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ABSTRACT. In this paper we address some basic questions of the Banach space
structure of the nest algebras in the trace class; in particular, we study whether any two
of them are isomorphic to each other, and show that the nest algebras in the trace class
have bases. We construct three non-isomorphic examples of nest algebras in ¢;; present a
new proof of the primarity of ¢; (Arazy, [Arl], [Ar2]), and prove that K (H), and the nest
algebras in B(H) are primary.

1. INTRODUCTION.

In the present paper we study some basic questions of the Banach space structure
of the nest algebras. In particular, we study whether any two nest algebras in ¢; are
isomorphic to each other.

The answer to this question is known for the other Schatten p-classes, ¢,, and for
B(H): All the nest algebras in ¢,, 1 < p < oo are isomorphic to ¢,. This is an easy
consequence of the results of Macaev [Ma] and Gohberg and Krein [GK] that say that the
nest algebras in ¢y, 1 < p < oo are complemented in ¢,. Likewise, all the nest algebras in
B(H) are completely isomorphic to each other (see [A2]).

The structure of the nest algebras in ¢; is richer. We will show, for instance, that if
the complete nest is uncountable, then the nest algebra in ¢; is isomorphic to the contin-
uous nest; and for the countable case there is a natural collection of spaces, indexed by
the countable ordinal numbers, that resembles the classification of spaces of continuous
functions on countable metric spaces given by Bessaga and Pelezyriski [BP]; although we
can only prove that three of them are not isomorphic to each other.

The Banach space invariant we use is primarity, (a Banach space X is primary if
whenever X ~ Y @ Z then either X ~ Y or X ~ Z). As side results we prove that the

nest algebras in the trace class have bases and that the trace class, the space of compact
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operators and the nest algebras in B(H) are primary. J. Arazy, [Arl], [Ar2], gave an
earlier proof (1980-1) of the primarity of ¢;. Our proof is shorter and extends to K (H );
the technique was motivated by a paper of Blower [Bl].

Section 2 has the preliminaries; we fix the notation and quote the necessary results
from operator and Banach space theory needed later. In Section 3 we prove that ¢; is
primary. In Section 4 we apply the technique developed in Section 3 to study the nest
algebras in ¢;. In Section 5 we prove that the nest algebras in B(H) are primary. We
conclude with applications and open questions in Section 6; in particular, we prove that

the nest algebras in the trace class have bases.

The author wants to thank G. Schechtman for the great hospitality during his year

at the Weizmann Institute of Science and to J. Arazy for explaining the content of [Ar2].

2. PRELIMINARIES.

For this paper H denotes a separable Hilbert space and B(H) the set of all linear,
bounded operators on H. A complete nest, N, is a totally ordered family of closed sub-
spaces that contains 0, H, and is closed under intersections and closed unions. The nest
algebra induced by N is the set of all T € B(H) that leave invariant the elements of N

le.,

AlgN' ={T € B(H) : TN C N for every N € N'}.
The following examples have motivated a big part of the theory.

EXAMPLE 1. In {3 let Ny = spanfe; }¥ and k = 1,2,---,00. Then N = {0} J{ Ny }5°

is a nest and it is easy to see that Alg\ is the set of upper triangular operators.
EXAMPLE 2. In L3(0,1) let Ny ={f € Ly : suppf C [0,¢]} for 0 <¢ < 1.

EXAMPLE 3. In L2(0,1) ¢ Ly(0,1) let My = {f € Ly & Ly : suppf C [0,¢] & [0,¢]}
for 0 <¢ < 1.

The nest algebras were introduced by Kadison and Singer’60 [KS] and Ringrose’65 [R].

A central problem was that of classification. Two nests A" and M are similar (unitarily
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equivalent) if there exists T € B(H) invertible (unitary) such that TA" = M; equivalently,
TAIgN'T~1 = AlgM.

It is clear, (by a simple cardinality argument), that the nests of examples 1 and 2 are
not similar; however, it was open for a long time whether the nests of examples 2 and 3
were. This was answered by Larson’85 [L], who not only proved they are similar but also
that any two continuous nests (i.e., those whose index is connected for the order topology)
are similar.

Examples 2 and 3 are particular cases of the following natural family of nest algebras:
Let Ly(p) = L2([0,1], 1) where p is a positive Borel measure on [0,1]. For 0 < ¢ < 1,
let My = {f € La(p) : suppf C [0.#]}, and My = {f € La(p) : suppf C [0,%)}. Then
M = {M;, M{ }o<i<i is a complete nest called the standard nest.

J. Erdos [E] proved that if A is a nest in a separable Hilbert space, then there
exists a sequence 1 >> pz >> --- of regular Borel measures on [0,1] such that Alg\ is
unitarily equivalent to the standard nest on La(p1) & La(pz) & - -+ le., for 0 <t <1 and
f € La(p1) & La(p2) @ - - -, we have that f € M, if and only if suppf C [0,¢t] & [0,¢] F - -,
and f € M, if and only if suppf C [0,¢) $[0,¢) & ---.

For 1 < p < oo let ¢,, the Schatten p-class, be the set of all T € B(H) for which
|5 = tr(T*T)P/? is finite. Given A, a nest in H, define (AlgA)? = AlgA' (¢, to be
the corresponding nest algebra in ¢,. Macaev [M] and Gohberg and Krein [GK] proved
that an infinite nest algebra in ¢, is complemented in ¢, if and only if 1 < p < co. Since
this behavior is identical to that of the Hardy spaces H? in L,, the nest algebras in ¢,
are sometimes called the non-commutative H”-spaces. However, there are many more
analogies than that (see for example [FAM], [P], [A1]).

