebma) is a residuatel lattice that satis es
the identities

(X" y)=y)y x"y y(yn(x"y)):

A genenlized MV-algebia (GMV-algebr) is a residuatel lattice that satis es the identities

X=((x_y)nx)  x_y (x=(x_y))nx:

We denotethe varieties of all GBL-algebrasand all GMV-algebras,by GBL and GMV ,
respectively. GBL-algebrasgeneralizeBL-algebras,the algebraiccourterpart of basiclogic
(see[Ha]).

It is noted in [BI] that the variety RL is arithmetical; in particular the subvariety lattice
L(RL) is distributive. We give a partial picture of the subvariety lattice. Inclusions that
have not beendiscussedwill be proved in subsequen chapters.

Varieties generatedby positive universal classes
A variety V is calleda discriminator variety if there existsaterm t(x; y; z) in the language
of V, sudh that if analgebraA ofV is subdirectly irreduciblethent(a;a;c) = candt(a;b;c) =
a, for all a;b;c2 A, with a6 b.
If V is a discriminator variety, to every rst order formula correspndsa variety with the
property that a subdirectly irreducible algebrais in the variety i it satis es the rst order
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Figure 2: Inclusionsbetweensomesubvarieties of RL
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formula. In this caseit is easyto construct an equational basisfor the variety generatedby
the classof all modelsof a rst order formula. Moreover, all subdirectly irreducible algebras
are simple.

Residuatedlattices do not form a discriminator variety, sincee.g. not all subdirectly
irreducible residuated lattices are simple. Newertheless,a similar corresppndencecan be
deweloped for positive universal formulas. We construct an equational basisfor the variety
generatedby an arbitrary positive universal classin a recursive way. The main tool in the
proof is the lattice isomorphismbetweencongruencerelations and certain subalgebrasof a
residuatedlattice dewelopedin [BT], seeTheorem 3.10. Even though the producedbasisof
equationsis in nite it reducesto a nite onefor certain classes.

Lemma 3.20. Let L be a residuatel lattice and Ay;::;; Ay nite subsetsof L. If a3 i1
a, = e forall g 2 Aj; i 2 f1;::;;ng, thenfor all i 2 f1;:::;ng, n; 2 N, and for all

Proof. The proof is a simple induction argumert. O

An open positive universal formula in a given languageis an open rst order formula
that canbe written asa disjunction of conjunctionsof equationsin the language.A (closed)
positive universal formula is the universal closureof an open one. A positive universal class
is the collection of all models of a set of positive universal formulas.

Lemma 3.21. Every open (closel) positive universal formula, , in the languageof residu-
ated latticesis equivalentto (the universal closure of) a disjunction, © of equations of the
form e r, wheee the evaluationof the term r is negativein all residuate lattices.

Proof. Every equationt s in in the languageof residuatedlattices, wheret; s are terms,
is equivalent to the conjunction of the two inequalitiest s ands t, which in turn
is equivalent to the conjunction of the inequalittese s=tand e t=s. Moreover, a
conjunction of a nite number of inequalitiesof the forme t;,forl 1 n isequivalen
to the inequality e t; ™ ::: ™ t,. So, a conjunction of a a nite number of equations
is equivalert to a single inequality of the form e  p, which in turn is equivalert to the
equatione r, wherer = p” e. O

Recallthe de nition of the set [ of conjugateterms on the variable setY .
For a positive universalformula (x) and a courtable set of variablesY, we de ne
BY( 1x) =fe  a(ra(¥)) _:i_ w(ra())j 12 Vg

36



S
and By ( 4x)) = fBY( x))j m 2 Ng, where qx) = (ry(x) = eor ... or rp(x) = €) is
the equivalert to (x) formula, givenin Lemma 3.21.

Theorem 3.22. Let be a positive universal formula in the languageof residuatel lattices
and L a residuatel lattice.

1. If L satises (8x)( (x)), then L satis es (8x;y)("(x;y)), for all "(x;y) in By( {x))
andy 2 Y', for someappropriate | 2 N.

2. If L is suldirectly irreducible, then L satis es (8x)( (x)) i L satis es the equation
(8x;Y)("(x;y)), for all "(x;y) in By( 4x)) andy 2 Y.

Proof. 1) Let L be a residuated lattice that satis es (8x)( (x)). Moreover, let "(x;y) be

an equationin By ( qx)); c2 LX andd 2 L'. We will shav that "(c;d) holdsin L. Since
L satis es (8x)( (x)), ¥c) holdsin L. So,ri(c) = e for somei 2 f1;2;:::;ng; hence
(ri(c)) = ¢ forall 2 . Thus, "(c;d) holds.

2) Let L beasubdirectly irreduciblethat satis esBy ( {x)) andc2 L¥, andleta; = r;(c).
We will show that a = e for somei.
Letb2 M (ap)\ :::\ M(a,), whereM (x) symbolizesthe corvex normal submonoidof the

negative conegeneratedby x. Using Theorem 3.10(3),we have that for all i 2 f1;2;:::;ng,
i

gi b e forsomes;;s;;iii;sn2Nandga;0ioiiii0s; 2 L(a&). So,
j=1

i P2 \gn
Gy Qj_i_ Oy b e
=1 j=1 j=1
On the other hand,
(@) _ 2(a) _ i n(an) = €
forall ; 2 |, sinceewery equationof By ( {x)) holdsin L. Thus,foralli 2 f1;2;:::;ng
andg 2 (&), wehaveg, @ :: 0@, = eand, by Lemma3.20,
\81 \82 \in
Oy _ O _ i O = €
i=1 j=1 j=1

Thus,b=eand M (a;)\ :::\ M(a,) = feg.
Using the lattice isomorphismsof Theorem 3.10, we obtain

(age\ (ayze\ :\ (a;e)= ;
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where ( a;e) denotesthe principal congruencegeneratedby (a;e) and  denotesthe di-
agonal congruence. Since L is subdirectly irreducible, this implies that ( a;;e) = , i.e.,
a; = e, for somei. Thus, (8x)( Yx)) holdsin L. O

Corollary 3.23. Letf ;ji 2 1g be a collection of positive universal formulas. Then,
fB( 9ji 2 1 gis an equational basisfor the variety geneated by the (suldirectly irr educible)
residuatel latticesthat satisfy ;, for everyi 2 1.

Proof. By the previoustheorema subdirectly irreducible residuatedlattice satises ;i it
satis es all the equationsin B( 9), so

Mod(*1 112 19)s = L f(Mod( N)si]i2 10
f(Mod(B( 9)siji 2 g

(Mod(" fB( D)ji21g)si;

wherefor every variety V and ewvery setof equationsk, Vs, denotesthe classof all subdirectly
irreducible algebrasof V and Mod(E) denotesthe variety of all modelsof E. Consequetly,

V((Mod(Ct 1]i21g)s)

V(MgaCTB( i 2 19)s)
Mod("fB( 9ji 2 I g);

whereV (K) denotesthe variety generatedby a classK of similar algebras. O

Note that the equational basis for the variety generatedby the models of a positive
universalformula is recursiwe.

The basis given in Theorem 3.22 is by no meansof minimal cardinality. It is always
in nite, while, as it can be easily seen,for commnutative subvarieties it simplies to the
conjunction of commutativit y and the equation of B°( 9. So, for example, the variety
generatedby the comnutativ e residuatedlattices, whoseunderlying set is the union of its
positive and negative cone,is axiomatizedby xy yx ande (x” e)_ (e=x" e).

Equational basesfor joins of subvarieties
We can apply the correspndenceto the join of two residuatedlattice varietiesto obtain
an equational basis for it, given equational basesfor the two varieties. In particular, we
provide su cient conditions for a variety sothat the join of any two of its nitely based
subvarietiesis also nitely based.

Corollary 3.24. If By;By;:::B, are equational basesfor the varieties Vi;V,; :::;V,, such
that the sets of variablesin each basis are pairwise disjoint, then fB( 9ji 2 Igis an
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equational basisfor the join V, _V, _::: V,, where ; rangesover all possibledisjunctions

Proof. The variety RL is congruencedistributiv e, so, by Jonsson'sLemma, a subdirectly
irreducible residuatedlattice in the join of nitely many varietiesis in one of the varieties.
Moreover, by the de nition of , it is clearthat a subdirectly irreducible residuatedlattice
satisesewery i, fori 2 I, if andonly if it is in oneof the varietiesVy;V,;:::;V,. So,

Vi Vo iV, =V((Vi_Va_ it Vy)s)

:V((Vl[é/z[ [ Visi)
V(MOSd( fiji21g)s)
Mod( fB( 9ji2lg):

In the caseof the join of nitely basedvarietiesthe situation is simpler.

then \I%( 9 i\s/ an equational basis for the join V; _ V, _ ::: 'V, of the varieties, where
=( By_ B,_ _ Bp) andforeveryi2f1;2;, ;ng, B; denotesthe conjunction
of the equationsin B;.

S
Proof. Retaining the notation of Corollary 3.24,we seethat f ;ji 2 | gis equiwvalert to
and fB( 9ji2lgisequialert to B( 9. O

Corollary 3.26. The join of nitely many nitely baseal varieties of residuate lattices is
recursively basel.

We de ne the varietiesG RL = Mod((x " e%(y* e) (y" e)(x” e)¥) and CanC, RL =
CanRL \ C RL:

Theorem 3.27.
1. The join of two nitely basel subvarietiesof LG _ CanC, RL is also nitely basel.

2. The join of two nitely basel subvarietiesof RL © _ G RL is also nitely basel, for
everyk 1.
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Proof. 1) Note that LG satises ,( w(X)) wz(X) and ,(x) 2 1(X), since

2( w(x))

zn(wnxw " e)z”™ e
zn(wnxw)z ™ znz ™ e

=z 'w xwz” e
= (wz) xwz” e

= wznxwz”® e
= WZ(X)
and
,(X)= zx=z"e=zxz 'he=z nxz 1M e= , 1(X):
SO, Z( W(X AN e)) WZ(X AN e) and Z(X N E) 7 1(X A e) hOId |n LG The sametwo

equationshold in CanC, RL, sincefor any negative elemen a and any elemen b, ,(a) =
bnab™ e= nba” e= a” e= aand y(a) = a” e= a. Thus, theseequationshold in the
join LG _ CanC, RL.

If V1; V, are subvarieties of LG _ CanC, RL with nite equational basesB;;B,, their
join satis es the two equations,whic\r} together with the equationsin B?( 9 imply ewery
equationof B( 9, where = B;_ B.,.

2) The variety RL € satis es the implication

X_y=e) 2(X) _ w(y) = €

by Theorem3.18. We will shav that the sameimplication holdsin G RL . If x_y = e, then,
by Lemma3.20,x* _yk = e. Since,x e wehavex® x e so,forallz; xz= zxX, hence
x¥ znxkz and xk  zxX=z. Sincex¥ g, this impliesxk znxkz”~ eand xX zx*=z" e,
e, xX  ,(x¥andxk  ,(x¥), for all z. Thus, ,(x¥) _ w(y¥) = e. Moreover, left and
right conjugatesare increasingin their argumens, so ,(x) _ w(y) = e.

All subdirectly irreducible residuatedlattices in the join RL € _ G, RL coincidewith the
subdirectly irreduciblesin the union RL © [ G RL, soall of them satisfy the implication.
Sinceevery residuatedlattice in the join RL © _ G RL is a subdirect product of subdirectly
irreducible algebras,and quasi-equationsare presened under products and subalgebrasthe
join satis es the above implication.

Now, if Vi; V, are subvarietiesof RL © _ G RL with nite equationalbasisBi; B, then
their join a\l/so sati\s/es the implication. Since, B( 9 is an equational basis for V; _ V5,
where = B;_ B, the implication is a consequenc®f a nite subsetB of B( 9, by
compactnesslt is clearthat B[ BY( 9 is a nite equationalbasisfor V; _ V.. O
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Corollary 3.28. The join of two nitely basal commutative varieties of residuatel lattices
is nitely baseal.

It is an open problemwhetherthe join of two nitely basedvarietiesof residuatedlattices
is nitely based.

Direct product decompsitions
Certain pairs of subvarieties of RL are sodi erent that their join decompsesinto their
the Cartesianproduct of the two varieties, i.e., the classof all Cartesianproducts of algebras
of the two varieties. Sud a pair is the variety of “-groupsand the variety of their negative
cones. First we give a generallemmathat allows us to obtain sudr decompsitions of the
join of two varieties from two projection-terms.

The following proposition is in the folklore of the subject and easyto prove.

Prop osition 3.29. LetVy;V, be subvarietiesof RL with equationalbasesB; and B, resyec-
tively, and let 1(x); 2(x) be unary terms, suchthat V; satises 1(x) x and ,(x) e
and V, satises 1(x) e and ,(x) x. ThenV;_V,=V; V, and the following list,
B: By, of equationsis an equational basis for it.

) u(x)  2x) X

i) i(;(x) efori;j2fL29,i6 ) and ( i(x)) i(x) for i 2 f1,;20.

i) ij(x?y) i(xX)? i(y); whee?2f*; ;;=ngandi 2 f1;2g
iv) "( 1(X1); 5 1(Xn)), for all equations”(xy;:::; X,) of By
V) "( 2(X1);:n 2(%yn)), for all equations™(Xy;:::;Xn) of B,

For any pair of subvarietiesof V;; V,, the samedecomposition holdsfor their join, and if
B.;B, are nite, thensois B; B.,.

Proof. It is easyto seethat the equationsin B; B, hold both in V; and V,, hencethey hold
in Vi _ V,, also. Now, supposethat the residuatedlattice A satis es the equationsB; Bo;
we will showv that Aisin V; Va.

Dene A; = fx 2 Aj »(xX) = eg and A, = fx 2 A] 1(X) = eg. Using (iii) and (i),
it is easyto seethat A; and A, are subalgebrasof A. Dene the mapf : A! A; Ay,
by f(x) = ( 1(x); 2(x)). It is easyto chedk that f is well de ned, using (ii); that it is a
homomorphism, using (iii); one-to-one,using (i); and onto, using (iii) and (i). Thus, A is
isomorphicto A;, A, 2V; V, Vi V.. O

Corollary 3.30. If B;=f(e=Xx egandB,=fe*x xg,thenB; B, is an equational
basisfor LG_IRL = LG IRL.
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Proof. Let ;(x) = eqe=x and ,(x) = (e=XX. It iseasyto seethat LG satis es eqe=x)
gex ) 1 xand(e=Xx x x e andthat | RL satises (e=XY)x ex x and
efe=xX) e O

Substructural logics and the decidabilit y of the equational theory
In this sectionwe discussthe connectionsof residuatedlattices to logical sequeh calculi
and mertion the derivation of the decidability of the equational theory of RL from this
analysis,givenin [JT].

Let L bethe similarity type of residuatedlattices and T, the set of all residuatedlattice
terms. A sajuentis a sequencef the form

W( 15000 ta(X);riitm (X)) T t(X);

N; si;tj 2 T.. A sequentrule or Gentzenrule is a sequencef the form
1y+++ my m+ls

wherem 2 N and ; aresequets for all i 2 Nyh+1. An instance of the rule is obtained by
substituting instancesof the sequets in it. We denote the empty monoid word by " and
the empty sequenceof sequets by space. A Gerizen rule R is usually written in fraction

notation:
m+1

A sajuentcalculus or Gentzensystemis a set of Gertzen rules.

Let be a set of instancesof sequets, an instance of a sequeh and S a Gertzen
system. We call an immediate consejuene of via S, if thereare i;:;; » 2 and
R 2 S, sut that =—2=—m js aninstanceof R. We say that is provablefrom via S, if
thereis asequence 1;:::; = , sud that foralli 2 N,, ;isanimmediateconsequence
of [f 1;:::7 10, viaS. If isprovablefrom; via S, we sa that is provablein S.

We de ne the interpretation, [], of a sequenceof terms, an instance of a sequeh and an
instanceof a Gentzen rule in the following way:

[1=[(tutsin)] =t 2t [']= €
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L2remo—(( Jand[ Jand i and[ ) imply []) :

Considerthe following Gertzen system,G:

u

1 (Id) T (e-left) e (e-right)
st " u s Tt
m ( |eft) st ( I’Ight)
st " u s 't .

(sn) U (nleft) i (nright)
S T u st .
(=9 T (Sleft) = (=right)

s u t u ©s . Tt .
5D U (_left) T_t(_“ghtl) T_t(_“ghtz)
s " u t " u ©s Tt

(s"t) \—u(’\IEftl) ) U u(’\|eﬁ.‘2) At (" right)

This systemlacks the three structural rules of weakening, cortraction and exdange, so
it descrikesa substructural logic. Actually, the correspnding logic is the unboundedversion
of the Full Lambek calculus. It is easyto ched that if is provablein G, then[] istrue in
RL, by verifying that the interpretation of every immediate consequencef is satis ed, if
the interpretation of every elemen of is satis ed. But more than soundnesf the rules
is true; the following completenesgheoremis a generalizationto the non-commutativ e case
of a theoremfor a fragmert of intuitionistic linear logic, proved in [OT]. The details can be
found in [JT].

Theorem 3.31. [JT] For aresiduatel lattice term p, the inequality e pis satis ed in RL
i theseguent” = pis provablein G.

Corollary 3.32. [JT] The equational theory of residuatel latticesis decidable.

Proof. Let t; s be residuatedlattice terms. Note that an equationt s is equivalert to the
conjunction of the inequalitese s=tande t=s. Thus, to decidewhethert s holds
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in RL it suces to decidewhether RL F e p, wherep is a term. By Theorem 3.31,
this is equivalent to decidingwhether” * p is provable in G. Note that provability in G is
decidable,becauseif is provable then there is a sequenceof immediate consequencef
which is the last member. There are only nitely many choicesfor the rule usedin the
last step. Actually, only the rules for which there is an instancewith  asthe denominator
are candidates. Moreover, there are nitely many ways in which  can be a denominator
of a given instance of a rule. Thus, we have nitely many collections of nitely many
sequeh instancesas the only choicesfor numerators of rule instancesthat can produce .
Additionally, all these sequeh instanceshave strictly lower complexity than , where the
complexity of a sequeh instancecould be taken asthe sum of the heights of the terms that
are menbers of it (a sequeh instanceis a sequenceof terms and "~ ). Of coursethe same
argumenation appliesto the candidate sequen instances. This processof chedking possible
elemerts for being denominatorshasto stop becauseof the decreasing-complexjt nature of
it. If a possibleroute, which can be visualized as a branch of a seard tree, leadsto the
numerator of the Id-rule or of the e-right rule, then is provable in G. Otherwise, if all
routes stop at somesequeh that is not a denominator of any instanceof a rule in G, then
cannot be provable. Thus, it is decidablewhether" * p is provable in G, for every term
p. O

Lexicographic orders on semidirect pro ducts of residuated lattices
We concludethis sectionwith an obsenation on semidirectproducts of residuatedlattices
under the lexicographicorder. Lexicographicorderson “-groupsturn out to be a usefultool,
see[AF], [Me]. We provide conditions for the semidirect product of two residuatedlattices
under the lexicographicorder to be a residuatedI|attice.

