OPERATOR HILBERT SPACES WITHOUT THE
OPERATOR APPROXIMATION PROPERTY

ALVARO ARIAS

ABSTRACT. We use a technique of Szankowski [S] to construct operator Hilbert
spaces that do not have the operator approximation property, including an example
in a noncommutative L, space for p # 2.

1. INTRODUCTION AND PRELIMINARIES

A Banach space X has the approximation property, or AP, if the identity op-
erator on X can be approximated uniformly on compact subsets of X by linear
operators of finite rank. In the 50’s, Grothendieck [G] investigated this property
and found several equivalent statements. For example, he proved that X has the
AP iff the natural map J : X*®X — X*®X is one-to-one (® is the projective
tensor product of Banach spaces and ® is the injective tensor product of Banach
spaces). However, it remained unknown if every Banach space had the AP until
Enflo [E] constructed the first counter example in the early 70’s. In [S], Szankowski
gave a very explicit example of a subspace of ¢,, 1 < p < 2, without the AP. He
considered X = (37, ®&(%),, which is isomorphic to ¢,, and defined Z to be the
closed span of some vectors of length six. He then used a clever combinatorial argu-
ment to exploit the difference between the 2-norm of the blocks and the p-norm of
the sum to prove that Z fails the approximation property. Szankowski’s technique
is fairly general. In the second section of this paper we will use it to show that the
l3-sum (as defined in [P2]) of row operator spaces has a subspace without the oper-
ator space version of the approximation property, or OAP. Since this subspace is a
Hilbert space at the Banach space level, it has the Banach approximation property
and even a basis. Thus, this is an example of an operator space with the AP but
without the OAP. This answers a question of J. Kraus. Furthermore, this is also
the first example of an operator space with a basis but without a complete basis.
M. Junge suggested that a similar construction using rows in the Schatten p-class
S, and Rademacher functions in L,[0,1] could lead to an example of a Hilbertian
subspace of Lp[Sp] failing the OAP. In the third section we verify that this is indeed
possible. These are new examples of Hilbertian subspaces of noncommutative L,
spaces that are not completely complemented, even if p > 2.

An operator space E is a Banach space F with an isometric embedding into
B(H), the set of all bounded operators on a Hilbert space H. Or, equivalently, an
operator space E is a closed subspace of B(H). If E C B(H;) and F C B(H-) are
operator spaces, their minimal tensor product E® i, F is the closure of the algebraic
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tensor product F ® F in B(H; ®2 H»2). A linear map u : E — F is completely
bounded, or cb, if for every operator space G, the map 1g®u : GRpinE = G®uin F’
is bounded. The completely bounded norm of u, or ||ul|e, is the supremum of
I1¢ ®u||, where G runs over all operator spaces G. It turns out that it is enough to
verify that 1¢ ® u is bounded when G is K (¢5), the set of all compact operators on
the Hilbert space £5, and that |[ul[cs = ||1x(¢,)®u||. The set of all cb-maps from E to
F is denoted by CB(E, F). Independently of each other, Blecher and Paulsen [BP]
and Effros and Ruan [ER1] gave E*, the Banach space dual of E, an operator space
structure that gives E* ®yi, F' the norm induced by CB(E, F'). This indicates that
the minimal tensor product is the operator space analogue of the injective tensor
product of Banach spaces. In the same papers, Blecher and Paulsen [BP] and Effros
and Ruan [ER1] introduced the operator space analogue of the projective tensor
product. This is denoted by EQF and satisfies (E®F)* = CB(E, F*). We refer to
[ER3], [J], and [P3] for more information about operator spaces.

It is well known that the compact subsets of a Banach space X are contained
in the convex hull of null sequences in X. Since there is a correspondence between
null sequences in X and elements of co®X, it is easy to see that X has the AP iff
for every u € co®X and every € > 0, there exists a finite rank operator on X such
that ||u — (I ® T')(u)|| < e. Based on this observation, Effros and Ruan [EF2] said
that an operator space V has the operator approximation property, or OAP, if for
every u € K(H) ®pmin V and every € > 0, there exists a finite rank operator T' on
V such that ||u — (I ® T)(u)|| < €. They proved that an operator space V has the
OAP if and only if the natural map J : V*®V — V* @i V is one-to-one.

The following criterion allows us to check that J is not one-to-one, when V fails
the OAP.