The similarity theorem also extends to the nest algebras in ¢,. If N and M are
continuous nests then we can find T € B(H) invertible such that TAlgN'T~! = AlgM.
Which implies, of course, that Alg\ ~ AlgM. But since T,T~' € B(H) we have that
T(AlgN)PT—! = (AlgM)?; hence, (AlgN)P ~ (AlgM)P. In particular, up to similarity,

there is only one continuous nest in ¢; which we denote by T!(R).

Example 1 has been studied from the Banach space point of view where it is denoted
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by T (triangular) and T? = T () ¢,. It is a particular case of [GK] that T? is complemented
in ¢, if and only if 1 < p < oco. This fact was stressed by Arazy [Ar2] who proved that
T! is not isomorphic to a complemented subspace of ¢;, we will use this fact in the proof
of Proposition 11. Another important fact, proved by Kwapien and Pelezyniski [KP], says

that ¢; does not embed into T?!.

We will use repeatedly the Petezyniski decomposition method [Pe]. The form we use
asserts that if X embeds complementably into Y, ¥ embeds complementably into X and
X ~ (> @X), for some 1 < p < oo then X ~ Y.

A Banach space X is primary if whenever X &~ Y @& Z then either X Y or X ~ Z. It
is an immediate consequence of Pelezyriski’s decomposition method that if X ~ (> #X),
for 1 < p < oo then X is primary if for any 7' : X — X bounded and linear, the identity on
X factors through T or through I — T. (I factors through T if we can find A,B: X — X
bounded and linear for which I = ATB).

Finally, the necessary combinatorial results used in Section 5 can be found in [Bo].

3. ¢1 IS PRIMARY

In this section we give a new proof of the primarity of ¢;. The technique of the proof
will be used in the next section to distinguish different isomorphic types of nest algebras

n cy.

Let (e;);2, be an orthonormal basis for H, and let e;; = e; @ ¢; be the rank-1 operator
sending z to (z,€;)e;. Let o and ¢ be infinite subsets of N and define J; ¢ : ¢1 — ¢1 and

Koy :c1 —c by

Jo,p(€ij) = eotiyu(y), and
e fews ifa(k) =i and v(l) = j;
Kouley) = {0, otherwise.
These maps were used in [KP]; however, our notation and motivation comes from a paper
of Blower [Bl] where he proved a finite dimensional analogue of Theorem 1 below.
We will use ¢ and v as subsets or as functions ¢ : N — NN according to our needs;

o(1) denotes the ith smallest element of o. It is easy to see that .J,, is an isometric
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embedding and K, yJ, . = I, I is the identity of ¢;. Moreover, if o; and ¥;, ¢+ = 1,2 are
infinite subsets of N then Jo, , Jos 00 = Joy 00,011, Where o102(j) = 01(02(7)). Similarly,
Koy Kos s = Koyoo s

For this section, ®, with or without subscripts, denotes a bounded linear operator.

THEOREM 1. For every € > 0 and @ : ¢; — ¢1, we can find g,9» C N, and A € C
such that || Ky 4 ®Jsp — A|| < e. Thus, one of Ky ®.J, 4 and I — K, ®J, 4 is invertible.

We prove Theorem 1 in 5 steps. Each one of them will be a factorization of the form
Ko ®Js,4; yielding new maps ®; with nicer properties. The sets o and ¢ are constructed
inductively.

REMARK. It might be instructive to consider the following example “far” from a
multiplier. Let ® : ¢; — ¢; be the transpose operator; i.e., ®e;; = e;;; 0 the set of even

integers and v the set of odd integers. Then K, ,®J, y = 0.

We will use several times the following elementary lemma.

LEMMA 2. Let N be either finite or infinite, F,, an n-dimensional space, ¢ > 0 and
T : (Y — E, a bounded, linear map. Then, card{i < N : ||[Te;|| > €} < n?||T||*/€*.

PROOF. Let {¢;}i<n be an Auberbach basis for Ey; i.e.,

r{1<a7i<|ai| < HZaiéiH < Z la|.
= i<n i<n
Forevery: <nlet A; = {j < N :|&"(T€;)| > e/n}, where {€;" }i<n is the dual basis in E7.
Choose lej| = 1 appropriately so that || e, eje;ll = veardd; and TS, e5e5)l 2
¢ cardA;/n. Then it is clear that card(A;) < n?||T||?/e*. Hence, if j ¢ Uicn Ai we have
that ||Te;|| < e and card(UiSn A) <n3|T)? /e 1

REMARK. We will not need the estimate of Lemma 2. It suffices to know that
card{i < N :||T¢;|| > €} is small compared to N and independent of N. Moreover, we will
also apply Lemma 2 for T : X — E,, when X is just isomorphic, not necessarily isometric,
to a Hilbert space. The estimate changes but depends on the Banach-Mazur distance of

X to the respective Hilbert space, and not on the dimension of X.
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PROOF OF THEOREM 1. We introduce some notation now. For every n € N
let F,, = span{e;; : max{s,j} = n} and H, = span{e;; : min{s,7} = n}. Notice that
both {F,} and {H,} form a Schauder decomposition for ¢;. The first one has very nice
properties (see [KP] and [AL] ), and H,, = (5.

We also use M,, = span{e;; : max{i,j} < n} with P, the natural projection onto it;
and E, = span{e;; : min{:,7} < n}, with @), the natural projection onto it. E,, is still

isomorphic to a Hilbert space (but with an isomorphism constant depending on n).

STEP 1. For every € > 0, there exist 0y C N and ®; such that ||®1 — Ky, 5, ®Js, o, || <
e, and & M, C M,,, . E, C E, for every n € N.

The proof of Step 1 is easy. We present in full detail the construction for M, and
indicate how to do it for E,,.

The key ideas are that if K C ¢; is compact, then there is some m such that K is
essentially inside M,,; and if £ &~ (5, then there is some m such that E is essentially inside
E,,. (See [Arl], Proposition 2.2).