Let K and Q be residuated lattices and a monoid homomorphismfrom the monoid
reduct of Q to the endomorphismmonoid of the monoid reduct of K. It is easyto chedk
that the setK  Q togetherwith the multiplication givenby (a;b) (c;d) = (a (c);bd and
the orderde ned by (a;b) < (c;d), b< dor (b= danda< ¢, the reverselexicographic
order, is actually a monoid with idertity elemen (1« ; 1o) and a partially orderedset. We
call this structure the semidirectproduct of K by Q over and we symbolizeit by K Q.
(Note that multiplication is not necessarilycompatible with the order.)

Prop osition 3.33. Let K and Q beresiduatel latticesand a monoid homomorphismfrom
the monoid reduct of Q to the endomorphismmonoid of the monoid reduct of K. Then,
K Q de nes a residuatel lattice i all the following conditions hold
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1. Q is achainor K is boundet,;

2.  is aresiduatel map, for all x 2 Q;

3. Q is cancellative or K is a singleton;and

4. Q is an -group or K hasa maximum element.

Proof. Assumeall the conditions hold. The rst condition guararteesthat the structure is
a lattice. In both caseghe join and the meetare easyto compute.

If K is boundedthen
(a_cbh ifb=d

@B_(Cd=" b & ifbsd

and
(@b~ (= @ ch irb=d
(1«:br d) if b6 d

If Q is a chain then 3
2 (a_cb ifb=d
(a;b) _ (c;d) = S (a;b) if b> d
(c;d) if b< d

and 8
2 (arch ifb=d
(a;b ™ (c;d) = S (c;d) if b> d
(a;b) if b< d

If K is a singleton, multiplication is vacuously order preserving. In view of the third
condition assumethat Q is cancellative. Let a;c;f 2 K; b;d;g2 Q and (a;b) < (c;d), i.e.,
b< dor (b= danda< c). Wewill showv that (a;b)(f;g) (c;d)(f;g) and (f;g)(a;b)
(f;9)(c;d), namelythat (a »(f);bgd (c q(f);dg) andthat (f g(a);gb) (f ¢(c);gd).

If b< dthen bg< dg and gb< gd, becauseof cancellativity, so both of the inequalities
hold. If b= dand a< c, then bg= dg and gb= gd. Additionally, a ,(f) = a 4(f) < c 4(f)
and g4(a) ¢(0), sof 4(a) f 4(c). Thus,the inequalitieshold in this case,as well.

By the secondcondition, , = (x) is a residuatedmap for all x 2 Q; let (x) denote
the residual of . To prove that multiplication is residuated,in view of the last condition,
suppose rst that Q is an I-group. Let k;I;m 2 K;x;y;z 2 Q. We will show that the pair
( o (knl);x ly) is the maximum (m;z) with respect to the property (k;x)(m;z) (17 y).
Note that

(k;X)( o (knl);x ty) = (k «( ((kn);xx ty)  (k(knl);y)  (Ly):
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Conversely if (k;x)(m;z) (l;y), then(k «(m);xz) (l;y). Soeitherxz < y,orxz =y
and k x(m) I. In the rst case,z < x 1y, so(m;z) ( .(knl);x 1y). In the second
case,z = X 'y and ,(m) knl, som (knl), hence(m;z) (. (knl);x ly). Thus,
(k;x)n(l;y) = ( ,(knl);x ty). Similarly, we canshaw that (I;y)=(k;x) = (yx *; yx 1(k)nl).

In the casethat K hasa top elemem, working as above we can seethat

. . (1k ; xny) if x(xny) <y
(N = knlyixny) i x(xny) =

and _
Gy)=x) = ey It y=ax <y

(1= y=x(K);y=x) if (y=x)x =y

Conversely supposethat K Q is a residuatedlattice. If Q is not a chain, then there
is a pair of incomparableelemens x;y. Let a2 K and(a;x)_(a;y) = (b;z), for someb2 K
and z 2 Q. Since,(a;x);(a;y) (b;z) wegetx;y z,thusx_y z If x_y< zthen
(a;x _y) would be a commonupper bound of (a;x) and (a;y), but strictly lessthan their
join, a cortradiction. Soz = X _ y. Sincex;y are incomparable(a;x);(a;y) < (c;x _y) for
allc2 K,thus(b;x_y)= (a;x)_(a;y) (c;x_y)forallc2 K; henceb ¢ forallc2 K,
namely bis the leastelemen of K. Similarly, onecan prove that K is upper bounded;thus
the rst condition holds.

If Q is not an I-group, then there exists an elemen x in Q sud that x(xne) < e. Let
kibm2 K, z2 Qand(m;z) = (k;x)n(l;e). Then (k x(m);xz) (l;e), soxz e, ie.,
z xne. Hence,(m;z) (m;xne). Moreover,

(k;x)(m; xne) = (k x(m);x(xne)) < (I;€);
hence(m; z) = (m; xne). Furthermore, for everyn 2 K,
(k;x)(n; xne) = (k x(n); x(xne)) < (I;e);

hence(n;xne) (m;xne). Thus,n m, forall n 2 K, i.e.,, K hasan upper bound, a fact
that establishesthe last condition.

To prove the secondcondition, we needto shav that for all x 2 Q, the map  is
residuated, i.e., there existsa map ?,sudh that for all k;n 2 K, ,(n) i n o).
We de ne 2(l) to be the rst coordinate of the elemen (e;x)n(l;x). It is easyto seethat
the secondcoordinate of this elemen is xnx, so ( 2(1);xnx) = (e;x)n(l;x). Given that
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X (xnx) = x holdsin ewery residuatedlattice, by Lemma 3.1(15), we have

n 2 , (mxnx) (2();xnx)
, - (myxnx)  (e;x)n(l; x)
, (ex)(n;xnx)  (I;x)
, (e x(n);x (xnx)) (I5%)
, o x(n)

Assume,now, that K is not a singleton. We will showv that Q is cancellative. Note rst
that for all 2 Q, therearem;n 2 K sudthat m < nand 4(m) & 4(n), becauseotherwise
q(X) = 4(y), forall x;y 2 K, acortradiction sinceno constart map is residuated,unlessit is
de ned over a singleton. Suppose,by way of cortradiction, that gs = gr, for someq;s;r 2 Q.
ft=s_r,thenqgt =q(s_r)=0gs_ g = gs. Sincemultiplication is order preserving
and (n;s)  (m;t), weget(e;q)(n;s) (e;9)(m;t), namely ( q(n);as) ( q(m);qt). Since
gs = qt, we get 4(n) q(m), while from m < n and the fact that  is order preserving
we have 4(m) q(n), a cortradiction. Now, supposethat sq= tq ands t, for some
g;s;t2 Q. From (n;s) (m;t), weget(n;s)(e;q) (m;t)(e;q), namely (n;sq  (m;tq).
Sincesq= tq, wegetn m, acortradiction. Thus, Q is both left andright cancellative. O

Sincethe direct product is a special caseof a semidirectproduct under a residuatedmap,
the sameconditions apply.

For a study of semidirectproducts under di erent order relations, we refer the readerto
the work in progress[JoT] of B. Jonssonand C. Tsinakis.
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CHAPTER IV

CANCELLATIVE RESIDUATED LATTICES

This section cortains a brief exposition of cancellative residuated lattices and of the
connectionsbetween "-groups and their negative cones. Most of the results will appear in
the author's joint paper [BCGJT] and will be usedin Chapter VI1.

Note that ewvery non-trivial cancellative residuatedl|attice is in nite. Indeed,sincea non-
trivial residuatedlattice hasa non-trivial negative cone(it canhave a trivial positive cone),
and multiplication is order preservingand cancellative, it follows that all the powers of a
strictly negative elemen have to be distinct.

It turns out that the languageof residuated lattices has enough descriptive power to
expressequationally the property of cancellativity (ac= bc) a= ¢).

Lemma 4.1. [BCGJT] A residuatel lattice is right cancellative as a monoid if and only if
it satis es the identity xy=y X.

Proof. Theidentity (xy=y)y xy holdsin ewery residuatedlattice sincexy=y xy=yimplies
(xy=y)y xy,andxy xy impliesx xy=y, hencexy (xy=y)y. By right cancellativity,
we have xy=y = x. Corversely supposexy=y X holds, and considerelemets a;b;c suth
that ac= bc Then a= ac=c= bc=c= b, soright cancellativity is satis ed. O

Thus, a residuated lattice is cancellatiwe if it satis es both xnxy y and yx=x .
Consequetly, the classCanRL of cancellative residuatedlattices is a variety.

In [AF], it is shown that the lattice reduct of an "-group is distributive. Example 3.29
shows that this is not the casefor, even comnutativ e, cancellative residuatedlattices. Ac-
tually, it is shovn in [BCGJT] that CanRL satis es no non-trivial lattice idertity.

The following proposition shavs that V (Z ), the variety of residuatedlattices generated
by the non-positive integersunder addition and the natural order, and the variety of "-groups
form a splitting pair in the subvariety lattice of cancellative residuatedlattices.

Prop osition 4.2. For everycancellative residuatel lattice, either it hasZ as a sulalgeba
or it is an "-group.

Proof. Let A be a cancellative residuated lattice. In view of Lemma 3.1(4) either there
exists a strictly negative elemen a of A, sud that e=a= e or for ewery strictly negative
elemen x of A, e < e=x It is easyto seethat in the rst casethe subalgebragenerated
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by a is isomorphicto Z . In the secondcasefor every elemen a of A, considerthe elemen
X = (e=3ga. It cannot be strictly negative becausee=x= e{e=ga = (e=gd=(e=g = e, by
cancellativity; sox = e. Thus, A is an "-group. O

Lattice-ordered groups
The most well studied examplesof cancellative residuatedlattices are “-groups. As men-
tioned in Example 3.1, the classLG of "-groupsis axiomatized, in the cortext of residuated
lattices, by the identity x(xne) e. Below we provide alternative axiomatizations of LG.

Lemma 4.3. Each of the following setsof equationsforms an equational basis for LG.
1. (e=Xx e
2. X exxne) and x=x = e
3. x y=(xny)
4. x=(yne) yx
5. x=(yne) xy ande=x xne
6. (y=x)x 'y
7. x=(ynz) (z=x)ny)

Proof. Recallthat an "-group hasa group and a lattice reduct and multiplication distributes
over joins. Obviously all the equationsare valid in *-groups, if we de ne x=y = xy ! and
ynx =y x.

A residuatedlattice that satis es the rst identity is a monoid sud that every elemen
hasa right inverse,soit is a group. Multiplication distributes over joins, by Lemma3.1, so
we obtain an "-group. Using the two idertities of (2) and Lemma 3.1 we get

(e=X=(e=x) e ) eqe=Xx e

) [eHe=Xx]ne ene

) (e=Xx e:

So, (2) implies (1). Settingy = e in (3), we obtain x  exxne); setting X = e, we get
e y=y. So(3) implies (2). Setting x = ein (4), we have exyne) Y, settingy = e=x
we get x=[(e=X)ne] (e=X)x, sox=x (e=Xx. It follows from Lemma 3.1(4) and (14) that
X=X is an elemen of the positive coneand that (e=Xx is an elemen of the negative cone,so
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x=x (e=X) e For (5) wework in asimilar way. Identity (6) yields (1) for y = e. Finally,
forx =z=ein (7), wegety = exyne) andfor z= x;y = ewehavee x=x = (x=x)ne, so
X=X e, sox=x = e. Thus, (7) implies (1). O

The subvariety lattice of LG hasa uniqueatom, the variety CLG of comnutativ e “-groups.
This varitey is known (see[AF]) to be equalto V (Z), the variety of "-groups generatedby
the integersunder addition and the natural order. Moreover, LG has a unique lower cover
N . It is well known that LG hasa decidableequational theory.

Negativ e cones of "-groups
Recallthe de nition of the negative coneof a residuatedlattice and of a classof residuated
lattices givenin Example 3.7. We presen a characterization of the negative conesof “-groups,
that allows to concludethat LG is a variety. Moreover, we investigate the similarities
betweenthe subvariety lattices of LG and LG .
Recall the de nition of a generalizedBL-algebra and of a generalizedMV-algebra, from
page34.

Theorem 4.4. [BCGJT] For aresiduatel lattice L, the following statementsare equivalent.
1. L is the negative cone of an "-group.
2. L is a cancellative integral GMV-algeba.
3. L is a cancellative integral GBL-algeba.

Corollary 4.5. [BCGJT] The classLG is a variety, axiomatizel relative to RL by the
identities xy=y x ynyx and (x=y)y x”vy y(ynx). Alternatively, the last two
identities can be replacd by x=(ynx) x _y (X=y)nx.

Recall that for a classK of residuated lattices, H(K), S(K), P(K) and K denote,
respectively, the classof homomorphicimages,subalgebras products and negative conesof
menbers of K.

Theorem 4.6. [BCGJT] The mapK 7! K , de ned on classesof “-groups, commuteswith
the operators H, S and P, and restricts to a lattice isomorphism betwesn the subvariety
latticesof LG and LG .

Corollary 4.7. [BCGJT] The variety V(Z ) consists of all negative cones of Abelian -
groups.
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We now shaov how equational basesof varieties are translated by the isomorphismof the
subvariety lattices of LG and LG .
For a residuatedlattice term t, we de ne a translatedtermt by

X =x"Ne e =e
(s=t) =s =t "e (snt) =snt "e
(st) =s't (s_t) =s _t (sMt) =s Nt

Lemma 4.8. [BCGJT] ForanyL2 RL,L Fs ti LFESs t .

Theorem 4.9. [BCGJT] LetV be a subvarietyof LG , de ned by a set E of identities and
let W = Mod(E )\ LG, wheeE =fs t j(s t)2Eg. ThenW =V.

Note that since and ! distribute over _ and , any LG identity is equivalert to a
conjunction of two idertities of the form e  p(g:;:::;0.), wherep is a lattice term and

Every group term g can be written in the form p;q, *p.q, > pnq, * wherethe p; and g
are products of variables (without inverses).De ne

0=0 anNch( (R(hPi=q)P2=¢G) )Pa=]:

Theorem 4.10. [BCGJT] Let V be a subvariety of LG, de ned by a set E of identities,
which we may assumeto be of theforme g, ::: g,. Let

E=fe & ::: _dje o _:::_ o, isinEg:

Then E is an equational basisfor V relativeto LG .

For example considerthe variety R = RL°\ LG of representable -groups which (by
de nition) is generatedby the classof totally orderedgroups(see[AF] for more details). An
equational basisfor this variety is givenby e  x lyx _y ! (relative to LG). Applying the
translation above, we obtain e  zxn(zy=2z)x _ ynz as as equational basisfor R .

Corollary 4.11. [BCGJT] The mapV 7! V from L(LG) to L(LG ) sends nitely basal
subvarietiesof LG to nitely basal subvarietiesof LG .
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CHAPTER V
ATOMIC SUBVARIETIES

In this chapter we investigatethe atomic varietiesin the subvariety lattice of residuated
lattices. In particular, we give in nitely many comrutative atoms and note that there are
only two cancellative ones. Moreover, we presemt a cortinuum of atoms that satisfy the
idempotency law for multiplication and arein RL €. Finally, we obsene that there are only
two commutativ e idempotent atomic varieties.

A non-trivial algebraA is called strictly simpleif it lacks non-trivial proper subalgebras
and congruences.Recall that, by Theorem 3.10, congruencen residuated lattices corre-
spond to corvex normal subalgebras. So, the absenceof non-trivial proper subalgebrasis
enoughto establishthe strict simplicity of a residuated |attice.

Prop osition 5.1. Let a be a non-identity elementof a strictly simple, lower boundel resid-
uated lattice, A, and let t(x) be a term suchthat A satises t(x) = a, if x 6 e. Then, the
variety geneated by A is an atom in the subvarietylattice.

Proof. Let V bethe variety generatedoy A. By Jonsson'd.emmathe subdirectly irreducible
algebrasof V are corntained in HSP (A). So,if D 2 Vs, there exists, an ultrap ower B of A
and a non-trivial subalgebraC of B sud that D = f (C) for somehomomorphismf . Since
A is strictly simple, thus generatedby any of its non-idertity elemeits, we can assume,
without lossof generaliy, that a = 0, the leastelemen of A. Note that A satis es the rst
order formula:

Bx;y;z2)(x8 e6y! t(x)=tly) 2);

thus, sodoesB, by the remark on page5. So,B hasa least elemen 0° which is actually
cortained in all non-trivial subalgebrasof B.

Sincethe least elemen is term de nable and A is generatedby 0, the subalgebraF of
C generatedby 0°is isomorphicto A, henceF is strictly simple. If any two elemens of
F have the sameimage under f , then f (F) = feg; thus f (09 = f (e). Sincethe idertity
elemen of a residuatedlattice is its leastelemen only if the residuatedlattice is trivial, we
get f (C) = feg, a cortradiction. Consequetly, f (F) D is isomorphicto F. Thus, A
is isomorphicto a subalgebraof every subdirectly irreducible member of V, henceV is an
atom. O

The following lemmadescritesthe nitely generatedatoms of L (RL ).
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Corollary 5.2. Let V be a nitely geneated variety. Then V is an atomin L(RL) i
V = V(L), for some nite strictly simpleL.