Enflo’s Criterion. If there exist a sequence of finite rank operators B, € V* @V
satisfying:
(i) trace(B,) =1 for every n € N,

(i) |Bnllve,,;.,v = 0 as n — oo, and

(”Z) 22021 ||ﬁn - ﬂn—1| vear < 00,
then V' does not have the OAP.

Indeed, B = B1 + Y ooy Bn — Bn_1 = lim,, B3, belongs to V*®V by (iii). J3=0

by (ii). And since tr(8) = 1, § is not zero. Hence J is not one-to-one and V fails
the OAP.

2. AN EXAMPLE USING COMPLEX INTERPOLATION

For each n € N, let A,, be a partition of o, = {2",2" + 1,27 +2,...,2""1 —1}.
Then {B € A, : n € N} is a partition of N. For each B € A,,, let Rg be the row
Hilbert space with orthonormal basis {e; : j € B}. We define X to be the ¢>-sum
of these row spaces. More precisely, X is the complex interpolation space between
(Cni Ypea, ®RB)so and (32721 Yo pea, ®Rp)1 of parameter § = 3 (see [P2],
page 34). That is,

Gz em), (R EZ ),

At the Banach space level, X is a Hilbert space with orthonormal basis {e; : i € N}.
But at the operator space level, X is a combination of row Hilbert spaces and OH,



A HILBERTIAN SPACE WITHOUT THE OAP 3

the self dual operator Hilbert space introduced by Pisier in [P1]. If A C N, let
X4 =spanie; :i € A} C X. It follows from the definition of X that if there exists
n € N such that A C B for some B € A,,, then X4 is completely isometric to R4,
the row Hilbert space with orthonormal basis {e; : i € A}. And if for each n € N,
A has at most one point from each element in A, (i.e, card(A N B) < 1 for every
B e A, n €N), then X4 is completely isometric to OH 4.

Let Z be the closed subspace of X spanned by
Zi = €2; — €2i41 + €4 + €aip1 + €ai12 + €443, 1 =1,2---.

Theorem 1. With the appropriate selection of A,,, Z does not have the OAP.

For each i € N, let 2z = (e}, — e5;11), where the ej’s are biorthogonal to the

2
e;’s. Then let
1« .
6”:272:4’@% for n > 2.
€0,

We need to check that the 3,,’s satisfy the conditions of Enflo’s criterion.

Condition (i)

This is trivially verified. Since 2} (z;) = 1 for every i > 1, we see that trace(8,) =

(1/2") Yicq, 28 (2i) = (1/2™)]|ow| = 1.

Condition (ii)

Since ||Bnllz«@minz < Bnllx*@minx = ||Bnlles, we will estimate the cb-norm of
Bn : X — X. However, it follows from the definition of 3,, that we only need to
estimate the cb-norm of 3, : X5, ., = X4, 00,40, Where X = span{e; : i € o3 }.
Let Iy : Xo, ., = Ry, and Is 2 Ry, Uopis = XopyiUony. D€ the formal identity
maps, and let B, : Ry, ., = Ry, yiUsnss be By = 5 ico. ZF @ z; (that is, B, has
the same matrix representation of f3,,, but it is defined on row operator spaces).
Then B, = I o 3, o I;. Since the z;’s, i € o,, have disjoint support, the z}’s,
1 € oy, have also disjoint support, and the row spaces are homogeneous, it is easy
to see that ||Bnllcs = ||Bnll = 577 V3. We will prove condition (ii) by checking that
1T lleo[| 2] cp < V272

From the definition of X, we see that X, ,, is equal to (3 pea, ., BRB)e,
the complex interpolation space (X pea,,, BB, (Lpen, ., @RB)l)%- It is
easy to check that ||y : (3 pea,,, ®RB)oo = Ropillee < V/[Angr and that
112 X pea,,, ®RB)1 = Ro, . |les < 1. Therefore ||y |cp < (|An41])%. Similarly,
ILlles < (|Ang1] + |Ania])3. Since |Ag] < 2F for every k € N, we see that

1D llepl[ F2flep < V242,
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Condition (iii)
Using the fact that 27 = T(ef; + €}, + €540 + €l;43) On Z, we get that

1
Bn — Bn—1 = ot T Z (€3; — €5;41) @ (e2; — €441 + €4; + €aig1 + €4ip2 + €4i13)
1€0n
1

~ onl D (ehiteiiiteiiotelins) ® (eai—enit1+esitesivt+esiatesirs)