Let 01(1) = 1 and assume that we have chosen o1(1),---,01(n). Since ® Ball(M,, (,))
is compact we can find m > o4 (n) such that sup, ¢ Ball(M, () | P @2 — ®x|| < €541, where
€nt+1 > 0 is chosen small enough. Then set o1(n + 1) = m + 1. Proceeding this way we
construct oy.

Let € F,,. Then J,, 5,2 € F, (5); and hence, [|®J5, o0 — Pp®Js, o 2| < enll2,

1,01

where m = oy(n 4+ 1) — 1. It is easy to check that Ky, o, P = Py (n)Kos,,,. Therefore,
HA’017U1CI)J017011; - PU1(n)A’017U1(I)J01701xH < eonH

Define @' by @'z = P, () Ko, 0, ®J5, 0,7 for © € F,. Then, if ) €, < € is small
enough, ®’ is well defined and satisfies | Ky, 5, ®J5, 5 —P'|| < € and ®'M,, C M, for every
n € N.

Repeat the process for ' with respect to the E,’s, doing the perturbation argument
along the H,’s and finish.

STEP 2. For every € > 0 there exit 02,92 C N and ®; € B(c¢;) such that ||[@; —
Koy o @10, .4,]| < €, and @2 F, C F,,, ®2E,, C E, for every n € N.
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We construct oz, ¥y satisfying
(1) 02(1) < ¥a(1) < 02(2) < 2(2) < 02(3) < ha(3) -+,

to guarantee that M,, and E,, are invariant for ®,.
Let 02(1) = 2(1) = 1 and assume that we have chosen {o2(1),---,02(n)} and
{¥2(1), -+, ¥2(n)} satistying o2(1) <iha(1) < -+ < o2(n) < ha(n).

Let N > 2(n) be a “large” number and consider
A = {] > N: fOI' 1 S Z S N, HPTZJQ(n)q)lel,]H < en-l—l}-

By Lemma 2, A° is finite. Choose t3(n + 1) = min A, and since N is large enough,
can find ig, 12(n) < 1o < N satisfying: for all 1 < j < n, |[Py,(n)P1€i00(j)|| < €nt1. Then
set o2(n + 1) = ig. Proceeding this way we construct oz, ¢2.

Summarizing we have: If e;; € Fj,, then "sz(n—l)q)ljaz,wzeij” < €n. It 18 easy to see
that (1) implies Koy o Ppon—1) = Pno1K4, 4,; hence, | Pr—1 Ky o @1 T s m€ij || < €n-

Define ®se;; = (Py — Prne1)Kpy,0, P15, yo€ij, Where €;; € F, (i.e., the projection
onto F,. Recall that K, y, ®1Jo, 4, My C My). Therefore,

H(I(Umd)zq)l‘]az@z - CI)Z)ein < €n.

Since the (2n — 1)-dimensional space F,, has a 1-basis consisting of €;;’s, we conclude that
if @ € F,, then ||[(Kgy, 0 P10, — P2)z|| < (2n — 1)egn||z]|.

If we choose ) (2n — 1)e, < € small enough we finish.

STEP 3. For every € > 0 there exist 03,135 C N, and ®3 € B(cy) such that ||®3 —
Koy s ®odoy ps]| < €, and ®3H,, C H,, and ®3F,, C F,, for every n € N.

We will choose 03,3 as in (1) to guarantee that F), is invariant for 3. Let o3(1) =
Y3(1) = 1 and A(1) = B(1) = N. Assume that we have chosen o3(1),-,o3(n);
Y3(1), -+, 3(n) and A(n), B(n), infinite subsets of N, satisfying: o3(1) < ¢3(1) < -+ <
o3(n) < ¥3(n). (We will choose o3(n + 1) from A(n) and ¥g(n + 1) from B(n)).

Let N > t3(n) be a “large” number. For every j € B(n), j > N find i(j), 1s(n) <

i(j) < N such that ||Qy,m)P26ij);ll < €nt1, (Apply Lemma 2 to Qu,n)®2 : F; —
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Qyy(n)Fj, notice that dim (Qy,n)F;) = 2¢3(n)). Let B(n + 1) C B(n) be an infinite
subset of those j’s with common i(j) = 1o and set o3(n + 1) = ig. Exchanging the roles
of A(n),B(n) with B(n), A(n + 1) we find A(n + 1) C A(n), and ¥s(n + 1) such that
Qs (n)P2€ips(nt1)l| < €ng1 for every i € A(n + 1). Proceeding this way we construct
03,93.

Summarizing we have: If e;; € H,, then ||Qy,(n—1)P2J0s,gs€i5]| < €. It is easy to
check that Koy, Pyyn—1) = Prno1Ko, y,; hence, ||Qn_1 Ko, y, P2Joy pseijl| < €n.

Define ®3¢;; = (Qn — Qn_1)Koy s P2Joy vy €ij, Where €;; € H,, (i.e., the projection
onto H,. Recall that Ky, v, P25, vy En C Ey). Therefore, ||(Kqy, 05 P2 Joq, 05 — P3)eij]| <
€n. Since E), is Ky-isomorphic to {3, and Qn Koy vy P35y vs + Hpy1 — E, 1s “diagonal”
with respect to the decompositions: (H, (| F}); for Hy,, and (E, [ F}); for E,; we see
that if @ € H,,, then |[(Ksy vy Podoy vy — P3)z|| < Knenlz|].

Since the H,’s form a Schauder decomposition, it is enough to choose En K,e, <€

small enough to finish.

STEP 4. Find 04,4 such that &4 = K,, ¢, P3J,, ¢, satisfies ®ye;; = A;je;; for some
/\ij e C.

Just take oy = {1,3,5, -} and ¢y = {2,4,6,---}. To see that it suffices, notice that

if i <n then H;()Fn = [€in, €ni]; hence, ®3e;, = c1€in + c2€y; for some constants cq, ¢s.