Proof. Let V bean atomic variety generatedby a nite algebraK . If K is not strictly simple,
then there is a minimal non-trivial subalgebralL of K. SinceV is an atom, it is generated
by L. The converseis a direct consequencef the previouslemma;the necessaryerm exists
becausel is strictly simpleand nite. O

Comm utativ e atoms
The simplestnon-trivial residuatedlattice is 2. The underlying setis 2 = f0; eg, 0 is the
leastelemen and e the multiplicativ e idertit y. Recallthe de nition of a generalizedBoolean
algebrafrom Example 3.2. We prove that the classGBA of generalizedBooleanalgebrasis
avariety andit is generatedby 2. Additionally, we provide equational basesfor this variety.

Prop osition 5.3. Let L be a residuatel lattice. The following statementsare equivalent.
1. L is a genenlized Boolean algeba.
2. L isin the variety V (2).

3. L satis es the identities
@ xy x”"y,and
(b) x=(x_y)_(x_y) e
4. L satis es the identities
@ xy x"y,and
(b)) x*y)=y_y e
5. L satis es the identities
(@ xy x”"y,and
(b) y=(y=x) x_y.
6. L satises x=(xny) x (y=x)nx.

Proof. Wewill shavthat (1) ) 3)) @) ) (2 ) (B)) () andthat (6) , (1).
(1) ) (3): We assumethat ewery principal ideal is a Booleanalgebra. In particular, L
hasa top elemem e. Considerarbitrary x;y 2 L. Sincethe elemen x _ y is in the interval
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[X; €], it hasa complemen z in [X; €]. Note that x=(x _y)”™ (x_y) X, by Lemma3.1,and
x=(X _y) is the maximum elememn with this property. Sincez alsosatis es this property, we
havez x=(x_y). So,e=2z_(x_y) x=(x_y)_(x_y) e hencex=(x_y)_(x_y)=e

(3) ) (4): The idertity (4)(b) follows from the idertity (3)(b). by substituting x * y
for x.

(4)) (2): Let P beaprime lter of L andfp : L! 2bedenedbyf(x)=1i
x 2 P. We will shav that f is a residuated lattice homomorphism. It is clear that fp is
a lattice homomorphism,thus a monoid homomorphismaswell. To prove that it presenes
the division operations, given their behavior on 2, we only needto show that

X=y62P i x62 andy?2 P.

Assumethat x=y 62P andy 62P. Since,x=y = (x " y)=y, and P is prime we have
e= (x"y)=y_y 62P, acortradiction. Assumethat x=y 62P andx 2 P, thenx x=y and,
sinceP is a lter, x=y 2 P, a cortradiction. Conversely if x 62°,y 2 P and x=y 2 P, then
X (x=y)™y2 P, hencex 2 P, a cortradiction.

Sincefp is a homomorphism,K er(fp) is a congruenceon L. In order to prove that
L is a subdirect product of copiesof 2, we needonly showv that the intersection of the
congruencesbove is the diagonal. This follows from the fact that any pair of elemets (a;b)
in a distributiv e lattice can be separatedby a prime lter, i.e., there existsa prime Iter P
sud that a2 P and b62P, or such that b2 P and a62P. ThusL isin V (2).

(2) ) (5): It istrivial to ched that 2 satis es the idertities in (5).

(5) ) (1): Assumethat x;y are elemens of L, sud that x y. We will shov that
x=y is the complemen of y in [x;€]. We have x  Xx=y, sincex”™y X; sox y” (x=y).
Moreover, y ™ (x=y) X, hencey ™ (x=y) = x. Additionally,

y_ (x=y) = (x=9)=((x=y)=y) = (x=y)=(x=(y " y)) = (x=y)=(x=y) = €:

(1) , (6): Having establishedthe equivalenceof (1) and (2), note that the algebra2
satis es the idertity (6). Conversely supposethe equation (6) holdsin L. For every elemen
y of it we have e = egeny), soe e=y, i.e.,y e So,L isan integral residuatedIattice.
Moreover, we have

X x=(xny) ) xn(xny) (x=(xny))n(xny)
) X?ny  xny
) X% X

Togetherwith integrality this givesxy = x vy, for all x;y 2 L. Assumenow that y  Xx.
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We will show that the complemen of x in [y; €] is xny. Note that y  xny, by integrality, so
y x” xny. On the other hand we have x * (xny) vy, by Lemma3.1,thusx” xny = y.
Moreover,
X _xny = (x=(x _ xny))n(x _ xny)
= (x=x" x=(xny))n(x _ xny)
= (x=x" xX)n(x _ xny)
XnX  e:

So,X _ xXny = e. O

Recallthat Br denotesthe variety of Brouwerian algebras,seeExample 3.3, and GMV
the variety of generalizedMV-algebras, seepage 34. By (5)(b) of the previouslemma, we
have GBA = Br\ GMV . Moreover, GBA is an atom in the subvariety lattice, since?2 is
strictly simple. It is easyto seethat it is the only atom below Br.

We denote by n the integral residuated lattice de ned by the monoid on the set

GMV-algebra.
Lemma 5.4. The following list is an equational basisfor V (n + 1).
1 (x=(x_y)) _ wly=(x_y)) = e
2. xnooxn
3. XNy = x(xny) = (y=X)X
4. x" = x"=(x"ny")
5. (x"=y")?2 = (x"=y") and (y"nx")? = y"nx"
6. Xy yx

Proof. Obviously, the algebran + 1 satis es all the idertities. Conversely assumethat L is
a subdirectly irreducible residuatedlattice that satis es the idertities. By (1) and (2), L is
an n-potent chain. It is easyto see,andit will be provedin Lemma7.5,that L is an integral
GBL-algebra, by (3). Note that the idempotent elemertts are of the form x" and that they
form a subalgebraof L. Indeed,they are closedunder division by (5), obviously closedunder
the lattice operations, and the product of any two sud elemetns is their meet- if a b
thena= a> ab a. By the fourth identity and Proposition 5.3(6), this subalgebrais a
generalizedBooleanalgebra. Sinceit is alsototally orderedit is isomorphicto 2.
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We will, now, shov that L is generatedby a single elemen as a monoid. Assume
that there are non-idertity elemens a b that are not powers of a common elemeit.
Dene a; = a, by = b a1 = b ™ knax and by = be _ benae. Obviously, ax b,
ax = ak+1 b+1, becauseof (6) and (3), for all k, and b is an increasingsequence. So,
a=a = ab = azhsh, = = Qnaabhaabhbn 1 by e(bher)" = (bhea)". Sincethere
are only two idempotent elemets in L, either (h,+1)" = 0, or (b+1)" = e In the rst
case,a = 0 = b, soboth a and b are powers of b. In the secondcasehb,.; = e. Since
ther = b _bhnag =y 1y anay 1_:ii_bnay, =  =b_bna; i byna,, we have
bnay = e, for somek. We have by ag, soax = b. Using the fact that b, 2 fac; ;10
and ax = ax+1 be+1, for all k, andinduction, it is not hard to seethat both band a are powers
of b, O

Any strictly simple nite residuated lattice di erent from 2 hasto have a top elemen
di erent than e. This is becauseotherwisef0; eg would be a subalgebraisomorphicto 2.
We give below an in nite list of examplesof nite comrmutativ e totally orderedresiduated
lattices that are strictly simple and generatedistinct atomsin L(RL ).

For ewvery natural number n setT, = f1;eg[ fuxjk 2 N,g. De ne an order relation
onT, byuc ui k |, andug < e< 1, for all natural numbersk n. Also, de ne
multiplication by x1 = 1x = x, for all X 6 € UkU; = Uminfnk+1g, fOr all k;1 2 N,; and the
two division operationsby x=y = fz 2 T,jzy xgandynx = fz2 T,jyz Xxg.
Note that multiplication is order preservingand, since T, is dually well ordered, T, =
hT,;”; _; ;n;=;el is a residuatedlattice.

Figure 3: The residuatedlattice T,,.

Lemma 5.5. Thevariety V (T ,) is an atomin the subvarietylattice of RL , for everynatural
numker n.
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Proof. Note that T, is generatedby any of its non-idertity elemens. If x < e, thene=x= 1,
moreover, e=1 = u and u, = uX, for all k n. So, T, is strictly simple, henceit generates
an atom by Corollary 5.2. O

Setl(x) = x_(e=X. If a2 T, feg, then1(a)= 1.

Prop osition 5.6. For everyn, the following list B,, of equationsis a nite equational basis
for V(T,).

Lo (=(x_y) _ wly=(x_y)) e

2. x™ X"

3. (x_€e? (x_e

4. ef{(x _ene) x_e

5. (eZL(x))" x  (e=L(x))"

6. x*yre (x"e((x"enyre) ((y"e=x"e)x" e
7. (xMe" (x"Me"x((x"e"nyre)" e e

8. (x"=y")? (x"=y") and (y"nx")*  y"nx"

9. xy yx

Proof. Obviously, V(T ) satis es B,,. Let L be a subdirectly irreducible residuatedlattice
that satis es B,. L hasto be a chain, becauseof the rst equationand Theorem 3.18,and
its negative coneis isomorphicto n, becauseof equations(2), (6), (7), (8) and (9). Assume
that the negative coneis f e;u; u?;::;;u” = 0g. Obsenethat L hasa strictly positive elemen
a. Otherwise, L would be integral, soe=x= g, for all x 2 L, hencel(x) = e. In that case,
(5) would imply e x = e, for all x 2 A, a cortradiction. By (3), we get a®> = a. SincelL
has a bottom elemen, it alsohasa top elemen 1. For ewery strictly positive elemen b of

L, whaveu=eu bu Ife buwehavee beu bbuu :: Bu"=bB0=0 a
contradiction. Sobu= u, hencebne = u. Usingequation(4), wehaveb= exbne) = e=u= 1,
sothere is a unique strictly positive elemem and L is isomorphicto T, O

Working toward a partial description of nite, commutativ e, strictly simple, residuated
chains, we note that they have similar properties asthe algebrasT ,,.

Lemma 5.7. Let L bea nite, commutative, strictly simple memter of RL € and let 1 be
its top element. Then x1 = x, x=1 = x, x=x = 1 and x(e=l) x " (e=l), for all x 6 e.
Moreover, 1 coverse and e coverse=1.
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Proof. Obviously, L is a subdirectly irreducible elemen of RL €, soL is chain. If L = 2, then
the conclusionis obvious. Otherwise,L hasatop elemen 16 e. If e= e=l,thene e=l,
i.e.,1 e acortradiction. So,e6 e=l. Note that e=1 = e=1? = (e=1)=1,soe=l (e=1)=l,
hence(e=1)1 e=l. On the other hand,e=1 (e=l1)1, sincee 1;soe=1= (e=l)1.

It is easyto show that if x1 = x and y1 = vy, then xyl = xy, (x=y)1 = x=y and
(e=X)1 = e=x By the assumptionof strict simplicity, for every elemem of a 6 e of L, there
exists a term t,, sudh that a = t5(1). It is easyto prove that x1 = x, for all x 6 e, by
induction on the complexity of t,. Consequetly, x x=1. Since,x=1 x=e= X, we have
x=1= x. Moreover, 1Ix x implies1l x=X, sox=x = 1. Obviously, e=l e, sox(e=l) x.
Also, e=l e=x sincex 1,i.e.,x(e=l) e So,x(e=l)1 e, hencex(e=l) e=l. Thus,
x(e=l) x” (e=l). Toshow that eis coveredby 1, notethat if x > e, then1l 1x= x. It
is obviousthat e=l e If x< e thenlx e sox e=l, henceeis a cover of e=l. O

Corollary 5.8. LetV F (efe=X)" x and (x*¢e" (x~¢e""1. ThenCanlRL _V =
Canl RL V. Henee, Canl RL _ V(T i;;Ti,;i5Ti )= Canl RL - V(T Ti,s T ).

Proof. Let 1(x) = ((e* x)""*=(e” x)")* e and ,(x) = (exe=X)" _x. Note that Canl RL
satises 1(x) = ((e® x)"=(er* x)M e (erx) e xand »(X) = (efe=X)" _Xx
e X e. On the other hand, V satises ,(x) = (eqe=X)" _ x x and 1(x) =
((erx)"=erx)M e ((e"x)"=Herx)")"e e

Ifn mandx2 Ty, then, (X)= ((e”x)"*"1=(e”x)")*e= (0=0)"e= 1" e= g, for
x6 el i(e=eand 1(1)=(e=9”" e= e Thus,V(T,) satises 1(x) e Moreover,
if X2 Tn,then ,(xX) = (eqe=xX)" _x=(e=l)" _x=0_x=x,forx6 e;1, ,(e)=¢e
and ,(1) = (eqe=1))" 1= 1. SoV(T,) satises ,(x) x.Ifwepickn maxfiy;::;ikg
then V(T,,;Ti,; 5Ty, ) satises 1(x) = e and ,(X) = X. O

Notethat IRL _V(T,)6 IRL V(T sinceA 2 S(T; 2) (IRL V(Ty)), where
A = 1(1;1);(1;8);(1;0);(0; 0)g.

Idemp otent atoms
It is well known and easyto obsene that the variety V (Z) generatedby the "-group of
the integersunder addition is the only “-group atom. It is shavn in [BCGJT] that the variety
V (Z ) generatedby the negative coneof Z is the only atom below the variety of negative
conesof "-groups. Both of theseatoms are cancellative. It follows from Proposition 4.2 that
they are actually the only atoms below the variety of cancellative residuated|attices.

Corollary 5.9. The varietiesV (Z) and V (Z ) are the only cancellative atoms.
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In view of this obsenation, it makessensdo investigatethe other end of the spectrum of
atoms,i.e., varietiesthat aren-potent for somen. Wewill provide a cortinuum of idempotent
atoms, that are actually distributiv e.

For ewvery setof integersS, setNs = fa;ji 2 Zg[ fhji 2 Zg[ feg. We de ne an order
onNs,byh <h <e<a<a,forallij; k;1 2 Z, sud that i < j andk > |. Obviously,
this is a total order on Ns. We alsode ne a multiplication by

didj = Aminfij g bh = bminfi;jg

and

(

ifj<iiori=j28S
b if ] j . ab =

a ifi<j, ori=j 625

a fi<jori=j28S

ha = h ifi>j ori=j 62

w
\We division operations are de ned in the usualway by x=y = fzjxz ygandynx =
fzjzx vyg.

It is easyto seethat multiplication is assaiative, order preservingand residuated. So,we
cande ne aresiduatedlattice N s with underlying set Ns and operationsthe onesdescribed
above.

We will investigate for which sets S the variety generatedby Ng is an atom in the
subvariety lattice of residuated|attices.

De ne the following residuatedlattice terms:
“(X) = xne; r(x) = e=x;

t(X) = e=x_ xne;
m(x) = " (x) " T (x) " r(x) " rr(x);

p(x) = " (X) _ r(x) _r (x) _rr(x):
Moreover, de ne three binary relations by,

x"y, rx)=y;

Ly, (¥)=y;

xy, r(x)=yor (x)=y:
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0 0.0

—~+ 0 0 .0
<

b,

Figure 4: The residuatedlattice N s.

A word over f0;1gisafunction w: A! f0;1g, whereA is a subirterval of Z; A is called
the support, supp(w), of w. We call w nite (in nite , bi-in nite ) if JAj<! (A= N; A= Z,
respectively). If w is a bi-in nite and v a nite word, we say v is a subwod of w, if there
existsan integerk, sud that v(i) = w(i + k) for all i 2 supp(v). Note that the characteristic
function ws of a subsetS of Z is a bi-in nite word. For two bi-in nite  words w1; w,, de ne
Wi Wy i ewery nite subword of w; is a subword of w,. Obviously, is a pre-order.
Denew;=w,i w; w, w;. Wecallabi-innite word w minimal with respect to the
pre-order , if w= w® wheneerw w° for somebi-in nite  word w°

Prop osition 5.10. The following properties hold for N s, for everyS.

1. Foralli 2 Z, m(h) = b 5; p(b) = bs1; M@&) = a1; p(&) = & 1. Moreover,
t(a) = b andt(h) = a&.

2. It is totally ordered.

3. For everyx, fxt(x);t(x)xg = fx;t(x)g.
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4. If x<e<y,thenm(x) x pxX)<e<m(ly) y p(y) andt(y)< e< t(x).

5. For every x, m(t(x)) = t(p(x)), p(t(x)) = t(m(x)), m(p(x)) = p(m(x)) = x and

t(t(x)) = x.
(

x forx y<t(x)

6. If x is negative, then xy = yx =
y fory xort(x)<y:

x fort(x)<y x

If x is positive, thenxy = yx =
y fory<t(x)orx vy:

7. Forall x;y; x™y;x_y;xy 2 fx;yg.

8. For all x;y; x=y;ynx 2 fx; m(x); p(x); t(x); m(t(x)); t(y); m(t(y)); p(t(y)g.

[(e]

. For every nite word v there existsa universal rst order formula (v), suchthat v is
not a subwod of wg i (V) is satised in Ns.

Proof. It is easyto seethat

b1 a ! B! au (i 2 S)

b:1"a 'L B! au (i 62S)

It follows directly that t(bh) = & _aj+; = & andt(g)=hb 1 _h = h.
Moreover,

frr(b));rC(b)); (r(n));"C(b))g=fhb 1;b:0b.0;

som(bh) = b ; and p(h) = b+y. Similarly, m(a) = a+. and p(a) = & 1. So(1) holds.
Moreover, (2) is obvious from the de nition; (3)-(7) follow from (1); and (8) is easyto che.
Finally for (9), the rst order formula assiatedto a nite word v is

v=(8Xe Xy yn)l(Xe X2 i Xp<e<y, ioyi)

& (t(xl) =Y & & t(xn) = yn) . (lel =85 & & Xn¥Yn = Sn)];

wheren is the length of vand s; = x;, if v(i) = 1 ands; = y; if v(i) = 0. Note that  is
equivalert to a universally quarti ed formula in the languageof residuated|attices. O

Corollary 5.11. The residuatel lattice N s is strictly simple, for every set of integersS.

Proof. For all a;b2 Ns feg, (a;b) is in the transitive closureof the relation ! de ned
above. Thus, N s is strictly simple. O
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Lemma 5.12. Every non-trivial one-geneated sutalgeba of an ultrapower of N s is isomor-
phic to N o, for someset of integers S°

Proof. Every rst order formula true in N s is alsotrue in an ultrap ower of it. Sinceprop-
erties (2)-(8) of Proposition 5.10 can be expressedas rst order formulas, they hold in any
ultrap ower of N s.

By property (2), any ultrapower B of N5 is totally ordered,sothe sameholds for every
subalgebraof B. Let A be a non-trivial one-generatedsubalgebraof B and let a be a
generatorfor A. The elemen a can be taken to be negatiwe, sinceif a is positive, t(a) is
negative and, by property (4), it generatesA, because(t(a)) = a, by property (5).

By properties (7) and (8), A is the set of evaluations of terms composedby the terms
m; p;t and the constart term e. By property (5), these compositions reduceto one of the
forms m"(x); p"(x); p" (t(x)) and m"(t(x)), for n a natural number.

Setb , = m"(a); b, = p"(a);a , = p"(t(a)) and a, = m"(t(a)), for all natural numbers
n. By the remark above, A consistsof exactly these elemens together with e. De ne a
subsetSPof Z, by m 2 S°i bnan = by, and considerthe following mapf : A ! Ngqo,
f(h) =t f(a)=a%f(e) = € whereNso = fiPji 2 Zg[ falji 2 Zg[ feh. By property
(4), this map is an order isomorphismand, sinceA is totally ordered,a lattice isomorphism,
aswell. Moreover, it is easyto ched that it is a monoid homomorphism,using properties
(3) and (6). Any lattice isomorphismpresenesexisting joins, sof presenesthe two division
operations. Thus, A is isomorphicto N se. O

Theorem 5.13. Let A be a one-geneated residuatel lattice and S a subsetof Z. Then,
A 2 HSP ,(Ns) i A = Ngo, for someS°®suchthat wge  Ws.

Proof. Let S°be a set of integers,sud that wso  ws. Also, let B = (Ng)N=F, whereF is
anultra Iter over N that extendsthe Iter of co- nite subsetsandNs = fhji 2 Zg[ faji 2
Zg|[ feg. Wewill shav that Nso 2 ISP (N ).

For ewvery natural number n, de ne the nite approximations, v,, of the bi-in nite word
Wso, by v, (i) = wso(i), for alli 2 [ n;n]z. Since,wse  Wws, the words v,, are subwords of
Wws, sofor every natural number n there existsan integerK ,, sud that v, (i) = ws(K + i),
for all i 2 supp(vy) = [ n;n]z.

Let b= (b¢,)n2n, Wherebc, 2 Ns. By Lemmab5.12, the subalgebraof B generatedby
b= [b], the equivalenceclassof b under F , is isomorphicto Ng; Ng = fliji 2 Zg[ f&ji 2
Zg[ feg, for somesubsetS of Z. We idertify the subalgebrageneratedby B with N ¢ and
we can actually chooseS sud that t, = B We will show that S = S°

We pick represenatives b, and a,, for B, and &,, and we adopt a double subscript
notation for their coordinates. So, there exist b,, and a,, in Ng, sud that &, = [b,] =
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[(bmn)nZN] and 8n = [am] = [(amn)nZN]-
It is easyto prove that B, = [(Ik,+m)n2n] @nd &, = [(8k,+m)n2n], USINg the de nition
of B, Proposition 5.10(1), basicinduction and the following facts:

8n = t(Bn) = t([(Bnn)n2n]) = [(t(Bnn))n2n]

Bn+1 = P(@n) = PU(Bnn )n2n]) = [(P(Bnn ) n2n]
By 1= m(@h) = m[(Bnn)nzn]) = [(M(Bnn))n2n]

Now, for jmj < n, i.e., m 2 supp(v,), we have

Kn+t+m2S , wg(Kp+m)=1
, Vha(m) =1
,  Wso(m) =1
, m2Ss®

Since, b, +mak,+m = b¢,+m exactly when K, + m 2 S, we get that if jmj < n, then
b, +mak,+m = bk, +m iS equivalert to m 2 S°
In other words,

fnjjmj<ng fnjb +mak,+m =k, +m , M2 S%:

Sincethe rst setisin F, sois the secondone. It is not hard to ched that this meansthat:
fnjb, +mak,+m = bk,+mg 2 F is equivalert to m 2 S° So, fi,a, = B, is equivalert to
m2 S% hencem?2 Si m2 S% Thus,S= S°

For the corverse,we will prove the implication for A 2 SP,(Ns). This is su cient since
under a homomorphismewery one generatedsubalgebrawill either map isomorphically or
to the idertity elemen, becauseof the strictly simple nature of the algebrasN so. Let A be
a subalgebraof an ultrapower of Ns. By Lemma5.12, A is isomorphicto N so, for some
subsetSP of Z.

To shav that wso  ws it suces to show that, for every nite word v, if v is not a
subword of wg, then it is not a subword of wso either. If v is not a subword of wg, then
Ns satises  of Proposition 5.10(9); henceso does ewery ultrapower of Ns. Since  is
universally quarti ed it is also satis ed by any subalgebraof an ultrap ower of Ns and in
particular by N so. Thus, v is not a subwvord of wso. O

Corollary 5.14. Let S;S°be setsof integers, then
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1. V(Ns)) V(Nyg) if andonly if wso ws, and

2. if ws is minimal with respgct to , thenV = V(Ng) is an atom in the subvariety
lattice of RL .

Proof. 1) If ws  wso then, by Theorem5.13,Ngo 2 HSP ;(Ns) V(Ns), soV (Nso)
V (Ns). Conversely if V(Nso)) V(Ns), thenNso2 V(Ns). Nsois subdirectly irreducible,
by Lemmab5.11,s0, by Jonsson'sLemma, N g0 2 HSP ,(Ns). By Theorem5.13,wso  Ws.
2) If L is a subdirectly irreducible of V, then L 2 HSP ;(Ns), by Jonsson'sLemma.
Every one-generatedsubalgebraA of L is a menber of SHSP ;(Ns) HSP (Ns), because
SH HS; so,by Theorem5.13,A isisomorphicto someN so, wherewse Ws. Sincews is
minimal with respect to the pre-order , we have wso = ws; henceV (Nso) = V (Ns), by (i).
Thus,V=V(Ns)=V(A) V(L) V. SinceV =V (L), for every subdirectly irreducible
L in V, Vis an atom. O

The following corollary generalizesa result of [JT].

Corollary 5.15. There are uncountably many atoms in the subvariety lattice of RL © \
Modx?  X).

Proof. There are uncourtably many minimal bi-in nite wordsthat are not related by =, by
[Lo]. O

The proof of the previousresult reliesheavily onthe non-commutativit y of the generating
algebras.If we add the restriction of commnutativit y or eventhe wealer condition e=x  xne,
we get only nitely many atoms, actually only two, even without the hypothesisthat they
arein RL °.

Theorem 5.16. The only atoms belowthe variety Mo@x?> x;e=x xne) are the varieties
genented by the residuatel lattices on the chainsf0; eg and f 0; e;>g.

Proof. AssumeA is anontrivial menber of Mod(x? Xx;e=x xne) and let a be a negative
elemen of A. If e=a= g, then fe;ag is a subalgebraof A. If e< e=g setT = e=aand
b= e=T. Wehavea b DbT = (e=T)T e and bT = bbT b sobT = b Since
e=T = Tne, we alsoget Tb = b Additionally, T e=b If S= e=hthenSa Sb ¢
soS e=a= T, thus, T = e=b Moreover,b b=T (b=T)T b, sob=T= b Also,
a aa ba a soT=b= (e=g§=b= e=ba= e=a= T. Thus, fb;e;Tg is a subalgebraof
A. O
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CHAPTER VI
DISTRIBUTIVE RESIDUATED LATTICES

Many interesting examplesof residuated lattices are distributive. In this section we
discussthe undecidability of the quasi-equationaltheory of the variety DRL of distributiv e
residuatedlattices and provide a duality theory for distributiv e residuatedbounded-lattices.

We start with somesu cient conditions for distributivit y.

Corollary 6.1. [BCGJT] For residuatel lattices, any of the following setsof identities im-
plies the distributive law:

1. x=x eand(X_y)=z x=z_y=z
2. Xx(xn(x™y)) x"y

3. xnxy y,xy yxandx(y”z) xy”xy.

Undecidabilit y of the quasi-equational theory
The resultsin this sectionare due to the author and can be found in [Ga]. We presert
only the main theoremand its consequenceand refer the readerto the paper for details.

Let V be a vector space. The residuatedlattice P(V) on the power set of the monoid
reduct of V, givenin Example 3.15,is distributiv e.

Theorem 6.2. [Ga] Let V be a variety of distributive residuatel lattices, containing P (V),
for somein nite-dimensional vector space V. Then, there is a nitely presente residuate
lattice in V, with unsolvableword problem.

The proof of the theoremusesthe notion of an n-frame and resultson distributiv e lattices
to reducethe decidability of the word problem for semigroupso the decidability of the word
problem for distributiv e residuated|attices.

Corollary 6.3. [Ga] If V is a variety such that HSP (P (V)) Vv DRL, for some
in nite-dimensional vector space V ; then V hasan undecidable quasi-guational theory.

Corollary 6.4. [Ga] The word problemand the quasi-guational theory of distributive and
for commutative distributive residuatel lattices are undecidable.
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This result becomesnoreinteresting giventhat, asrecernly proved, the equationaltheory
of comnutativ e distributiv e residuatedlattices is decidable. The details canbefoundin [GR].

Dualit y Theory for distributiv e residuated bounded-lattices
In what follows we try to extendthe Priestley duality for boundeddistributiv e lattices to
distributiv e residuatedbounded-lattices. The ideasstem from [Ur], where a duality theory
for boundel distributive lattice-ordered semigoupsis deweloped.

Priestley duality

H. Priestley introduced, seee.g. [DP], a duality betweenthe category of bounded dis-
tributiv e lattices and certain ordered topological spaces. The theory is useful becauseit
presemns an alternative understanding of distributiv e lattices and suggestsa di erent ap-
proad to problemsabout them.

A structure S = I1S; ;i s called a Priestley space if hS; i is a compact topological
space,S; i is a boundedpartially orderedsetand S is totally order-disonnected, i.e., for
all x;y 2 S, if x vy, then there existsa clopen increasingset cortaining y, but not x.

A maph:S; ! S, betweentwo Priestley spacesis a Priestley map if it is order-
preserving,cortinuous and presenesthe bounds.

If L =Hh;"; ;0; 1 isaboundeddistributiv e lattice, then its dual space is the structure
S(L) = hgL); ;1 , whereS(L) is the setof all prime Iters of L; is the topology having
the family of all setsof the form f (I) and (f (1)) | 2 L, as sub-basis,wheref (I) = fX 2
S(L)jl12 Xg,forl 2 L;and is setinclusion.

If S=1KS; ;1 isaPriestleyspacethenits duallattice isthe structure L(S) = hL(S);\ ;[ ;;;Si,
whereL (S) is the set of all clopenincreasingsubsetsof S.

Theorem 6.5. [DP]

1. The dual space of a boundeal distributive lattice L is a Priestley space and L(S(L)) =
fEMit2Lgl £ ;S(L)g.

2. The dual lattice of a Priestley space is a boundeal distributive lattice.

Theorem 6.6. [DP]

1. If Lq; L, are boundal distributive latticesand h: Ly ! L, is a boundeal-lattice homo-
morphism, then the map S(h) : S(L,) ! S(L4), de ned by S(h)(X) = h [X], is a
Priestley map.

2. If S;;S, are Priestley sppeesand h : S; ! S, is a Priestley map, then the map L (h) :
L(S,)! L(Sy), denedbylL(h)(A) = h Y[A], is a boundel-lattice homomorphism.
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Theorem 6.7. [DP] The categories of bounde distributive lattices with boundel-lattice ho-
momorphismsand of Priestley spaceswith Priestley mapsare dual.

Duality for distributiv e residuatedbounded-lattices

For X ;Y subsetsof a residuatedlattice, we denoteby X Y their complexproduct and
deneX Y ="(X Y). Notethat if Zisa lter thenX Y Zi X Y Z.

Lemma 6.8. If X;Y are lters in aresiduatel lattice, then X Y is alsoa lter.

Proof. The set X Y is obviously increasing. Moreover, if ki;k, 2 X Y, thena;by kg
and ab» k,, forsomeaj;a, 2 X; b;b 2 Y. Thus,

(™ a)(h ") (a”a)bh” (a” a)b ahy ™ axl, ki’ ko

anda; " a2 X; "2 Y;henceki"k,2 X Y. O

Lemma 6.9. If X;Y;Z are Iters in a distributive residuatel lattice L, Z is a prime Iter
and XY Z, thenthere are prime lters X%Y? suchthat X X%Y Y% X% Z and
XY® Z.

Proof. We rst shavthat | = fl 2 LjlY 6 Zgis adown-set. Indeed,if I° 121 andI°62,
thenl®% Z,ie.,I%22Z,forally2 Y. SincelyY lyandZ isa lter, wehavely 2 Z for
aly2Y,ie,lY Z.So,l 62, a cortradiction.

Furthermore, if 13;1, 2 1 then l,Y 6 Z and l,Y 6 Z, i.e., l1y; 62Z and lyy; 62Z, for
somey;; Y2 2 Y. SinceZ is prime, we have l1y; _ |y, 62Z. Moreover,

(lh_)(yi ™ y2) = la(ya ™ y2) _ La(ya ™ y2)  laya _ Laye;

so(ly _ 1I)(y1" y») 62Z, becauseZ is a lter. Consequetly, (I, _1,)Y 6 Z,ie, |l _1,21.
Thus, | is anideal.

Notethat X \ | = ;, sincexY Z for all x in X, soby the Prime Ideal Theorem,there
existsa prime Iter X° sucithat X X%and X%\ | =;,i.e.,x 62, for all x in X% So
xY Z,forall xin X%ie., X% Z. The existenceof Y is proved similarly. O

If R is aternary relation on asetS, x;y;z are elemeits of S and A; B are subsetsof S,
we write R(X;y;z) for (x;y;z) 2 R. Moreover, we de ne

R[A;B;-]1=fz2 Sj(9x 2 A)(9y 2 B)(R(X;Y;2))g;
RIx;B;-1= R[fxg;B;_-]and R[A}y; -] = R[A;fyg; -]
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Multiplication in a residuated lattice correspndsto a suitable ternary relation in the
dual space.Recallthe de nition of L(S).

A distributive residuatel boundal-lattice space (DRbL-space) is a structure S = IS; ;
'R;Ei, wherehS; ;i is a Priestley space,R is aternary relationonSand E S, sut
that for all x;y;z;w 2 S the following properties hold:

1. R(x;y;u) and R(u;z;w) forsomeu2 Si R(y;z;v) and R(x;v;w) for somev 2 S.

2. If x yandR(y;z;w), then R(x; z; w);
if x yandR(z;y;w), then R(z;x; w); and
if x yandR(z;w;Xx), then R(z;w;Yy).

3. The failure of R(X;y; z) is witnessedby someA; B 2 L(S), namelyx 2 A; y2 B and
Z6R[A;B; _].

4. If A;B 2 L(S) thenthe setsR[A; B; _],fz2 SjR[z;B;_] Agandfz2 SjR[B;z; ]
Ag are clopen.

5. E2L(S)andforall K 2 L(S), RIK;E;_]= R[E;K;_]= K.

The dual spaceof a distributiv e residuatedbounded-latticeis an extensionof the Priestley
spaceof the distributiv e lattice reduct. Note that the third condition statesthat the spaceis
totally disconnectedwith respectto the ternary relation. This condition for ternary relations
is the analogueof the assumptionthat the spaceis totally disconnectedwith respect to the
order. The rst and last conditions are reminiscen of the conditionsin Example 3.16.

Let L = h;”; _; ;n;=;e;0;1i be a distributiv e residuated bounded-lattice. We denote
by S(L) the setof all prime Iters of L and set

f(k)=fX 2 S(L)jk2 Xg;

for every k 2 L. Let be the topology whose sub-basisis the family of all sets of the
form f (1) and (f (1)) 1 2 L. Also, let E = f(e) and R(X;Y;Z) = (X Y Z), for all
X;Y;Z 2 S(L). The structure S(L) = h§L); ; ;R;Ei is calledthe dual space of L.

Let S = IS; ; ;R;Ei be a DRbL-spaceand L(S), as mertioned before, the set of
all clopen increasing subsetsof S. For A;B 2 L(S), de ne the operations A B =
R[A;B;_]; A=B =fz2 Sjz B Ag,andBnA =fz2 SjB =z Ag: The struc-
ture L(S) = hL(S);\ ;[ ; ;n;=;E;;;Si, is called the dual algeba of S.
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In the proofs of the resultsin this sectionwe will usevariablesfor di erent structures.
To make the exposition as clear as possible,we usespeci c letters for eat set of variables.
In particular, we uselower-casdetters toward the end of the alphabet for elemens of DRbL-
spacesand letters in the rst part of the alphabet for boundedresiduatedlattices. For the
dual of a structure we useuppercasdetters and for the seconddual lower-caseGreekletters.
For examplewe will usex;y; z for elemens of a DRbL-spaceand A; B; C, for elemerts of its
dual.

Lemma 6.10. Let L be a boundel distributive residuatel lattice. Then, for all k;1 2 L,
1. f(k I)=f(k) f(),
2. f(k=l) = f (k)=f(l) and
3. f(knl) = f (k)nf (I).

Proof. 1) If W 2 f(k) f(I) = R[f(k);f(l);_], then there exist U 2 f(k) and V 2 f(l)
sudh that R(U;V; W), i.e., there exist prime Iters U;V of L sudh that k 2 U, | 2 V and
UV W.Hencekl2U V W, ie.,W 2f(kl).

Conversely if W 2 f (kl), i.e., W is a prime lter of L that cortains the elemen Kl,
then (" k)(" 1) W. By Lemma 6.9, there exist prime lIters U;V sud that k 2 U,
2V andUV W, ie., thereexistU 2 f (k) andV 2 f (I) sud that R(U;V;W); hence
W 2 f (k) f().

2) We have f (k=l) f(I) = f((k=DI) = fW 2 S(L)j (k=)l 2 Wg. Since(k=l)l k, we
havef (k=) f(I) fW 2 S(L)jk2 Wg= f (k). So,if X 2 f (k=I), thenfXg f(l) f(k),
ie., X 2 f(k)=f().

Corversely assumethat X 2 f(k)=f(l) andlet U = fl 2 Lj(9a 2 X)(a k)g. If
[ | 2 U, then thereisana 2 X sud that al k. So,al® a k, hencel®2 U.
Moreover, if I;;1, 2 U, then a;l; k and a,l, Kk, for somea;;a, 2 X . Note that

(aa)(li_l)=(@?a)li_(aa™a)l, ali_al, k_k=KkK

and (a1 * ay) 2 X, sinceX is a lter; so,l; 1,2 U. Consequetly, U is an ideal.