STEP 5. For every € > 0, there exist 05,15 C N; ®5 € B(ecp); and A € C such that
|5 — Ko, s Padoy us|| < €, and Pse;; = Ae;j for every 1,5 € N.

Look at the upper part of {)A;;}ic;. By a standard diagonal argument we find a
subsequence o5(1) < ¢¥5(1) < 05(2) < ¥5(2) < 05(3) < ¥5(3) < --- such that for some \;,
A€ C, | Agy(i)us(j) — Nil < €/277 and |A\; — A| < /2. Which roughly speaking says that
the upper triangular part of ®5 is essentially \. We order them as in (1) to preserve the
upper triangular structure of {A;;}. Do the same for the lower part, and assume that it is
“essentially” p € C.

Define &5 = Koy s ®PaJsy ¢y Hence, ®5 has essentially upper triangular part A and
lower triangular part p. Since ®5 is bounded they must agree. Otherwise, (&5 —pul)/(A— )
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would be like the upper triangular projection; and the latter one is known to be unbounded
(see [GK]).

Let ®5 = A, and notice that if e;; € H,, then Hfi)5eij — Pseq5| < 6(2—1%— + 2—1;)
Moreover, it is clear that if @ € H,, then |[|[®52 — &)5:1;]\ < gw=tl||z||. Since the H,’s form a

Schauder decomposition, we finish.
COROLLARY 3. (J. Arazy) ¢; is primary.

PROOF. It follows from Theorem 1 that I, the identity on ¢, factors through ® or
through I — ®. This implies that if ¢; & X &Y then ¢; embeds complementably into X

or Y. Since ¢; & (> Peq)1, the Pelezynski decomposition method gives the result. |

Notice that J,  and K, can be defined in K(H ), the space of compact operators
in the Hilbert space H. Moreover, it is easy to see that J; , = Koy, and K7, = Jo 4.

Hence, one gets the equivalence of Theorem 1 and,
COROLLARY 4. K(H) is primary.

REMARKS. (1) The proof of Theorem 1 works in more general situations. For in-
stance, if ® : T! — T! and we make sure that all of the oy, ¥, ¢ = 1,---,5 respect
triangularity, (i.e., they satisfy (1)), then the same result holds; giving another proof of
the fact that T is primary. It also works for TP, 1 < p < 2 giving the same conclusion
(both results are proved by J. Arazy [Arl] ). And for Tg if E is a l-symmetric sequence
space of type p, p < 2.

(2) Some steps of the proof can be adapted to more general subspaces S C ¢; provided
we can find enough o,v C N satisfying J, S C & and K, S C S. This fact will be

essential in the next section.

4. NEST ALGEBRAS IN ¢

In this section we study the isomorphism types of the nest algebras in ¢;. Notice that
(N, <) is a compact space with the order topology.

The results we obtain are:



THEOREM 5. If AV is an uncountable nest then (Alg\)! is isomorphic to T'(R), the

continuous nest in ¢;.

For N countable we have the following natural class: Let o be a countable ordinal
number, index the canonical basis of (5 by {eg: 3 < a} and let T'(a) be the nest algebra
in ¢; associated to the nest of subspaces {Ng: 5 < o} where Ng =[e, : v < 3.

THEOREM 6. No two of the following nest algebras are isomorphic to each other:
T!(w), T'(2w), and T (w?).

If o > w? then the intervals of isomorphism of the T'(a)’s are at most like those for

the C(a)’s.
PROPOSITION 7. If w? < a < 8 < a¥ then T!(a) ~ TY(S).

The proof of Theorem 5 will consist of two parts, (Lemmas 8 and 9). The first
one shows that T'(R) embeds complementably into (AlgA')!, and the second shows that
(AlgN)! embeds complementably into T!(R). Since T'(R) ~ (3. @T'(R))1, the proof

follows from the Pelezyriski decomposition method [Pe].

LEMMA 8. If V is uncountable then T'(R) embeds complementably into (AlgA)!.

PROOF. It is a consequence of the Similarity Theory [D] that A is similar to a nest
N with a continuous part. By [E], this one comes from a continuous measure p supported
on [0,1]. Let P be the orthogonal projection onto L2([0,1], u); then ®(T) = PTP sends
Alg\N onto a continuous nest. Moreover, @ is a projection and also sends (Alg\)! to a

continuous nest in ¢y. ||
LEMMA 9. (AlgN)! embeds complementably into T'(R).

PROOF. The proof uses Erdos’ representation Theorem [E]. For clarity we will prove
it for multiplicity free nests but the proof extends easily to the general case.

Assume that A is the standard nest on Lo([0, 1], ) where p = p. + pg and g, is
continuous and g is discrete with atoms at {d, },, C [0, 1].

We “split” every atom d, into d,, and d;} and insert a copy of [0,1] in between. 0
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corresponding to d;; and 1 to d;f. More formally, if I,, = [0, 1] x {n} for every n then

Q= ([0, 1]\ U{dn}) .

with the natural order. It is easy to see that €) is then a compact connected space. Define a
measure v on 2 by v = . on [0, 1]\ |J,{d»} and Lebesgue on | J,, I,,. Then v is continuous
and we define the standard continuous nest on Ly(§2, v), which we denote Alg\ .

To take care of the atoms consider x, = \/§X[1/2,1] and vy, = \/iX[OJ/Q] supported
on I,. Then for every n, z, @ yn, € Alg\. (r @ y denotes the rank-1 map that sends
h — (h,2)y).

Let P be the orthogonal projection on Ly(€2, ) onto Lo([0,1]\ U, {dn}, pc); Pr the
orthogonal projection onto [z,], and Py onto [y,]. It is clear that they are orthogonal from
each other.