We will shav that | 2 U. Assume,by way of cortradiction, that | 62U. Then U\ " | = ;
and, by the Prime Ideal Theorem, there exists a prime Iter U sud that " | U and
U\ U = ;. In particular, U is cortained in the complemen of U, hencefor all 1°2 U and
foralla2 X, wehaveal 6 k. Consequetly, k 62X U, hence#k\ X U= ;. SinceX U

isa lter by Lemma6.8,thereis aprime Iter V suthhthat X U V and #k\ V = ;.
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Note that | 2 U, sincel®2 U® and that k 62V, since# k\ V = ;. Summarizing, there
exist prime lters U andV suchthat X U V,U2f(l) andV 6Z (k). This shows that
RX;f(1);-16 f(k), i.e., X f(l)6 f(k), acortradiction, sincef X g2 f (k)=f(l).

Consequetly, | 2 U, i.e.,al Kk, for somea?2 X; hencea k=I, for somea2 X. Since
X isa lter, weget(k=l)2 X, ie., X 2 f(k=l).

3) We obtain the proof of the last property in a similar way. O
Theorem 6.11.

1. The dual algebe L (S) of a DRbL-smce S is a distributive residuatel boundeal-lattice.

2. The dual space S(L) of a distributive residuatel bounded-lattice L is a DRbL-space.

Proof. 1) Assumethat S is a DRbL-space. By Priestley duality for bounded distributiv e
lattices, we have that L (S) hasa boundeddistributiv e lattice reduct.

We will shaw that L(S) is closedunder multiplication and the two division operations.
If A; B are clopen and and increasingthen A B;A=B;BnA are clopen, by the the fourth
property of a DRbL-space. Moreover, if x 2 A B andx vy, thenx 2 R[A;B;_], i.e,,
R(a;b;x) for somea 2 A and b2 B. By the secondproperty of a DRbL-space,we get
R(a;b;y), i.e.,y 2 A B. Thus,A B isincreasing.Additionally, if x 2 A=B andx vy, then
R[x;B;_.] AandR[y;B;_.] R[x;B;_]. So,R[y;B;.] A,i.e. y2 A=B. Consequetly,
A=B is increasing. The opposite set BnA is alsoincreasing;thus,A B;A=B;BnA 2 L(S).

To seethat multiplication is assaiative, note that w 2 (A B) C, namelyw 2
R[R[A; B; _]; C; _]; is equivalert to R(x;y;u) and R(u;z;w), forsomeu2 L; x2 A; y2 B
and z 2 C. By the rst property of a DRbL-space,this is equivalert to R(x;v;w) and
R(y;z;v), forsomev 2 L; x 2 A; y2 B andz 2 C. Finally, this is in turn equivalert to
w2 R[A;R[B;C;_];_], namelyw2 A (B C). Thus,(A B) C=A (B Q).

To show that = is the right residual of multiplication, we needto shavthat A B C
i A C=B,i.e.,that

R[A;B;.] Ci A fx2SjR[x;B;_] Cag.

For the forward direction, assumethat x 2 A. If z 2 R[x;B;_], thenthereisay 2 B sudh
that R(X;y;z); thusz 2 R[A; B;_]. By assumptionR[A;B;_] C, soz 2 C. Conversely
assumethat z 2 R[A;B;_]. Then, thereis an x 2 A sud that z 2 R[x;B;_]. By our
assumptionR[x;B;_] C, forall x2 A, hencez 2 C.

Likewise,we have that n is the left residual of multiplication. Finally, it follows from the
last property of a DRbL-spacethat E is the multiplicativ e identit y.
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2) By Theorem 6.5, h§L); ;i is a Priestley spaceand L(S(L)) = ff(l)j1 2 Lg]|
f; ;S(L)g. In what follows we verify all the properties of a DRbL-space.

For the rst property, supposeR(X;Y;U) and R(U;Z;W) hold, ie., X Y U and
U Z W. LetVP=Y Z. 1fd2 X VO°thenthereexista2 X and g2 V°sudh
that ag d. SinceV®=Y Z,thereexistb2 Y and c2 Z sud that bc g. Moreover,
ab2 U, sinceX Y U, henceabc2 U Z. Consequetly, ag2 U Z, sod2 W. Thus,
X VO W. By Lemma6.9, there existsa prime Iter V sudhthat X V Z;V° V
and Y Z V,ie,R(X;V;W) and R(Y;Z;V).

To seethat the secondproperty holds, let X;Y;U;V 2 S(L) and X Y. If R(Y;U;V)
holds,i.e.,Y U V, then

X U="(X U "(Y U=Y U V

thusX U V,ie., R(X;U;V) holds. The other two implications are proved similarly.

To prove the third property, note rst that if there exist A;B 2 L(S), sud that x 2
A;y 2 B and z 62R[A;B;_], then R(U;V;Z) fails, forall U 2 andV 2 . In
particular R(X;Y; Z) is false. Conversely if R(X;Y;Z) fails for someX;Y;Z 2 S(L), then
"(X Y)6 Z,ie.,thereexistsacin L sudthat c2" (X Y)andc62Z. So,ab cand
c62Z,forsomec2 L; a2 X andb2 Y. If =f(a; =f(b,then,X 2 andyY 2
We will shovthat Z 62R[ ; ;_]. f Z2 R[ ; ;_],thenR(X%Y%2Z),ie.," (X° YY) Z,
for someX°2 ;Y%2 . Sincea2 X% b2 Y%andab c, wegetc2 Z, a cortradiction.

The fourth property follows from Lemma6.10, sinceif ; 2 L(S(L)), then there exist
a2l andb2 L,suchthat = f(a)and = f(b). So,

R[; ;-1= =f(a) f(b=f(ah2L(S(L));

fc2 Xjfcg g= = =f(a)=f(bh="f(a=h 2 L(S(L));

and
fc2 Xj fcg g= na=f(bnf(a) = f(bna) 2 L(S(L)):

To verify the last property, let K be a clopen increasingsubsetof S(L); then, K = f (k),
for somek 2 L. We have,

RIK;E;_]1= R[f (k);f(e);-1=f(k) f(e)="f(ke)="f(k)=K

and similarly R[E;K;_]= K. O

The following theorem shows that we can recover the original structure from the dual.
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Theorem 6.12.

1. The dual algeba L (S(L)) of the dual space of a distributive residuatel boundel-lattice
L is isomorphicto L.

2. The dual space S(L(S)) of the dual algebra of a DRbL-smce S is homemorphicto S
under a map that respects and preserveshe order, the ternary and the unary relation.

Proof. 1) Letf :L! L(S(L)) bethe map! 7! f (I). Note that f is a lattice isomorphism,
by Theorem®6.7;L(S(L)) is a distributiv e residuatedbounded-lattice,by Theorem6.11;and
f presenes multiplication and both division operations, by Lemma 6.10. Sincef (e) = E,
the map f is a residuatedlattice isomorphism.

2)Dene g:S! S(L(S)) by g(x)=fA 2 L(S)jx 2 Ag. Notice that, by Theorem®6.7,
g is a topological homeomorphismthat is also an order-isomorphism. We will shav that g
is a R-isomorphism,aswell, i.e.,

Rs(X;y;2) i Rsq(s) (9(X); 9(Y); 9(2)),
or equivalertly that
Rs(x;y;2) , " (9(x) 9a(y) 9(2):

For the forward direction, assumethat C 2" (g(x) 9(y)). Then, A B C, for some
A 2 g(x) and B 2 g(y), i.e.,, Rs[A;B;_] C, for someprime lters A; B, sud that x 2 A
andy 2 B. By the hypothesis,z 2 Rs[A; B;_],thusz 2 C, i.e., C 2 g(2).

Conversely if Rs(x;y;2z) is false,then there exist A;B 2 L(S), sudhhthat x 2 A; y2 B
and z 62R[A;B;_] = A B, ie., A B 629(z), for someA 2 g(x) and B 2 g(y). So,

9(x) 9(y) 6 g(2); afortiori, " (g(x) 9(y)) 6 9(2).
Finally, x 2 Esi Es 2 g(x) i 9o(x) 2 f(Es) i d(X) 2 Esw(sy, hamely g is an
E -isomorphism. O

Let S; = hS;; 1; 1;Ry;Eql and S, = KSy; 5, 2Ry Ezi be two DRbL-spaces. A
DRbL-map, is a Priestleymap h : S; ! S, that satis es the following conditions.

1. If Ri(X;Y;2), then Ry(h(x); h(y); h(2)).
2. If Ry(u;v;h(z2)), thenu h(x), v h(y) and Ry(X;y; z), for somex;y 2 S;.

3. ForallB;C 2 L(S,) andforallx 2 Sy, if Ryx;h 1[B];]] h ![C]thenR,[h(x);B;_]
C.

4. h 1[E2] = El.
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We can now prove the main result in this section.

Theorem 6.13. The categories of distributive residuatel boundel-lattices with residuatel
boundeal-lattice homomorphismghat preservethe lattice boundsand DRbL-spceswith DRbL
mapsare dual.

Proof. The restrictions S and L of the functors S and L that arise from Priestley duality,
given in Theorem 6.7, are bijective on objects of the subcategoriesof distributiv e residu-
ated bounded-latticesand DRbL-spaces,by Theorems6.11and 6.12. We shav that these
restrictions map morphismsto morphismson the subcategories.

Let Lq; L, be distributiv e residuated bounded-latticesand h : L; ! L, a residuated
lattice homomorphismthat presenesthe lattice bounds. We de ne the map S(h) : S(L>) !
S(L,), by S(h)(A) = h [A]. By Theorem®6.6, it is a Priestley map. To show that S(h) is
a DRbL-map we verify the four conditions of the de nition.

If Ry(X;Y;Z),ie,X Y Z,thenh X Y] h 1Z]. Soh [X] h Y] h 1Z],
i.e., Ri(h [X];h Y[Y];h 4Z]).

For the secondcondition, assumethat R;(U;V;h 1[Z]), i.e.,UV  h 1[Z], holdsand set
X%=" (h[U]) and Y°=" (h[V]). If a2 U, thenh(a) 2 h[U] " (h[U]) = X% soa2 h [X9.
ThusU h [X9andsimilarly V' h [YY. Moreover,if a2 X%andb2 Y then there are
c2U;d2V suhthat h(c) a and h(d) b so,h(c) h(d) abandcd2 UV h }[Z],
i.e., h(cd) 2 Z. Sinceh is a homomorphismand Z is an upsetwe have ab2 Z. Thus,
X% Y% Z. Finally, by Lemma6.9,there are prime Iters X;Y sud that X° X;Y? Y
and XY Z,i.e,U h XV hiYJandR.(X;Y;2Z).

To show the third condition, let ; be clopen increasingsubsetsof S; = S(L,), let
X 2 S, = S(L,) and assumethat R,[X;(S(h)) [ 1;-1 (S(h)) [ ]. We will show that
R.S(h)[X]; ;] . Forthat purposeletZ 2 Ri[h [X]; ;_], namelyRy(h 1[X];Y;Z), for
someY 2 . By denition, = f(b and = f(c), forsomeb;c2 L,, so" (h [X]Y) Z,
for someprime lter Y of Ly, sudthat b2 Y. We will showthat Z 2 ,i.e.,that c2 Z.

We will rst shav that c=b2 h 1[X]. If this is not the case,then c=b62h 1[X], i.e.,
h(c)=h(b) 62X, sinceh is a homomorphism. Since X is increasing,we have that there is no
elemen a of X, such that a  h(c)=h(b), i.e., sud that ah(b) h(c). So, h(c) 62 (X
(h(b))) and in particular

(X" (h(p) \ #(h(Q) = ;:

Note that " (X " (h(b))) is a Iter, by Lemma6.8, so by the Prime Ideal Theorem there
existsa prime lter W sudh that " (X " (h(b)) W andW\ #(h(c)) = ;, i.e., sud that
" (X " (h(b) W andh(c) 62W. By Lemma6.9, there is a prime lIter V, sud that
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h( 2 VandXV W, ie., suhthat b2 h {[V]andXV W. So,thereisaprime lter V,
sudthat h [V]2 ,XV W andc6x [W], i.e., thereexistaV 2 S(h)) ![ ], sud that
XV W andh [W]62 . Consequetly, W 2 R,[X;(S(h)) [ ];-], but W 62S(h)) [ ],
a cortradiction to our hypothesis. So,c=b2 h 1[X].

Now, note that sinceb 2 Y and c=b2 h ![X], we have (c=hb 2 h [X]Y. Moreover,
(c=hb ¢, soc2" (h [X]Y). Thus,c2 Z.

Finally, for the last condition, we will showv that (S(h)) *[E;] = E,. Note that a clopen
increasingsetX isin the rst seti X 2 (S(h)) (Y), forsomeY 2 Eq,i.e.,i S(h)(X) =Y,
for someclopen increasingset Y, sud that e; 2 Y. Recallingthe de nition of S(h), this
is equivalert to h Y(X) = Y ande; 2 VY, i.e.,,to e; 2 h }(X). This isin turn equivalert
to h(e;) 2 X, namelyto e, 2 X. In view of the de nition of E,, this is a restatemen of
X 2 E,.

For the reversedirection, let S;;S, be DRbL-spacesand h : S; ! S, a DRbL-map.
We de ne the map L(h) : L(S,) ! L(S1), by L(h)(A) = h ![A]. By Theorem 6.6, L (h)
is a lattice homomorphismthat presenes lattice bounds. To shaw that it is a residuated
lattice homomorphismwe needto demonstratethat it presenesmultiplication, both division
operations and the idertit y.

We rst shaw that

h Y[A] h !B]=h YA B):

If z2 h A] h 1[B],i.e.,z2 Ry[h A];h Y[B];_], then (Ri(Xx;y; z), for somex 2 h 1[A]
andy 2 h ![B]. By the rst property of a DRbL-map, we get R,(h(x); h(y); h(z)), for some
X;y 2 S; sudh that h(x) 2 A and h(y) 2 B, henceh(z) 2 R,[A;B;_]. So,h(z) 2 A B, i.e.,
z2h (A B).

Conversely if z 2 h }(A B), thenh(z) 2 A B = R,[A;B;_], i.e., Ry(X;y;h(2)),
for somex 2 A andy 2 B. By the secondproperty for h, we have R,(u;v; z), for some
X 2 A; y 2 B and for someu;v 2 S; sud that x  h(u) andy  h(v). In other words
R1(u;v;z), for someu;v 2 S; sud that h(u) 2 A and h(v) 2 B, i.e., sud that u 2 h ![A]
andv 2 h 1[B]. So,z2 R;[h [A];h Y[B];-1= h Y[A] h ![B].

Next we show that

h {[C=B] h ![B]= h ![C]=h ![B]:

First, note that h {[C=B] h [B]= h [(C=B) B] h ![C]. Consequetly, we have
h [C=B] h [C]=h Y[B]. Comverselyif x 2 h Y[C]=h ![B], then x h [B] h ![C],
i.e.,, Ryx;h 1[B];.] h 1C]. By the third property of h, we have R,[h(x);B;_] C,i.e.,
h(x) B C. Thus, h(x) 2 C=B, namelyx 2 h [C=B].
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Finally the last condition for h givesh [E,] = E;.

Thus, the correspndencesS and L are the restrictions of the functors S and L on the
objects and on the morphisms of the subcategories. Sincethey are actually restrictions of
a duality, they induce a duality betweenthe category of distributiv e residuated bounded-
lattices and homomorphisms,and the category of DRbL-spacesand DRbL-maps. O
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CHAPTER VI

GENERALIZED MV-ALGEBRAS

As we have seenbefore, generalizedBL-algebras encompass -groups and Brouwerian
algebras. Also, generalizedBoolean algebrasand "-groups are special casesof generalized
MV-algebras. In this chapter we study GBL and GMV-algebras and shav that they de-
composeinto Cartesian products of "-groupsand integral residuatedlattices. Moreover, we
characterize the integral factor of a GMV-algebra as a nucleusretraction on the negative
coneof an “-group. From the analysiswe get that every GMV-algebra is equivalert to an
image of a core map on an "-group. Both of the correspndencesjn the integral and in the
generalcase,extend to categoricalequivalences.Finally, we obsene that the closeconnec-
tion of the variety GMV with those of "-groupsand of their negative conesguararteesthe
decidability of its equationaltheory.

De nitions and basic prop erties
Recall the de nition of a GBL and of a GMV-algebra from page 34. Note that the
equational basesfor the varieties GBL of generalizedBL-algebrasand GMV of generalized
MV-algebras have the following more simple quasi-idertit y formulations, respectively:

Xy ) (x=y)y=x=y(ynx)

and
X y) x=(ynx)=y= (X=y)nx:

Moreover, it is noted in [BCGJT] that the following are equivalernt basesof equationsfor
the two varieties, respectively:

X(xnyre) x"Ny (y=x" e)x

and
x=(ynx ™ €) = x _y= (x=y”" e)nx

Also note that the rst setof idertities is alsoequivalert to the property of divisibility :

X y) (9z;w)(zy = x = yw);

in the setting of residuated |attices.
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Lemma 7.1. [BCGJT] Every GMV-algebr is also a GBL-algeba.

Proof. Let x;y be elemens of L sud that x y. Setz = (x=y)y and note that, by
Lemma3.l,z x andy=z x=z
Using the equivalert quasi-equationfor GMV-algebrasand Lemma 3.1(12), (6), we have
the following:
(z=X)nz = X
((z=x)nz)=y = x=y
(z=x)n(z=y) = x=y
(z=y)=((z=X)n(z=y)) = (z=y)=(x=Y)
zZ=X = z=(X=y)y
(z=xX)nz = (z=(x=y)y)nz
) X = (x=y)y

Thus,x yimpliesx = (x=y)y. Likewise,x vy impliesy(ynx) = X. O

N N N N N NS

Lattice-ordered groups and their negative conesare examplesof cancellative GMV-
algebras. Non-cancellative examplesinclude generalizedBooleanalgebras.

Lemma 7.2. LetL be a GBL-algeba. Then,
1. Every positive elementof L is invertible.
2. L satis es the identities x=x xnx e.
3. L satises e=x xne.