Define ® on B(L(Q,v)) by ®(T) = (P + P,)T(P + P,). Notice that ® is a projection
and its range is isomorphic to AlgA. They have the same continuous part: PTP; the
same atomic part: P,TP,; and they interact in the same way. Moreover, ® is also defined
on ¢1(L3(2,v)), giving the result.

If AV is not multiplicity free, then represent it as in [E], make the “enlargement” on

every interval and proceed as before. ||

The proof of Theorem 6 is more involved. We start with a concrete representation of
T!(w), (which will be denoted from now on by T'), T'(2w) and T*(w?). Notice that the

last one is isomorphic to T* @ ¢; = span{e;; @ epr 11 < jik, 1 =1,2,---}.

ok *
>|< PR >|<
ok
: . 1
T (w) = * . T (w) = : —(T ,;11>,and
r:[‘1 C1 C1 1 1
1
1,2y _ T «a N 1 e ) ot
T (w?) T1 R T @ c.
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It is clear that T' embeds complementably into T'(2w) and this one embeds comple-
mentably into T!(w?); however, the reverse complemented embeddings do not hold (see

Lemmas 9 and 10 below). The key point is the decomposition
T'(2w) =~ T' @ ;.

LEMMA 10. T1(2w) does not embed into T'.

PROOF. If T!(2w) embedded into T! then we would have that ¢; embeds into T?!.

But this is impossible as we stated in the preliminaries (see [KP]).

The next proposition says that T'(w?) does not embed complementably into T!(2w).

Nevertheless, since ¢; C T!(2w), it does embed.

PROPOSITION 11. T!(w?) does not embed complementably into T (2w).

The idea of the proof is that we cannot take away one ¢; from T @ ¢; in such a way
that what we have left is just one T*.

To formalize this we first prove that we can replace any bounded linear operator ® on
T! @ ¢; by a multiplier; then we will show that for this simple type of operator it is not
possible to have ®(T! @ ¢;) & ¢; and (I — ®)(T! @ ¢1) ~ T

A multiplier on T! @ ¢; is a bounded linear operator, ®, that satisfies: for every i < j,
Pe;; @ err = Nijriei; @ e,

for some A;j5; € C.

To make the replacement we reduce the problem from ¢y ® ¢; to ¢; and then adapt
the steps of the proof of Theorem 1.

Let ¢ : N x N — N be a one-to-one and onto map, and define S : ¢; ® ¢; — ¢ by
S(ei; @ ert) = egik)o(jn)- 1t is easy to see that S is an isometry onto. This allows us to

define on ¢; @ ¢; the equivalent maps for J, 4 and K, 4 as follows:
5(i,) = (670)(i,) and
Dk, 1) = (67 o) (kD).

12



Then J, i@ = @e, and K, 1@ =@ are well defined and have the

same properties. Moreover, we have
S_ljcml, = J&JZ)S_I and I&’U#,S = SA’E’JZJ'

Let S = S(T! @ ¢1). Notice that S is a x-diagram; i.e., for i, j fixed, either ¢;; € S or
for every A € S, (Aej,e;) = 0.
Let 7wy be the projection onto the first coordinate of N x N and define

r(1) = = qb_l(i).

It is clear that e;; € S if and only if r(¢) < r(j). Moreover, it is very important to notice

that for ¢ fixed there are infinitely many j’s satisfying r(i) = (7).

LEMMA 12. With the above notation, a necessary and sufficient condition for J, S C
S and K, S C S is that r(¢) < r(y) if and only if r(o(2)) < r(¥2(j)). In particular, this is
true if r(i) = r(o(2)) = r(x(7)) for every i.

The proof of Lemma 12 follows immediately from the definitions.

LEMMA 13. Forevery € > 0 and ® : T'@¢; — T1®¢; a bounded operator, there exist
o and v, as in Lemma 12, and a multiplier ®; on T! @ ¢; satisfying K, QL@J& b —dq|| <e.

PROOF OF LEMMA 13. The proof mimics the one of Theorem 1, and we solve it
on § instead. Let M, (S), E,.(S), F,(S) and H,(S) be as in Theorem 1 with the natural
modifications; e.g., M, (S) = span{e;; € S : max{s,j} < n}, etc..

Let @ : § — S. To simplify notation whenever we say that ® ~ ¥ we mean that they

are arbitrarily close.

STEP 1. Find oy with r(¢) = r(o1(2)) for every ¢, such that ®; ~ Ky, 5, ®J,, »,, and
it satisties ®1(M,(S)) C M,(S) and &1(E,(S)) C E,(S).

This is easy. Repeat the proof in Step 1, Theorem 1 but choose o(7) satisfying r(¢) =
r(o(i)). This is always possible because there are infinitely many j’s with r(j) = r(7).

STEP 2. Find 03,2, with r(i) = r(o2(i)) = r(2(1)) for all ¢, such that &3 ~
Koy, ®1J0, 4, and it satisfies @5 (F,(S)) C Fo(S).
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The proof is very similar to the one of Step 2, Theorem 1. We only have to take
Pa(n+1) € A with r(oz(n+ 1)) = r(n + 1) and make sure that {i:¢2(n) < < N,r(i) =
r(n 4 1)} is “large enough” to extract oz(n + 1) from it.

STEP 3. Find 03,3 as in Lemma 12 such that ®3 ~ K, 4, P25, ¢, and it satisfies
O3(H,(S)) C Hu(S).

The proof is more delicate now. If we repeat the proof of Step 3, Theorem 1 we may
end up with all the elements in A(n) with constant r(z).
We need to find 03,13 as in Lemma 12. This means that if we have chosen o3(7), 13(2)

for i < n, then o3(n 4+ 1) and ¢¥3(n + 1) have the following constrains: If & < n then

r(k) <r(n+1) = r(os(k)) < r(s(n + 1)), and
r(k) > r(n+ 1) = r(os(k)) > r(ds(n + 1));
we also have similar conditions for 3(n + 1) in addition to r(os(n + 1)) < r(¢s(n + 1)).
However, we will see that there is a lot of room and we will not worry much.
Let Ry = {i : v(i) = k}. We will choose o5 and 5 in such a way that if 7(i) = r(J)
then r(os(i)) = r(os(5)) and r(1s(i)) = r(1s(7)). Therefore, once we choose an element
from R}, we must be able to continue selecting elements from the same Ry.

Assume that we have chosen o3(7), ¢3(¢) for i < n and that we have A(n), B(n) subsets

of N satisfying:
card(A(n) ﬂ Ry(py(i)) =No  for i <n,
card{i : card(A(n) ﬂ R;) =g} =Ry,
card(B(n) ﬂ Ry(oyiyy) = Vo for i < n,
card{i : card(B(n) ﬂ R;) = Ng} = No.
The first and third conditions are the ones that allow us to choose elements from the

previously chosen R;’s; and the others are similar to those of Step 3, Theorem 1.

Suppose we have to choose o3(n + 1) from R,,, here m is one of the elements of the
fourth line of (2). Then let p C B(n) () Rm be such that card(p) = N = N(n), where N is

a very large number.
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We want to take A(n 4+ 1) C A(n) satisfying (2), but first we find A1(n + 1) C A(n)
satisfying (2), and p; C p very large such that for « <n

(3) k€ prand j € Ai(n)[ )| Reuatiy) = 1Qnersll < entr.

To check (3) it is enough to do it for only one. Lemma 2 gives that for every j €
An) () Rr(ys(1y), card{s € p : ||Qnerj|| = €ny1} is very small. Hence, we can find a
large p1 C p and F1 C A(n)() Ry(yy(1)) infinite such that if j € F; and & € p; then

|@nerj|| < €ngr. Let

Av(n) = [A(n) \ (A(n) () Brouap)] J B

It is clear that this does it. Moreover, it is also clear that we have complete control over
finitely many Rj’s. This is the “room” we mentioned before.

So, assume that A;(n) satisfies (2) and (3). For every j € A;(n) there exists k(7) € p1
such that ||Qner(j);]| < €ng1. Since py is finite we choose o3(n+1) € p such that A(n+1) =
{J € Ai(n) : j > maxp and ||@Qnesy(nt1)jl| < €ns1} satisfies (2). Find ¢3(n + 1) similarly.

STEP 4. Find 04,%4 as in of Lemma 12 such that &, = K,, 4, P35, ¢, satisfies
CI)4€Z‘]‘ = /\ijei]‘.
This is just like Step 4 of Theorem 1.

We finish now the proof of Lemma 13. If d c B(T1 @ ¢1) then SPS—1 .8 5 8.
Combining Steps 1 through 4 we find o, satisfying the condition of Lemma 12 and d, a
multiplier such that

"I&’U7¢SC§S_1JU7¢ — (i)lH < e.
Since K, 4S5 = SK b and S_IJU#, =J, ZZ)S_I we obtain the result. |

PROOF OF PROPOSITION 11. Suppose that T' @ ¢; ~ T! @ ¢;. Then find & €
B(T! @ ¢1) such that ®(T! @ ¢1) &~ ¢; and (I — ®)(T! @ ¢1) ~ T!. Therefore,

It does not factor through @, and

I., does not factor through I — ®.
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We will show that this leads to a contradiction.

Find, as in Lemma 13, 01, and a multiplier ®; such that ||®; — K, 5,2, 4 | <e
and for ¢ < j, ®re;; @ epr = Aijri€i; @ €py-

By a standard diagonal argument we can assume that
lm Ajjer = Aijk
ISoe W W
lim A = Aiji,
k—o0
lm A;jr = Aij
k—o0 Y N

lim \iji = \ij.
=00 Y Y

CLAIM 1. /\ij = Xl]

The proof of this is essentially Step 5 of Theorem 1. If for some 7, j we had \;; # \;;,
then looking at the ¢; at the 1, position we would find a block projection with upper

triangular part A;; and lower X” And this would be unbounded.

We can assume moreover that all of the A;; essentially agree; i.e., for some A € C,
|/\ij — /\| < 6(217 + 2%)

CLAIM 2. |1 — \| < 2.

If not, define Jy : ¢ = T' @ ¢; and Ky : T' @ ¢ — ¢; by Jaei; = eij @ eqr and
Ky(eij @ ep) = e;5 only if k =1 = 1. Then ®; = Ky®1J5 : ¢4 — ¢1; also notice that
I, — ®; = Ky(I — ®4) 5.

As in Step 5 of Theorem 1 find J3, K3 in ¢; such that &5 = K5®,.J3 satisfies ||®5 —
M1l || < e Hence, if K = Ks KoK and J = J&szl JyJ3 we have that ||[K®J -\, || <
2¢e. Therefore,

712)1
1K (I —®)J — (1 - M\, | < 2e.

And since |1 — A\| > 2¢ we have that K(I — ®).J : ¢; — ¢; is invertible. This implies that

I, factors through I — @, a contradiction.

It remains to prove that both Claims 1 and 2 contradict our assumption.
For this it will be enough to find o, such that for ¢ < j, |A;js(s)e()| = 1/2. Because
once we have this we define J : T! — T'@¢; and K : T'®@e¢; — T by Jeij = €ij Deq(iyu())
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and K such that KJ = Iti. Then K®,J : T! — T! is a multiplier with big elements;
hence, an adaptation of the proof of Step 5 of Theorem 1 implies that It: factors through
® giving a contradiction.

The existence of o, will follow from the next claim which we prove only in the first

row of ¢1’s.