Proof. For the rst property, let a be a positive elemen; by the de ning idertity for GBL-
algebras,we get a(ane) = e = (e=3ga; that is, a is invertible. By (1) and Lemma 3.1(14),
x=x and xnx are invertible for every x. Hence,by Lemma 3.1(16),x=x = e = xnx. Finally,
by (2) and Lemma3.1(5), x(e=X) x=Xx = e, hencee=x xne. Likewise,xne e=x O

Lemma 7.3. If x;y are elementsof a GBL-algeba and x _ y = e, (x;y are orthogonal),
thenxy = x " vy.

Proof. We have,
X = X=e= X:(x_y) = X=X X=y = eN Xxz=y = y=yN x=y = (y/\ X):y:

So,xy = (X" y)=y)y = x"vy. O

Lemma 7.4. Every GBL-algeba hasa distributive lattice reduct.
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Proof. Let L be a GBL-algebraand x;y;z 2 L. UsingLemma3.1, we have

XM(y_z) =[x (y_2)=y_2ly_2)
=x=(y_2)" elly _2)
=[x=(y_2)"ely _[x=(y_2)" €z

(x=y” ey _(x=z" €)z

= (x"y)_(x" 2),
for all x;y;z. We have proved that the lattice reduct of L is distributiv e. O

We denote the variety of integral GBL-algebrasby | GBL and the variety of integral
GMV-algebrasby | GMV .

Lemma 7.5.

1. The variety | GBL is axiomatizel, relativeto RL , by the equations
(x=y)y x"y y(ynx):
2. The variety | GMV is axiomatizel by the equations
x=(ynx) Xx_Yy (X=y)nx:

Proof. In view of the alternative axiomatizationsof GBL and GMV , the proposedequations
hold in the correspnding varieties. For the reversedirection we verify that the proposed
identities imply integrality. This is obvious for the rst set of idertities for y = e. For the
secondset obsene that for ewvery x,

e e_e=x=eH(e=Xne) = efe_ Xx);

soe_X elie,x e O

Negative conesof "-groupsare examplesof integral GMV-algebras,hencealso of integral
GBL-algebras. Moreover, they are cancellative residuated lattices. Note that, by Corol-
lary 4.4,LG =1GMV \ CanRL = 1 GBL\ CanRL .

It is easyto seethat | GBL cortains all Brouwerian algebras. Also, it was mertioned
beforethat GBA = V(2) = | GMV \ Br.

Lemma 7.6.

1. Every integral GBL-algebr satis es the identity (y=x)n(x=y) x=y and its opfosite.

78



2. Every integral GMV-algebi satis es the identity x=y _y=x e and its opposite.

3. Every commutative integral GMV-algebia is in RL €. Conseuently, the suldirectly
irr educible commutative integral GMV-algebias are totally ordered.

Proof. 1) For ewery integral GBL-algebra,y=x ¢, so(y=x)n(x=y) x=y.
To show the reverseinequality, we needto ched that
(y=9)n(x=y))y x:
By Lemma3.1(12),it su ces to show that
((y=x)mx)=y)y ~ x:

Using one of the the de ning equations,(u=v)v  (v=u)u, of integral GBL-algebras,we see
that the last equationis equivalert to

(y=((y=x)mx))((y=x)nx) ~ X;
which in turn is equivalert to
y=((y=x)nx)  x=((y=x)nx):
To shaw that this holds note that
y=((y=x)nx)  y=x;

sincey=x e, and that
y=x  x=((y=x)nx);

sinceu v=(unv) is valid in any residuated|lattice, by Lemma3.1(11).

2) Using one of the de ning equations,u _ v u=(vnu), for integral GMV-algebras,
x=y _ y=x equals(x=y)=((y=x)n(x=y)); which simpli es to (x=y)=(x=y); by invoking (1) and
the fact that integral GMV-algebrasare integral GBL-algebras. Finally, the last term equals
to ein integral residuatedlattices.

3) By Lemma3.18, an equational basisfor RL ©, relativeto RL , is

zn(x=(x _y))z_w(y=(x _y))=w e,
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which simpli es to
X=(X_y)_y=(x_y) e

under commnutativit y and integrality. In every residuatedlattice
X=(x_y) _y=x_y) = (x=x" x=y) _ (y=x" y=y);
which in turn equalsx=y__ y=x, underintegrality. By (2), every comrutativ e integral GMV-

algebrasatis es the last equation. O

Bosbach's embedding theorem
The results of this sectionare due to B. Bosbad, see[BoRG] and [BoCA]. Our presen-
tation is a variant of his exposition.
A cone algeba is an algebraC = hC; n; =;ei, that satis es:

(xny)n(xnz)  (ynx)n(ynz) (z=y)=(x=y) (z=X)=(y=x)

eny y y y=e
xn(y=2)  (xny)=z x=(ynx)  (y=x)ny
Xnx e X=X €

Lemma 7.7. ([BoRG], [BoCA]) If C = hC;n;=;ei is a cone algeba, then
1. for all a;b2 C; anb=ei b=a= ¢

2. therelation onC denedbya b, anb= eis a semilattice orderwitha b=
a=bna); in particular a ¢, for all a;

3.ifa b thencna cnbanda=c b=c

If L = Hh;"; _; ;e;n;=;i, is an integral GMV-algebra, then h_; n; = is a conealgebra,
called the cone algeba of L.

It will be shavn that ewery cone algebrais a subalgebraof the cone algebra of the
negative coneof an "-group. In the following construction, the negative coneis de ned as
the union of an ascendingchain hC i,y Of conealgebras,eat of which is a subalgebra
of its successor. In the processof constructing the algebrasC,,, we also de ne in C;
binary products of elements of C,,. Ead sud product is iderntied with the congruence
classof the correspnding ordered pair. The de nition below of the division operations
becomestransparert if we note that negative conesof "-groups satisfy the law alncd =
(bn(anc)) (((anc)nb)n((cna)nd)) and its opposite.
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Let C be a conealgebra. De ne the operations n and = and the relations and ©°on
C C,hy
(a;bn(c;d) = (bn(anc); ((anc)nb)n((cna)nd))

(d;0)=(b;a) = ((d<a=g)=(b<(c=3); (c=9=D
(&b (c;d) , (a;bn(c;d) = (e;e) and (c;d)n(a;b) = (e;e)
(a;b) Ycid) . (a;b=(c;d) = (e;e) and (c;d)=(a;b) = (e;e)

Lemma 7.8. ([BoRG], [BoCA]) Let C be a cone algeba. Then:
) =0

i) is a congruene relation.

i) s(C)=hC C;n;=i= is aconealgeba.

iv) C can be emledded in s(C).

_ S
Let Co = C; Chi1 = S(Cy), for every natural numbern, and C =  C,, the directed
union of the C,'s.

We can now establishthe main result of [BoCA|.

Theorem 7.9. [BoCA] Every cone algeba C is a sulalgeba of the cone algeba of the
negative cone € of an “-group. Moreover, every elementof Gisa product of elementsof C.

Proof. We will show that C is the conealgebra,i.e., the fn; =g-reduct of the negative cone
€ of an *-group.

For two elemers of C, we de ne their product, a b, to bethe elemen [(a;b)] . This is well
de ned, becauseof the embedding of C,, into C,.1, for every n. Let e = hC;”; 5 in=d,
wheren= ng; == =; X _y = x=(ynx) and x* y = (x=y) y. We will show that @ is the
negative coneof an "-group.

By the de nition of the operationsin € and Lemma7.7(2), € is ajoin semilattice. Note
that almcd = (bn(anc)) (((anc)nb)n((cna)nd)). In particular, alnc = bn(anc) and anab= h.
The dual equationshold, aswell. Finally, note that e=a= e = ane.

To seethat multiplication is order preserving,let a c¢. We have e = anc, by the
de nition of . To shawv that ab chh we note that almcb = bn[(cna)nb] = [(cna)bjnb.
Moreover,

bg4(cna)b] = (b=B=(cnd) = excnd) = e:

This yields successigly, (cna)b b, [(cna)bjnb= e, almcb= eandab ch Likewisea ¢
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impliesba bc Also, multiplication is ass@iative, since

(ahbc d , ab d=c
, b an(d=9g
, b (and)=c
, bc (and)
, a(bg d:

To seethat multiplication is residuated, note that a(anc) ¢, since [a(anc)]nc =
(ang)n(anc) = e. If ab ¢, thenanab anc, sob anc. Conversely if b  anc, then
ab a(anc) c. The equivalencefor right division is the opposite of the one established.

To shaw that the operation  that we have de ned above is the meet operation, note
that it was proved above that a(anb) b. Moreover, a(anb) ae= a. On the other hand,
ifc aandc b thene= cna= cnb. We have,

cna(anb) = (cna) [(anc)n(anc)] = (cna)n(cnb) = e;

soc a(anb). Interchangingthe rolesof aand bwe getthat ¢ a;b, ¢ blbna). The
oppositesof theseproperties are obtained in a similar way.

Thus, € is aresiduatedlattice. Sinceit satis es xnxy y yx=xandx=(ynx) X_y
(x=y)nx, it is the negative cone of an "-group, by Corollary 4.5. Finally, by construction,
ewery elemen of ® is the product of elemerts of C. O

The algebra@ is called the product extensionof C.
Decomp osition of GBL-algebras
We now show that every GBL-algebra decompmsesinto a direct product.
Lemma 7.10. Every GBL-algeba satis es the identity x (X _ e)(x " ).

Proof. Setting y = e into the equivalert axiomatization of GBL-algebras, we have that
(e=x* e)x = x" e. Moreover, by Lemma7.2(1),x _eisinvertible and(x_€) 1= exx_¢e) =
e=x"e Thus,(x _e) x=x"eie,x=(Xx_¢e)(Xx"e). O

We say that an algebraA is the direct sum of two of its subuniversesB; C, in synbols
A=B C,ifthemapf :B C! A, denedby f(x;y)= xy isanisomorphism.

Recall the de nition of the set G(L) of invertible and I (L) of integral elemerts of L.

Theorem 7.11. Every GBL-algebsa, L, is equalto the direct sum G(L) I (L).
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Proof. We begin with a seriesof claims.
Claim 1: G(L) is a subuniverseof L.

Let x; y beinvertible elemens. It isclearthat xy isinvertible. Additionally, by Lemma3.2,
x=y = xy landynx =y x areinvertible.

Lastly, x_y = (xy ! _e)y. So,x_y isinvertible, sinceeery positive elemen is invertible,
by Lemma7.2(1), and the fact that the product of two invertible elemerts is invertible. By
Lemma 7.2(3), x * y = exx ! _y 1), which is invertible, since we have already shown
that G(L) is closedunder joins and the division operation. We have veri ed that G(L) is a
subuniverseof L.

Claim 2: 1 (L) is a subuniverseof L.

Note that ewery integral elemen a is negative, sincee = e=aimpliese e=aanda e
For x;y 2 I (L), using Lemma 3.1 repeatedly we get:

e=xy= (e=y)=x= e=x= g, soxy 2 | (L).
ex(x _y)=e=xe=zy= g sox_y2I(L).
e e=x ex(x"y) e=xy=ege sox"y2Il(L).
e=efexy) exxz=y) exx=€) = e=x=¢g soxz=y2I(L).
We have shown that | (L) is a subuniverseof L.

Claim 3: Forewery g2 (G(L)) andewryh2I(L),g_h=e

Let g2 (G(L)) andh 2 I(L). We have ef{g_ h) = e=g" e=h= e=g”" e = g, since
e e=g Moreover,g g_h,soe g }g_ h). Thus, by the GBL-algebraidertities

e = (eqdg “(g_h)Dlg *(g_h)]
= ([e<(g_h)]=g Yg *(g_h)
= (e=g )g (g_h)
=99 (g_h)
=g_h:

Claim 4: Forewery g2 (G(L)) andewryh2I(L), gh=g" h.

In light of Lemma 7.10,g *h = (g *h _ €)(g *h~ e). Multiplication by g yields h =
(h _g)(g *h” e). Using Claim 3 and Lemma3.2(2), we havegh = g(g *h” e) = h” g.
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Claim 5: Forevery g2 G(L) andewery h 2 I (L), gh = hg.

The statement istrue if g e by Clam 4. If g etheng ! e thusg *h= hg !,
hencehg = gh. For arbitrary g, note that both g_ e and g~ e comnute with h. Using
Lemma7.10,wegetgh= (g_e)(g” eh=(g_eh(g” e =h(g_e)(g” e) = hg.

Claim 6: For every x 2 L, there exist gy 2 G(L) and hy 2 I (L), sud that x = gyhy.

By Lemma7.10,x = (x_€e)(x" €). Sincee x_eande exx”"e), by Lemma7.2(1),
theseelemers are invertible. Setg, = (x _€)(ex(x” €)) *andh, = (ex(x " €)(x " €). It
is clearthat x = gyhy, g is invertible and hy is integral.

Claim 7: For every 0;;0, 2 G(L) and hy;hy 2 1(L), gihy  gh, if andonly if gz @ and
hy  hy.

For the non-trivial direction we have

ghi ®h2) g'oht hy) gle h=h e) o @

Moreover,
Glo h=hy ) e g 'g(h=h)
) e= [e=q 'g(h2=hy)]g; *ga(h2=hy)
) e= [(exh=hy))=g ‘&g, ‘g2(h2=hy)
) = & th0; ‘ga(ha=hy)
) €= hy=h
) hi  hy

By Claims 1 and 2, G(L) and I(L) are subalgebrasof L. Dene f : G(L) I(L)! L
by f (g; h) = gh. We will shav that f is anisomorphism. It is onto by Claim 6 and an order
isomorphismby Claim 7. So,it is a lattice isomorphism,aswell. To verify that f presenes
the other operations note that, by Claim 5 and 7, for all g;g°2 G(L) and h;h® 2 (L),
gghh®= ghgh®, gh=gh®= (g=df)(h=h°) and gh’hgh = (ghg)(h%hh). O

Corollary 7.12. The varieties GBL and GMV decomposeas follows:
GBL=LG 1GBL=LG_IGBL andGMV =LG |IGMV =LG_I1GMV

Taking intersectionswith CanRL and recalling Theorem 4.4, we get:
Corollary 7.13. CanGMV = CanGBL = LG LG .

This simpli es the equationalbasisobtained by Corollary 3.30. Moreover, in conjunction
with Lemma7.6(3) and Theorem 3.18, we have:
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Corollary 7.14. CGMV RL €. Thus, every commutative GMV-algebi is a sultlirect
product of totally ordered GMV-algebas.

Representation theorems
In this section we establish two related represetation theorems for generalizedMV-
algebras,by rst characterizingintegral GMV-algebras.

Direct product represetation
The rst represemation decommsesa generalizedVV-algebrainto the direct product of
an “-group and the nucleusimage of the negative coneof an “-group.
Recallthe de nition of a nucleusfrom Example 3.3.

Theorem 7.15. If L = H.;”; ; ;n;=;e is a GMV-algeba and a nucleuson it, then
1.L =h ;7; ; ;nm=;e andL is a GMV-algebg,
2. L isa lter inL and
3. isjoin-preserving.

Proof. 1) By Lemma3.4,L is aresiduatedlattice. Since is extensiwe, e (e). Hence,
(e) is invertible, by Lemma7.2(i). By the fact that is a nucleus,we get (e) (€) (e),

so (e) e Thus, (e)=e

Sincel isa GMV-algebra,if x 2 L ,thenx _y= x=((x_y)nx) 2 L , by Lemma3.3(2).
Thus, _ isthe restriction of _onL . Finally, L is a GMV-algebra, becausethe join and
division operationsof L are the restrictions of the onesin L, and L is a GMV-algebra.

2)Ifx2L;y2Landx vy, thenby Lemma3.3,y = x_y = x=((x_ y)nx) is an
elemen of L . SincelL is alsoa sublattice, it is a lter.

3) For all x;y 2 L we have

xX)_ ()  (x_y)

by the monotonicity of . So,

(_ () (x_y)

by the monotonicity and idempotency of . The reverseinequality is alsotrue, since is
extensive and monotone, so

x_y)= (x)_ ):

85



Finally, since (x) _ (y) isanelemen of L ,

(- = ¥)_ y:

Thus,
xX_y)= (x)_ ()

O

Corollary 7.16. If L is an integral GMV-algebia and is a nucleuson it, thenL is an
integral GMV-algebi, as well.

Lemma 7.17. LetL bethe negative cone of an "-groupand a nucleusonit. If z2 L and
u= (z), then agreswith , on the principal Iter geneated by z, where ((X) = u_ X.

Proof. Letx z. Wewill shavthat (x) = u_x. Ontheonehand,u_x= (2)_X (x),
since is monotoneand extensive. Moreover,Xx U_ X, SO (X) (u_X) = u_x, because
L isa lter, by Theorem7.15(2). O

Corollary 7.18. Every nucleuson a GMV-algeba is a lattice homomorphism.

Proof. In view of Theorem 7.15(3), we needonly showv that presenesmeets. Let x;y be
elemerts of the GMV-algebraandsetz= x” yandu = (z). By Lemma7.17,we have

(x*y)= Wxry)=u_(xry)=(U_x)tU_y)= u()" u) = ()" (y):

We usedthe fact that GMV-algebras have a distributiv e lattice reduct; this follows from
Lemmas7.1and 7.4. O

Theorem 7.19. The residuatd lattice M is an integral GMV-algeba if andonlyif M = L
for someL 2 LG and somenucleus onit.

Proof. One direction follows from the previous corollary. For the other direction, let
M = hM;”; ; ;n;=;el be an integral GMV-algebra. Using Lemma 7.1, Lemma 7.5(2),
Lemma 3.1(6), Lemma 7.2(2), Lemma 3.1(8),(7) and Lemma 7.5(1), we seethat hM;n;=
is a conealgebra. So, by Theorem 7.9, it is a subreductof the negative coneL = M of an
“-group, sud that the monoid generatedby M is equalto L.

Sincethe division operationsof M are the restrictions of the division operationsof L we
usethe symbols n and = for the latter, aswell. Moreover, the sameholds for the join and
the constart e, becausein integral GMV-algebrasthey are term de nable by the division
operations(x _y x=(ynx) ande x=x). We denote multiplication in L by .
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sud that x = x; X,  X,. We prove the following Claim.