CLAIM 3. Let B be an infinite subset of N, and for every k = 1,2,--- let
A ={j € B: card{l: |Ajm| > 1/2} = No}.

Then for some k, cardAj = No.

We know that if we look at the (¢;)1; then there are plenty of Ajjx;’s in the “lower-
right” corner that satisfy |Aj;xi| = 1. More specifically, given [ large enough, there exists
ko such that for & > kg, Ajr = Aij = A

If Claim 3 were false, for every k fixed, we would have |Aj 5| < 1/2 “eventually”.

Hence, one can extract arbitrarily large blocks that look essentially like

A Hi2 - HIN
AN c N
A A A

Where |p;5] < 1/2. Then, Ramsey’s Theorem, used as in Proposition 17 gives us a large
submatrix with upper triangular part p, |¢| < 1/2 and lower A with |[A| > 1 — 2e. Since N
is arbitrarily large and the latter matrices are not uniformly bounded we conclude that &

is not bounded. A clear contradiction ||

We finally start the proof of Proposition 7. For this we need the following lemma.
LEMMA 14. If w? < a then T!(a) ~ T!(a?).

PROOF OF PROPOSITION 7. It is clear that Lemma 14 gives that for every n € N,
T!(a) ~ T!(a"). Hence, if a < 3 < a* we can find n such that a < 8 < a”. Therefore,
we have that T'(a) embeds complementably into T!(/3), and this one into T!(a™). Since
the latter is isomorphic to T'(a) and we have that T'(a) ~ (3. @T!(a));, we finish the

proof using Petczynski’s decomposition theorem. |
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Before the proof of Lemma 14 we prove this simpler case,
LEMMA 15. If w? < o then T!(aw) &~ T!(a).

PROOF. Notice that (0,aw) = Uy<, <o, In Where I, = (an,a(n + 1)]. Therefore,
l(aw) = (D, ®Hp)2 where H,, = [e, : an < n < a(n+ 1)]. Taking the “diagonal” of this

decomposition, (which is clearly complemented), we obtain

Tl(ozw) A (Z @Tl(oz)> fas [T1 ® 1]
n 1
~ THa) @ T (w?) ~ T Ha). 11
PROOF OF LEMMA 14. Notice that (0,a?) = Uo<e<a e Where I = (af,a( + 1)].

Then repeating a similar argument as in Lemma 15 we have that

o)~ [ Y THa)| &[T ) oel

0<é<a )

~ Tl(oz) fas [Tl(oz) ® cy].
And we finish the proof if we prove
CLAIM 1. If w? < «a then T'(a) @ ¢; & T (a).
Notice first that (0,wa) = U0<5<a I¢ where Iz = (w&, w(€ + 1)]. Then we have that

Tl(woz) ~ T [Tl(oz @ er)] ~ Tl(oz) ® .

Hence, it is enough to prove,

CLAIM 2. If w? < a then T'(a) ~ T!(wa).

For w? < a < w¥ it is enough to take o = w™. And for this case Lemma 15 gives the
result. For o = w* we have that ww” = w”. Actually, if v > w then ww” = w”. Hence,
for o > w* we have wa < aw (Just take o = w7k 4 § for some § < w? and v > w). This
implies that T!(wa) embeds complementably into T'(aw); and now Lemma 15 finishes

the proof. |

5. PRIMARITY OF OPERATOR SPACES.
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In this section we show that if A/ is an infinite nest in a separable Hilbert space then
AlgN and B(H)/AlgN are primary. These are non-commutative versions of theorems
proved by Bourgain [B] and Miiller [Mii].

The technique we use was developed by Bourgain [B] to prove that H is primary.

It allows to obtain the general theorem from its finite dimensional version.

To prove that Alg\ is primary we use the decomposition, from [A2],

AlgN =~ <Z @Tn>oo,

where T, is the set of all n x n upper triangular matrices in M,,. Then we modify slightly
the combinatorial argument used by Blower [Bl] to prove that B(H) is primary. It is the

arguments in [Bl] which motivated our work above.
THEOREM 16. Alg\ is primary.

The proof of the theorem will follow from the finite dimensional case as Bourgain [B]
indicated. Since the proof is a slight modification of [Bl] we use the notation employed

there.

If o ={o(1),---,0(n)} and ¢ = {(1),---,¢(n)} are finite subsets of {1,---, N},
define J, y : M, = M, and K, y : M, — M, by

Jow(€ij) = €otiyu(s), and
K, yp(eij) = {ekl, if o(k) =1 and (1) = j;

0, otherwise.
It is easy to see that J, 4 is an isometric embedding and K, .J, .y = I, where I is the
identity of M,,.
Moreover, if

(4) o(1) < $(1) < o(2) < ¥(2) < --- < a(n) < (n),

then I&’U7¢(TN) =T,.
Then we obtain a proposition similar to the one in [Bl].
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PROPOSITION 17. Given n,e > 0 and K < oo there exists Ny such that if N > Ny
and T € B(Ty,Ty) with ||T|| < K, then there exist subsets o and ¢ of {1,--- N} of
cardinality n such that o(1) < ¢(2) < --- < o(n) < (n) and a constant A such that

KT~ AL < .
Thus, one of Ky T J, y and Ky (1, —T)Js,y is invertible.

REMARK. The previous proposition was proved by Blower [Bl] without the assump-
tion that o and ¢ satisfy (4). In fact, he proved it for maxo < min. However, since we
need to preserve the triangular structure we modify the argument from [Bl] to obtain the

desired result.

SKETCH OF THE PROOF. Just as in [Bl] find a large oy C {1,---,N} and A € C
such that if i < j are in oy then [(T(e;j)ij — ¢ < en™%/4.

The goal now 1s to find a large ¢ C oy such that if 1 < 57 and & < [ are in ¢ and
satisfy (i,7) # (k,) then |(Te;;)pi| < &, where § = en™®/4. Then o = {5(2i — 1)}, and
Y ={o(20)}, will do it.

To find & we find first, as in [Bl], a large 09 C oy such that if 1 < k < 7 <[ are in oy
then |(Te;;)ri| < 6. Then find a large 03 C o3 such that if £ < ¢ < j <[ are in o3 then
|(Te;j)rt| < 6. After this find a large o4 C o3 such that if i = k < j <[ are in o4 one has

|(Te;j) k1] < 6. Proceeding in this way we finish. ||

LEMMA 18. Given n € N, € > 0, there exists an N'(n,¢) such that if N > N'(n,e¢)
and F is an n-dimensional subspace of T then there exists a subspace F of Ty and a

block projection ¢, satisfying (2), from Ty onto F such that |[¢z|| < ¢||z|| for = € E.

PROOF. It is enough to show that if + € T, ||| = 1 then we can find ¢, a large
block projection that respects triangularity, such that ||¢(x)|| < e. Then take an e-net of
the unit sphere of E, {;}*,. Find ¢ a large block projection satisfying (4) such that
llg1(x1)|| < € after this find ¢2 a block projection contained in the range of ¢; such that
llg2(g122)|| < €. Proceeding in this way we get ¢ = qar - - g2¢1; and g does it.

To check the previous remark let « € Ty, ||z|| =1, § > 0 (to be fixed latter), and let

{i,j} is badif i <j and |z;;| > 4.
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Ramsey’s Theorem gives us a large monochromatic subset p. If p were bad we would set
1 = min p and then

lz(e)ll® = > fal® = (o] = 1)8%.
Jen\{e}

Since, ||z(e;)]| < 1, the right choice of § would give us a contradiction; hence, p is good. 1

We conclude with some comments on the proof of the following proposition,
PROPOSITION 18. B(H)/Alg\ is primary.

The proof is similar to the one for AlgA". We have an isomorphic representation for

B(H)/AlgN similar to the one for Alg\; i.e.,

B(H)/Alg\ ~ (i oM, /Tn) ,

n=1
where T, is the algebra of all upper triangular n x n matrices. This follows from the
proof of the main result in [A2]. The reason for this is that the maps ¢, : AlgN — A,
and ¢, : A, — AlgN from [PPW] are restrictions from qgn : B(H) — B, and ;/:n :
B, — B(H), where B, is the enveloping algebra of A,. Therefore, this induces maps
¢l B(H)/AlgN — B, /A, and ¢!, : B,/ A, — B(H)/AlgN with the right properties.

Once we have the decomposition, the combinatorial argument is essentially the same.

6. APPLICATIONS AND OPEN QUESTIONS.

We conclude this paper with some applications and open questions. The first one is
that the nest algebras in the trace class have bases.
It is well known that ¢; has a basis. We take the elements along the “shell” decom-

position {F, },, (See the proof of Theorem 1 for the notation) of ¢;; i.e,

€11, €12,€22,€21, €13,€23,€33,€32,€31, -+ etc..

Therefore, if S C ¢1 is a *-diagram, (i.e., for ¢, j fixed either e;; € S or for every A € S we
have (Aej,e;) = 0), it has a basis. This is so because we are just taking a subsequence of

the basis.

This is the principle we use to prove:
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THEOREM 19. The nest algebras in ¢; have bases.

PROOF. We divide the proof in two cases: If the nest is uncountable we use Theorem
7 and the following representation. Index the basis of {3 by the rational numbers in [0, 1],
{€r}r. Then for 0 < ¢t < 1,let Ny = e, : r < t] and N; = [e, : r < t]. It is clear that
N = {N¢, N }o<i<i 1s an uncountable nest algebra. Therefore, if ¢ : N — Q([0,1] is a
one-to-one and onto map and U : £ — (5(Q()[0,1]) is defined by Ue; = e4(;), we have
that U1 (AlgN)'U is a x-diagram in ¢;. Therefore, it has a basis.

If N is countable we use the representation theorem from [E]. For simplicity we do it
only for the multiplicity free case, although the proof for the general case is basically the
same.

Assume then that our nest is the standard nest on Ly([0, 1], ) for some measure
p. Since A is countable we have that j is totally atomic. Therefore, if we do a similar
construction as above, we see that it is unitarily equivalent to a %-diagram and therefore

it has a basis. |

REMARK. Most of the results of this paper work in the space of compact opera-
tors with some minor notational changes. In particular, Theorem 5, part of Theorem 6,

Proposition 7 and Theorem 19 all hold in K (H).
We conclude this three questions.
QUESTION 1. If AV is a countable nest, does (AlgA)! correspond to some T!(«)?

This question is motivated by the analogy between the classification of the space of
continuous functions on compact metric spaces and the nest algebras in ¢;. Recall that
(N, <) is a compact space that can be taken inside [0,1]. If A" is uncountable, then
C(N) =~ C([0,1]) and (AlgA\)! ~ TH(R). If A is countable, then C(N) ~ C(w?) where
o is the smallest ordinal number for which A(®), (the ath derived set of A'), is finite. We
cannot reproduce the previous result exactly, because for the nest algebra case it matters
if the limit points are one-sided or two-sided. For example, if we take A1 = {1/2—1/n},
and Ay = {1/241/n}, then C(A41) ~ C(Az) but T'(A;) ~ T!(w) and T!(42) ~ T (2w).
Nevertheless, they correspond to some T!(«). The problem seems to be at the limit points;

ie., if N(® is finite and a is a limit point, say w.
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[AL]

[Arl]

[Ar2]

[A1]

[A2]

QUESTION 2. Are there uncountable many non-isomorphic T («)’s?
In particular we are asking if T'(a) ~ T'(a®). A first step to question 2 is

QUESTION 3. is T!(w?) ~ TH(w¥)?
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