Clam:If z2 M;x2 L andx=X; Xp, thenz_ x=2z_ Xx; Xn.

Z X z=(xnz) (axiom of IGMV-algebras)

z=((x1  Xp)n2)

z=[Xon(::: (Xon(x1n2)) :::)] (Lemma 3.1(6))

z=((Xq Xn)NZ) (Lemma 3.1(4))

=Z X Xn (axiom of IGMV-algebras)

Supposenow that X = X3 X, = VY1 VYa, With X;;yi 2 M. Then,

X1 Xn_Y1 Yn = X1 Xn _ X1 Xn;

by the precedingclaim. Hence,y; Vn X1 Xn: Likewise,x; Xn Y1 Yn;
hencex; Xn = V1 Yn:
Retaining the notation establishedin the precedingparagraph,we de ne (Xx) = X3
Xn. By the previous paragraphthis map is well-de ned. We will shawv that it is a nucleus
onL,L =M andL =M.
Note that (x) 2 M , for all x 2 L, soby setting z = (x) to the claim above, we get
(X) _x= (x). So,x (x), forall x 2 L. If x vy, then

() (y)_ (%
= (y)_X (Claim for z=(y))

M_y &y
) (extensivity of )

So, is monotone. We also have

((x)= (x Xn) = X1 Xn = (X):

Wehaveshovnthat isidempotent, hence isaclosureoperator. Finally, if x = x; X,
andy =y, Yn, then

x) (y) ((x) ) (extensivity)
= ((X1 Xn) (Y1 Ym)) (de nition of )
= (X1 Xn) (Y1 Yn) (de nition of )
= (xy) (de nition of )
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Thus, isanucleus.By de nition, (x) 2 M, foreweryx 2 L. So,L M. Corversely

if x2 M, then (x) = x, that isx 2 L . We have establishedthat L = M.
By the remarks at the beginning of the proof and the de nition of L , we seethat the
division operations, join and e agreeon L and M. Moreover, for x;y 2 M; x y =
(x y) = x y. Finally, the meetoperation on the two structuresis the same,sinceintegral
GMV-algebrassatisfythe iderntity x*y  (x=y) y. Thus, the two structuresareidentical. [

As an example, we note that the collection of all co- nite subsetsof N is the universe
of a generalizedBoolean algebraA, hencean integral GMV-algebra. It is easyto seethat

A= (2 )N) , where  ((Xn)n2n) = (Xn _ ( 1))n2n-
Combining Theorem7.11and Theorem7.19, we obtain the following.

Theorem 7.20. A residuate lattice M is a GMV-algebia if and only if it has a direct
product decomposition M = G H ,wher G;H are "-groupsand is a nucleuson H

Represetmation asa retraction
In what follows we obtain a secondcharacterizationof GMV-algebras. A generalizedVV-
algebrais showvn to be the image of an “-group under an idempotent monotoneoperator.
Recall the de nition of a kernelfrom Example 3.11.

Lemma 7.21. If L is a GMV-algebr or a GBL-algeba and a kernelon it, then sois the
-contraction of L.

Proof. If L is a GMV-algebra, then
(X_y)nx = xnx ynx = e ynx e:
SincelL is anideal that cortains e, we have
(x_y)nx) = (x _ y)nx:
So,
x=[(x_y)nx]= (x=(x_y)x)) = (x=((x_y)nx)) = (x_y)=x_y:
Similarly, if L is a GBL-algebra, (X" y)=y g, so
(x*y)=y)y= (X" y)=y)y = (X" y)=y)y = x"y:
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The opposite properties are obtained similarly. O

Theorem 7.22. A residuatel lattice L is a GMV-algebai L = (G ) , for some -group
G, somekernel on G and somenucleus on G .

Proof. By the previouslemma,if G is an "-groupand akernelonit, then G is a GMV-
algebra. Moreover, by Theorem7.16,(G ) is a GMV-algebra, aswell.

Conversely let L be a GMV-algebra. By Corollary 7.22,L = K H , for some -groups
K andH, andanucleus onH . Deneamap onK H,by (k;h)=(k;h”" €. We
will shav that is a kernel. It is obviously an interior operator and (e;e) = (e;e). Note
that

(k:h) (K®h9 = (k;h” e)(k®hor g) = (Kk® (h~ €)(h°” €)) = (kk® hh®A h A ho g)
and (kk®hhor h~ hor @) = (Kk® hhoA hA hoA g). Similarly
(k;h)~ (K5hY) = (k;h~ @)~ (K&h) = (k~ kSh~ en h)
and (k" k®h” erh9 = (k~ k& h~ e ho.

Obsene that the underlying setof (K H) isK H . Dene onK H , by
(k;h) = (k; (h)). Wewill showv that is anucleuson (K H) . It is obviously a closure
operator. Moreover,

(k;h) (kSh9 = (ki ())(KS (h9)
= (kk% (h) (h9)
(kk (hh9)
(kk% hh9
((k; h)(K%h9):

Noticethat (K H))= (K H )=K H . So,the underlyingsetof K H
and (K H) ) coincide. Recallingthe constructionsof the -cortraction and -retraction,
we seethat the lattice operations on the two algebrascoincide. To shav that the other
operations are the same,aswell, note that for all (k;h);(kh%2 K H ,

(k;h)  (k%h9
((k;h) (k% h9)
(kk® hh9)

(kk% (hh9)

= (kk®h  h9

= (k;h) « 4 (K%h9
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((k; h)ng 1 (k% h9)
((knk k% hny h9)
(knk kK% hny h°~ g)
= (knk k% hny h9
= (knck%hn, h9
= (k;h)ne (K5 h9

(k;ngk 1y y (KSh9

and likewisefor the other division operation. O

We investigatethe action of nuclei and kernelson GMV-algebras, beforewe characterize
their compositions.

Corollary 7.23. If is akernelon an "-group G, then there exist "-groupsK ; H, suchthat
G=K Hand (k;h)=(k;h”"e), forall (k;h)2K H. Thus,G =K H

Proof. SinceG is a GMV-algebra, by Theorem7.15,there are "-groupsK ; H and a nucleus
onH ,sudhthat G = K H andthe submonoidgeneratedoy H isH . SinceK H
is cortained in G, the “-subgroupgeneratedby K H is cortained in G, aswell. So,K
and the "-subgroupgeneratedby H are cortained in G. Sincethe submonoidgeneratedby
H isH andthe "-subgroupgeneratedby H is H, H is cortained in G. So,K H is
cortained in G. By Theorem7.21,G s a lattice ideal of G. Since(k;h) 2 G, for k 2 K
andh2 H ,and(k;e)2 K H = G,weget(k;h)2 G. So,K H iscontained in
G =K H ,whichinturn isconainedin K H . Thus,G =K H .1fx2G ,we
getx 2 G, sincee2 G. So,G isconainedin G = K H , henceG is cornained in

K H , which in turn is contained in G. S0,G = K H ,thusG=K H.
Consequetly, (K H) =K H ,s0 (K H)= QK H), where {g;h) = (g;h" e

is a interior operator. Sincean interior operator is de ned by its image, we get (g;h) =

(gh”e). [

Lemma 7.24.

1. The identity mapis the only nucleuson an "-group.

2. The identity is the only kernel on an integral GMV-algebg.

Proof. 1) Assume is a nucleuson the "-group G. SinceG is a GMV-algebra, by Theo-
rem7.15,e= (e) 2 G . Moreover, by Lemma 3.3, for ewery x 2 G, e=x2 G , that is
x 12 G . Thus,G = G. Sincea closureoperator is uniquely de ned by its image, isthe

identity on G.
2) Assumethat is a kernelon anintegral GMV-algebraM . By Lemma7.21,M is anideal
of M. Moreover,e= ()2 M . So,M = M, hence is the identity. O
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Corollary 7.25. If is a kernelon a GMV-algebia M, then there exista GMV-algeba N
and an "-groupH, suchthat M = N H and (n;h) = (n;h” ¢), for all (n;h) 2 N H.
Thus,M =N H

Proof. By Theorem 7.20, there are "-groupsG;L, and a nucleus onL , suc that M =
G L . The coordinate mapsof , which we denoteby , aswell, onG andL arekernels,
becauseof the equationalde nition of akernel. By Corollary 7.23,there exist "-groupsK ;H,
suhthat G=K H and (k;h)= (k;h"e),forall (k;h)2 K H.SoM =K H L .
Moreover, by Lemma7.24(2), onL istheidentity. If weidentify isomorphicalgebrasand
setN=K L ,wegetM =N Hand (n;h)=(n;h~e),forall (nh)2 N H. 0O

Corollary 7.26.

1. A residuatel lattice L is a cancellative GMV-algeba i L = G , for some -group G
and somekernel on G.

2. A residuatel lattice L is a GMV-algebrai L = K , for somecancellative GMV-algebia
K and somenucleus onK.

Proof. 1) Onedirection follows from Corollary 7.23and Corollary 7.13. For the other direc-
tion, assumethat L is a cancellatie GMV-algebra. By Corollary 7.13,L = K H , for
some -groupsK ; H. It is easyto seethat the map onK H,denedby (k;h)= (k;h"e€)
isakernelandthat (K H) =K H =1L.

2) One direction follows from Theorem 7.15. Conversely if L is a GMV-algebra, by Theo-
rem 7.20, there exist "-groupsG;H and a nucleuson H ,sudhthat L= G H . It is
easyto chedk that the map on G H dened by (g;h) = (g; (h)) is a nucleusand
that (G H ) =G H =1L. Finally, K=G H isa cancellatie GMV-algebra, by
Corollary 7.13. O

A core, de ned below, on a GMV-algebra is a typical composition of a nucleusand a
kernel.
A map on aresiduatedlattice is called a core if

L) @) (xy)

2. (&=e

3G M7y (C M) (7)),
4. (x)rxry ()" x"y)and

5 ()%= (x).
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If is a map on a residuated lattice L and a mapon (L), dene (.)onlL, by
( .y(X) = ( (x)). Moreover, is amap on aresiduatedlattice, dene onL and on
(L), by (x)= (x)"xand (x)= (x).

Lemma 7.27. LetL be a GMV-algeba. If is akernelonL, anucleusonlL ,and a
coreon L, then

1. is a nucleuson (L) and is akernelonL,
2. (T (= oand (=
3. (.yisacoreonlL.

Proof. 1) Since isthe restriction of , wehave (x) (y) (xy), by the rst property
of a core. So, is a nucleus.

Obviously, (e) = (e) ™ e = e, by the secondproperty of a core. The remaining two
properties of a kernelstatethat (x) (y) and (x)_y areelemens xed by . It is easy
to seethat for every x, (X) = xXi X (x). So,the remaining properties are equivalernt
to properties (3) and (4) of the de nition of a core,which hold for . Thus, is akernel.

2) Wehave ., (x)= (.)(xX)"x= ((x)"X. Inview of Corollary 7.25,to shov
that ., = it suces to verify that ( (x)) * x = (x), only for the cases (x) = X
and (x) = x”™ e. In the rst case,the equation holds, by the extensivity of . In the
secondcase,the equationreducesto (x " €)™ x = x* e. By the extensivity of we have
xNe= xNertx (x™ )™ x and by the monotonicity of weget (x"e)"x (e)"x = erx,
by Theorem7.15(1).

For every x in the rangeof ., = , namely (x)=x,wehave .  (X)= (;)(X)=

((x)= ():Finally, ¢ Hx)= ( x)= (X)"*"x)= (x).

3) For the rst property of a corewe have

) M= (&) ) (= ()M (xy)= &xy):

Also, (&) = ( (e)) = (e) = e by Theorem7.15(1).

Sincefor ewery x, X (y(X) i ., (X) = x, properties (3) and (4) of the de nition
of acorehold for (., i andonly if the last two properties of a kernel hold for .. This
is a true statemert, since ., = , by (2).

The last property of a corefor () isequivalert to (.,( ,.,(X)) = (;)(x), that is

() (X)) = (.y(x), namely ( ( (x))) = ( (x)), which follows from the idempotency of

O

(
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For a residuatedlattice L andacore onit, denelL = (L )

Corollary 7.28. A residuatd lattice L is a GMV-algebai L = G , for some -group G
and somecore onG.

Categorical equivalences
In this sectionwe show that the represetations of integral GMV-algebrasand of GMV-
algebrasextend to categoricalequivalences.

Let IGMV be the categorywith objects integral GMV-algebrasand morphismsresid-
uated lattice homomorphisms.Also, let LG be the categorywith objects algebrash_; i,
sud that L is the negative coneof an “-group and is a nucleuson it, whoseimage gener-
atesL asa monoid. Let the morphismsof this category be homomorphismsbetweenthese
algebras.

Moreover, let GMV be the categorywith objects GMV-algebrasand morphismsresid-
uated lattice homomorphisms.Also, let LG be the categorywith objects algebrashG; i,
sud that G isan "-groupand is coreon G, whoseimagegeneratesG. Let the morphisms
of this categorybe homomorphismsbetweenthesealgebras.

The two main results of this section, Theorem 7.43 and Theorem 7.44, assertthat the
two pairs of categoriesde ned above are pairs of equivalert categories.

Lemma 7.29. For a;b;c in the negative cone of an "-group,ab= ci (a= c=bandc b
i (b= ancandc a). Moreover, the negative cone of every "-group satis es the identity,
x=(y”" z) x=y_ x=z and its opposite.

Proof. If ab= c, then ab=b= c=h so,by Theorem4.5,a= c=b Moreover,c=ab eb b,
by integrality. Conversely if a= c=h then ab= (c=hb. So, sincenegative conesof "-groups
are integral GBL-algebras,ab= c” b. Sincec b wegetab= c.
Assumethat G is an "-group and recall the de nition of a negative cone. For elemelts
X;y;22 G , we have

x=(y"z) =x(y"z) *"e
x(y ! _zHnre
(xy ¥ _xz Hre
(xy 7€) (xz 1" e
XZYy _ X=Z

For the opposite equation we work similarly. O
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De nition 7.30 and lemmas 7.31, 7.32,7.33, 7.36 and 7.39 are non-comnutative, un-
boundedgeneralizationsof conceptsand resultsin [Mu].

De nition  7.30. Let L be the negative cone of an “-group and u; x elementsof it. De ne
the elementsxy and b}, for every natural number n, inductively, by i = x and xi,; =

u_ i o, = xg.ng, forallk O.

Lemma 7.31. Let L be the negative cone of an "-group and u; x elementsof it. For all
natural numters n,

1. B = u"nx,
2. B = (x{x§  xp)nx,
3. x  XxXi{x§  Xp.

Proof. Statemert (1) is obvious for n = 0; we proceedby induction. Assumethe statemen
is true for n = k. To shaw that it is true for n = k + 1, note that, using properties (3) and
(6) of Lemma 3.1, we get

Xiea N = (U _ )nkg
uni A ging = unly * e

un(unx) = uk*nx:

b

The secondstatement is clear from the de nition of B and Lemma 3.1(6). We prove the
third statemert by induction. Forn= 1wehavex = k§ u_ky= x3. If x Xix§ X},
then,

X =xiX§y xXp"X
= xix3  Xql(xixz  xp)nx]
= XiX;  xqh
Xixz  Xp(u_H)
X{Xz  Xp Xpaq!
Thus,x xyx§  x§ holdsfor all natural numbers. O

Lemma 7.32. Let L be the negative cone of an "-group and u; x elementsof it. If u" x,
for somenatural numker n, then

1.4 ;=e¢ forall k> n,
2. xg = e forall k> n,
3. X = x{x§ X,
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4. 1f x vy, thenx{ vy, for alli.

Proof. For the rst property note that uk ? u” x, soe U Inx. Hence i ; =
u® Ynx = e. As a consequencave have x{ = u_H , = u_e = e Moreover, by
Lemma7.29and Lemma7.31(3),x = xjx; Xp,soe= K ;= (xix§ xp)nx. Finally, by
Lemma7.31(1),wehave x! = u_u" *nx u_u" ny=yH foralli. O

Lemma 7.33. Let L be the negative cone of an "-groupand a nucleuson it, suchthat L
geneatesL asa monoid. If x 2 L andu (x), thenx = xjxjy x4, for somen.

Proof. By the monoid generation property, we have X = X;X, Xp, for someelemens
X1;:::Xp Of L and somenatural number n. So,

u (X)= (X2 Xn)=Xxs Xn  Xi;

forall i. Thus,u" XX, X, = X. The lemmafollows from Lemma7.32(3). O

Lemma 7.34. Let L be the negative cone of an "-groupand a nucleuson it, suchthat L
geneatesL asa monoid. Also, letz;x 2 L; x zandu = (z). Then, the elementsx;
are the unigue elementsy; that satisfyx = x;  X,, for somen, andx; Xj+1 = X, for all
i L
Proof. Note that x = x} Xy, for somen, by Lemma7.33,sinceu = (z) (x), by the
monotonicity of . Additionally, x{' X{4; = (X{I'X{41) = u(X{'X{}1), by Lemma7.17,since
z X X'%X{;, which in turn equalsu _ x{x{,; = u_ x{'(u_HB') = u_ xfu_ xi'd' =
u_xju_Ho,=u_HK = x".
Cornversely if x = x;  Xn, for somen, and x; Xj+x1 = X;, for all i, then (x) =

(X1 Xp). So,sincez X, by Lemma7.17, y(X) = X Xn, henceu _ x = Xy,

namely x; = x4{. We proceedby induction. If x; = x{', for all i  k, then

(X1 X)X = Xear X ) (X{ XNX = Xker X
) =X Xn X Z
) ()= (X1 xn)andz K
) () = X xpand (&) = ()
) (B) = Xk and (B)=u_HK
) Xkl = Xjaq !
Thus, the decompsition is unique. O

Corollary 7.35. Let L be the negative cone of an "-group and a nucleuson it, suchthat
L genemtesL asamonoid. If z;x 2 L andz X, then, for all i 1, x,@ = x, ®.
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Lemma 7.36. Let L be the negative cone of an "-groupand a nucleuson it, suchthat L
geneatesL asa monoid. Also, let x; y;t be elementsof L, suchthatt x”~yandu= (t).

Then, for somenatural numter s,
YS
xMy= (MY

i=1

Proof. Setz = x” y. Then, by Lemma7.33,for somes,

¥ ¥ ¥
Xx= X,y= y'andz= z"
i=1 i=1 i=1
Obviously,
e s &
O ™ ) Xih oy ExNy =z
i=1 i=1 i=1

Moreover,z Xx;y,soz' x{” vy, foralli, by Lemma7.32(4). Consequetly,

Y Y
z=  z (xi' ™ y):

YS
Thus,z= (X' " yi'): O]
i=1
Let L be the negative coneof an "-group and a;;;c; 2 L. We sa&y that the matrix
C=1[g] 1 i n,1 | m is an orthogonal decomposition of the factors of the

equationa; a, a,=b; b by, in synbols,

22 & - @ 33
by gg Ci1 i C éé
b Cmi :: Cmn
if for all i; j,
\d 4
a= G, b= ¢,
j=1 i=1

and the (i; j )-orthogonality condition,
Y yn
k=i+1 I=j+1
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holds, for all i; j; that is the product of the elemerts to the right of ¢; is orthogonal to
the product of elemerts below it.

Lemma 7.37. Let L be the negative cone of an "-groupand a;;;c; 2 L. If the matrix C
is an orthogonal decomposition of the factors of the equationa; a, a,=b, b h,, then
the equation holds.

Proof. For m = n = 2, we have aja, = €11C12C1C0 = C11C1C10C2 = by, We proceedby
induction on the pair (m;n). Assumethe lemmais true for all pairs (m; k), wherem 2
and k < n. We will show it is true for the pair (m;n).

Supposethat the matrix C = [¢;]; 1 i n;1 j misanorthogonaldecompmsition
of the factors of the equationa; a, a,=b b b,. It iseasyto seethat

22 & - @& 33 220 & € 33
C1 Ci2 i Cp by Ch C
AR ¢ S | NN ¢
Cm Cm2 :: Cmn b Cm1i Cm
wherec=c¢; Cy,.So,ay a2 an=a (& Cphn)=ac=b b by O

The following re nement lemma, can be found in [Fu]. For completenesswe give the
proof in the languageof negative conesof "-groups.

Lemma 7.38. ([Fu], Theorem 1, p. 68) Let L be the negative cone of an “-group and let
ap;nan b by be elementsof L. Then,ay ao a, = by b b, i there existsan
orthogonal decomposition of the factors of the equation.

Proof. One direction is given by the previouslemma. For the other direction we useinduc-
tion. We rst proveit for m = n = 2. Assumethat a;a, = bbb, = c. Set

Ciu=ai_ by, Cu= a=c
Co=Cuhay, Cp=a_b
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Using Lemma7.29and Lemma 3.1 we get

=0 = &=y _ )
(aync)=(a;nc_ bync)
(aznc)=((a; " by)nc)
ain[c{(ay * b)nc)]

ainf(a; ™ by) _ (]

ain(a, ™ by) = ayna; * a;nby
e ainby = aznby ™ bynky
(a1 _ by)nby = cipnby

Co1

Similarly, we show that ¢, = bb=G,. Consequetly, we can compute the products
C11C2 = Cua(Cuha) = ey = (a1 _by) " a1 = &

C21C2 = (82=G2)C2 = @2 ™ Cp2 = &
C11C1 = Cra(Cunby) = e b= by
Ci2C2 = (b=G2)Co= M Cnn= by

Finally, cio _ 1 = ciahay _ ciainby = cipn(ay _ by) = ciinci; = e.

For the general case,we proceedby induction on the pair (m;n). Assumethat the
statemernt is true for all pairs (m; k), wherem 2 and k < n. We will show it is true for
the pair (m;n).

Assumethat a;, aoa a,=b b b, andseta= a, az:ia,. So,aqa=b b, hy,.
By the induction hypothesis,we get

22 & @ 33 22 & @ 33
o} Ci1 Ci2 Ci2 dip :: diy

B8 . L™ 8
b Cm1 Cm2 Cm2 dmz 0 dmn

So, we have,
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o] gg Cipz Oz i din éé

b Cni Omz ::: dmn

Lemma 7.39. Let L be the negative cone of an "-group, a nucleusonit anda;as;:::;a,
inL . Then,a=a, a a,i a=a a a, and ax = (ax &+
an)=(ak+1  &+2 a,), forall1 k< n.

Proof. We useinduction onn. Forn = 2,if a= ajap, then (a) = (a;a,), soa=a; a,.

Moreover, by Lemma7.29,a; = a=&, soa; = (a1 ap)=a&. Converselyif a= a; a, then

a= (aa) (ap) = a,. Sincea; = a=g, We geta = a;a,, by Lemma7.29.
Assume,now, that the statemert is true for all numberslessthan n.

a=a(a a) , a= abandb=a a,
, a=a b;a;=a=b;b=a, a, and
&= (& &= an) (A1 A2 an),
forall2 k<n
, a=a @& a, and
&= (& &= an) =+ A2 an),

foralll k< n.
O

Lemma 7.40. AssumeK ;L are negative conesof "-groups, ;; , arenucleiandK |, L,
geneate K and L respctively as monoids. Moreover, letf : K | | L , be a residuatel
lattice homomorphismand let aj;:::;an; by; by be elementsof M, suchthat a;a, a, =

bhb, by, whee multiplication is in K. Then, f (a))f (a)) f(a,) = f(b)f () f(by),
where multiplication is in L.

Proof. First note that, for all ¢;;c;;:::;¢6,2 K ,,if e, ¢, 2 K |, then
f(ce &) =f(a)f(c) f(c):

To seethat, noticethat by Lemma7.39,c= c;c, G, isequivalert to a systemof IGMV-
algebraequationsin K . Sincef isahomomorphism,the sameequationshold for the images
of the elemens under f . Applying Lemma7.39again,we getf (c) = f (c))f (o) T ().
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By Lemma7.38,there exist¢; 2 K |, sudh that if for all i; j,

hd Y Y Yn
a = Gi; b = ¢; and Ckj _ c = e:
j=1 i=1 k=i+1 I=j+1
Using the obsenation above and the fact that f presenes joins (join in K | is the
restriction of join in K), we get that, for all i; j,
yn Y Y Yn
fa)= f(c), f(h)= f(c)and f(cq) _ f(ci)=e:

j=1 i=1 k=i+1 I=j+1

Applying Lemma7.38 again, we get

f(a)f () f(an) = f()f () f(m);
where multiplication is calculatedin L. O

Lemma 7.41. AssumeK ;L are negative cones of "-groups, i; » are nuclei, K ,, L,
genente K and L respctively as monoids,andf : K ;! L , is aresiduate lattice homo-
morphism. Then, the mapf : K ! L, denedbyf (xix, x,)=fX)f(X2) f(Xn),isa
homomorphism,suchthatf ;= , f.

Proof. By Lemma7.40,f iswell de ned andit obviously presenesmultiplication. If x 2 K,
then there exist x;;:::;X, 2 L , sudh that x = x;  X,. Hence,

FCa(x)) =f(ax)
=f( 20Xt X))
=f(xa , . Xn)
=f(x) , > f(Xn)
= of (x1)  f(xn))
= 2(f (X)):

Thus,f 1= , f. Notethat f is order preserving.If x yandu= (x”"y), then
fFO)=1(x)) f0xq) fy)  flyn) =)
by Lemma7.32(4). Note that if u= (2); z X, then, by Lemma7.34,

Xx=Xx] xpandxy X = X"
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So,
f(x)="f(x1) f(xp)andf(xy) ,f(xi)="F(x):

Applying Lemma7.34 again, we get that for all i,
F(xt) = (F (x)), 27
Sincef presenesorder,f(z) f(x). So,by Corollary 7.35,
f(xt) = (F(x), 2@
We can now show that f presenesmeets.

Letz=x"y,u= 4(2)

YS
f(xry) =f( (x'"y)) (Lemma7:36)

i=1

PO~ v
1

(F O ™ F(vi)
1

[(F ) 2@ A (F () 2 @]

i=1
FO) ™ fy);
wherethe last equality is given by Lemma7.36, since

o(f(2))  2f )7 2(F (Y)):

Thus, f is amap betweenthe negative conesof two "-groupsthat presenesmultiplication
and meet. By Theorem1.4.50f [BKW], f is a homomorphism. O

Corollary 7.42. Under the hypthesisof the previoustheorem, if f is an isomorphism,then
sois f.

Y1 Yn. Moreover, there exist x3;:::;xp 2 K |, sud that f(x;) = y; for all i. Then,
fxe xp)=Ff(x) fxn)=yr yn=Yy.

If f(x) = f(y), namelyf (x}) f(xp)="f(y;) f(yy) then, by the presenation of the
uniquenesf the decompsition under f , givenin the proof of the previoustheorem, we get
f (x{') = f (y') for all i. By the injectivity of f we getx{' =y, for all i, sox = y. O
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Theorem 7.43. The categoriesLG and IGMV are equivalent.

Proof. For an object KK ; i of LG , let (HK; i) = K and for a homomorphismf
hK; 4! b i let () bethe restriction of f to K |.

By Corollary 7.16, ( hKK; i) isanobject. Usingthe fact that f commnuteswith the nuclei
it is easyto seethat ( f) isamorphismof IGMV . To ched, for example,that it presenes
multiplication, note that

(D)(x y)=10axy)) = 20f(xy)) = 20)F(Y) = F(x) . f(y):

Moreover, it is obviousthat (f @)= (f) (g)andthat (id¢ )= idk ,. Thus,
is a functor betweenthe two categories.By Theorem7.19, is onto the objects of IGMV
and by Lemma 7.41, isfull. Finally, is faithful, becausef two morphismsagreeon a
generatingset, they agreeon the whole negative coneof the “-group. Thus, by [MI], isa
categoricalequivalencebetweenthe two categories. O

Sincethe category of “-groups and the category of their negative conesare equiwalert,
by [BCGJT], onecan considerfor objects pairs (G; ), whereG is an "-group, but all other
conditions remain the same(i.e., isanucleuson G and morphismsare homomorphisms
between negative cones),and still obtain a categorical equivalencebetweenthe categories
LG andIGMV .

The categoricalequivalenceholds alsofor the full subcategoriesof IGMV and LG (or
LG ), wherewe consideronly boundedIGMV-algebras, alsoknown as pseudo-MV-algebras
(category bIGMV ), and nuclei sud that (x) = u__ x, for someu (category bLG or
bLG ).

Moreover, the categorical equivalence holds also for the subcategoriesof IGMV  and
LG (or LG ), wherewe consideronly homomorphismssud that the order Iter generated
by the imageis the co-domain(categoriesIGMVb , andLG b or LG b).

Finally, the sameholds if we make both of these restrictions to obtain the categories
bIGMVb ,andbLG b orbLG b. This nal categoricalequivalenceis the oneestablished
by Dvurecenskijin [Dv]. If we restrict further to the commnutative sub-case,we obtain
Mundici's result, in [Mu].

Theorem 7.44. The categoriesLG and GMV are equivalent.

Proof. For anobject hG; i of LG ,dene ( hG; i)= G . Foramorphismf of LG with
domainhG; i, dene (f) to bethe restriction off to G .
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Let = and = . By Corollary 7.21 and Theorem 7.15, ( hG; i) is an object
of GMV . Actually, G = WG) ;~;_; ;n;=;e. Toshov that ( f) is a morphism of
GMV we usethe fact that f commutes with - we usethe samesynbol for the coresin
the domain and in the co-domain.

First notethat if x = (x), thenx = (x) = (X). In this casef (x) = (f (x)) = (f (x)).
By Lemma7.27,

FCN)= FNMF)=FCONMF)=1(C ()" x)=TF((x)=TF(x):
Moreaver, (f(x)) = ( (f(x))) =f( ( (x))) = f(x).

We cannow shaw that f presenesmultiplication. Forx;y2 (G),x= (x)= (x) and
y= (y) (y),so (xy)= ((x) (¥)) = (x) (y)=xy. Thus,

FOcy) =1Cy) =10 CKxy)) =T (xy))
Fxy) = C(E&xy))) = (Fxy)

FOAf(y) =1(x) f(y)

Additionally,
fx=y) =f( ()= () =f( (x=y)
fCC=y)) = ((Fx=y)
( )=ty = (F(x)=F(y)
(f(x)= (f(y) = f(x)=1(y):
For the other division we work similarly. ( f) presenesthe lattice operations, becausehey
are restrictions of the lattice operations of the “-group, so ( f) is a homomorphism.

By Theorem7.28, is onto the objects of GMV . Moreover, is faithful, becausaf two
morphismsagreeon a generatingset, they agreeon the whole "-group.

To seethat isfull, letg: M ! N, beamorphismin GMV . By Corollary 7.20,there
exist “-groupsK ;H;K;H andnuclei ;onH and ,onH ,suhthat M = K H  and
N=K H ,- Moreover, by the proof of Theorem7.22,there existkernels ; onK  H, »
onK H,andnuclei'ton(K H),and3on(K H),, suhthat (k;h)= (k;h" e
and T(k;h) = (k; i(h), i 2 f1,2g. So, there are homomorphismsg; : G ! G and
R:H ! H ,» Sudh that g = (01;092). By Theorem 7.41, there exists a homomorphism

1

f, :H ! H ,that extendsg, and commnutes with the 's. By the resultsin [BCGJT],
there exists a homomorphismf, : H ! H that extendsf,. Letf :K H! K H be
dened by f = (g;;f2). It isclearthat (f) = g. Wewill shav that g( 1(x)) = 2(g(x)),

103



where ((x) = 7(i(x)). Let ()2 K H .
g( 1(k;h)) = 9(1( 1(k;h))) = g(k; 1(h " €)

= (01(k); &( 1(h ™ €)) = (qu(k); 2(g(h" €))
(01(K); 2(92(h) * €) = ~2(au(k); g2(h) " €)
2( 2((9u(k); g2(h)))) = 2(a(k; h)):

Thus, by [MI], is a categoricalequivalencebetweenthe two categories. O

Decidabilit y of the equational theory
We obtain the decidability of the equational theory of GMV as an easyapplication of
the represemation theorem, establishedabove.

For aresiduatedlattice term t and avariablez 62V ar(t), we de ne the term t, inductively
on the complexity of a term, by

X = X_Z e =€
(s_r;=s,_r, (s™r),=s,"r,
(s=r), = s,=r, (snr), = s,nr, (sr), = s,r, _ z;

for ewvery variable x and ewery pair of termss;r.

Recall the de nition of the term operation t* on an algebraA inducedby aterm t over
the (ordered) set of variablesfx; ji 2 Ng, given on pageb.

For a residuated|lattice term t, a residuatedlattice L and a map on L, we de ne the
operationt on L, of arity equalto the number of variablesin t, by

x =xt e =¢e
(s_r) =s _r (s™r) =s "r
(s=r) =s=r, (snr) =snr (sr) = (sr)

for ewvery variable x and ewery pair of termss;r.

Essetially, t is obtained from t- by replacing every product sr by (sr), and t, is
obtained from t by replacingevery product sr by sr _ z and ewery variable x by x _ z. We
extendthe above de nitions to ewery residuatedlattice idertity " = (t s)by", = (t; s,),
for a variable z that doesnot occurin ". Moreover, wede ne " (a) = (t (a) = s (a)), where
a is an elemen of an appropriate power of L.

Lemma 7.45. An identity " holdsin | GMV i the identity ", holdsin LG , where z 62
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Var(").

Proof. We prove the cortrapositive of the lemma. Let " be an identity that fails in | GMV .
Then there existsan integral generalizedViV-algebra M , and an a in an appropriate power,
n, of M, sud that "(a) is false. By Theorem 7.19, there exists a negative coneL of an
“-group and a nucleus onlL, sud that M = L . By the de nition of L , it follows that
" (a) is falsein L. Let p be the meet of all productst (a)s (a), wheret; s range over all
subtermsof " andu = (p). By Lemma7.17, and , agreeon the upsetof p. Sincethe
argumerts of all occurencef in" (a) areof the formt (a)s (a), wheret; s are subterms
of ", andt (a)s (a) arein the upset of p, we can replace,working inductively inwards, all
occurencef in" (a) by ,. So,"” ,(a) =" (a), hence" ,(a) is falsein L. Note that pis
below a(i), foralli 2 f1;:::;ng, sou=(p) (a(i)) = a(i), hencea(i) = a(i) _ u, for all

Conversely if ",, fails in LG , then there exists a negative coneL of an "-group, a in
an appropriate power, n, of L and u 2 L, sud that ("4)-(a;u) is false. Obviously,  is
a nucleuson L, soL , is an integral generalizedMV-algebra. Let b be the elemen of L",

In view of Theorem 7.20we have the following corollary.

Corollary 7.46. An identity " holdsin GMV i " holdsin LG and", holdsin LG , whele
z62ar(").

The variety of "-groupshas a decidableequational theory by [HM]. Basedon this fact,
it is shovn in [BCGJT] that the sameholds for LG . So,we get the following result.

Corollary 7.47. The eguational theories of the varieties | GMV and GMV are decidable.

105



CHAPTER VI11
CONCLUDING REMARKS AND OPEN PROBLEMS

In this thesis we have tried to presem a range of subvarieties of residuated lattices.
Our goal was not to exhaust the topic, but rather to stimulate interest for this area of
mathematicsthat is algebraicin nature and has connectionsto logic. The vastnessof the
topic is apparent consideringthat many well and not well-studied classesof algebrasare
examplesof residuated lattices. We beliewe that the corntext of residuated lattices is ideal
for formulating and proving generalresults about its subclasses.

The connectionsto logic (substructural, relevant, linear etc.) have not been explored
fully. It is promisingthat lately researbersconceirate onthe interactions mertioned above.
Certain results seemto have easier,or only, logic proofs, i.e., see[JT], [GR].

We mertion belonv a number of open problemsthat have comeup from our study. We
beliewe that a lot of them have relative easyanswers, but we suspect that someare very
hard.

1. Is there a cortinuum of commutativ e atomic subvarieties of residuated|attices?
2. Are there in nitely many integral atomsin the subvariety lattice of RL ?

3. Is the equational theory of distributiv e or cancellative residuated lattices decidable?
Are there cut-free Gerizen systemsfor the correspnding logics?

4. Do comrutativ e cancellative integral residuated|attices satisfy any non-trivial lattice
idertit y?

5. Is the join of any two nitely basedresiduatedlattice varietiesalso nitely based?
6. Which varieties of residuatedlattices have EDPC. Which satisfy the CEP or the AP?

7. Is there a good description of all monoid or lattice reducts of residuatedlattices?
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