1€0n—1

es; ®(eai—eaip1tesitesipitesifotesifz—eiteoif1—eai—€aif1—€ait2—€4i43)
. e1ip1®(—eaitesit1—esi—€8i41—€8i 42— €8i 43— €21 €241~ C4i—€4i+1—€4i 42— €4i43)
— on¥1 §

iCon 1 ezi+2®(€4i+2— eaitatesitatesitstesitetesipr—eoitenip1—eai—€edif1—€4it2—€4it-3)

€113 ®@(—eaitotedits—esita—€sits— €8it6— €8T €2iTE2it1—€di— CaiHl—€4it2—€4it+3)

Note that after cancellation, each of the vectors in the parenthesis has nine terms.
Two of them cancel out and two are equal. Then we can write each of them as a
linear combination of nine vector basis. Eight of them have coefficients equal to +1
and the other has a coefficient equal to £2.

Szankowski defined nine functions f; : N = Nk < 9, to index these vectors.
Let n = 4i+ 1 and l = 0,1,2,3. Then f1(4i +1) = 2i and fo(4i +1) = 2i + 1.
For k = 3,4,5, fr(4i +1) = 4i+[(l + 1) mod 4]. For Il = 0,1, fs(4i + 1) = 8i,
fr(di+10) =8+ 1, fs(4di +1) = 8 + 2, and fo(4k + 1) = 8 + 3. And finally,
for I = 2,3, fe(di +1) = 8+ 4, fr(4i+1) = 8 +5, fs(4i +1) = 8 + 6, and
fo(4k +1) = 8 + 7. Then we have

1 *
ﬁn_ﬁnflzw Z €; ® Yy,

JEOnt1

where y; = Ei:l = Ajker,(j) € Z. Recall that eight of the A;x’s have absolute
value equal to one, and one has absolute value equal to 2.

The following Lemma of Szankowski provides the key combinatorial argument
(see [S] and [LT, page 108]).

Lemma 2 (Szankowski). There exist partitions A,, and V,, of o, into disjoint
sets, and a sequence m,, > 2% 2, n=2,3,..., so that

(1) VA € V,,,my < card(A) < 2m,,

(2) VA€ V,,VB € Ay, card(ANB) <1,

(8) VA€ V,,V1 <k <9, fr(A) is contained in an element of Ap_1, Ay, or Apyq.

(Notice that fr(opn) C op_1 for k = 1,2, fr(on) C o, for k = 3,4,5, and
fr(on) C opy for k=6,7,8,9).
Since V11 is a partition of o,1, we have that

M bu=Bor= g O {Ze?@yj}.

AEV,q1 |JEA
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B

Lemma 3. For every A € Vi1, || 3 5ca€] ®Yjllze52 < 18(card(A))*.

The last condition of Enflo’s criterion follows immediatedly from (1), Lemma 2,
and Lemma 3. Indeed,

1
18n — Bn-1llz-07 < sogcard(Vy,q1)18 max card(A4)%

2n+1 Aevn+1
1 2ntl 3 36
S Wm—ls(an+l)4 S i y
n+1 mn—H

which is clearly summable.

We only need to prove Lemma 3. For this, we need the result of Pisier (see

remark 2.11 of [P1]) that CB(R,,0H,) = S}, where S} is the Schatten 4-class.
Consequently, if S : OH,, — Ry, then ||S|log, ¢r, = ||S||52/3. In particular, if
I:OH, — R, is the formal identity, |||l ¢p. = n®/".
Proof of Lemma 3. The element v = )., ef ®y; € X*®Z induces a finite
rank map v : X — Z. The restriction of v to Z is the map a = vz : Z — Z,
which clearly satisfies o = Y- 4 q(e}) ® y; € Z*®Z,Awhere q=(1z)*: X* = Z*
is the adjoint of the inclusion vz : Z — X. Since (Z*®Z)* = CB(Z*,Z*) we have
that [|al| .4, = sup{|(T,a)| : T : Z* = Z*, ||T||ey < 1}, where (-,-) is the trace
duality.

We will see that we can factor a through the formal identity map I : OH4 — R4,
where R4 is the row Hilbert space with basis {d; : j € A}. Recall that the projective
tensor norm of I : OH4 — Ra, viewed as an element of OHs®R4, is equal to

3
(card(A))*.
Let ¥ : R4 — Z be the map defined by ¥(d;) = y;. We claim that ||¥]|, < 18.
Indeed, if a; € B(H) for j € A,
9 9
Yai®yi =Y a; @Y Nken) = D | D Nikas ©ep()
jeA jeA k=1 k=1 |jeA
It follows from (3) of Lemma 2 that {fr(j) : j € A} C B for some B in A, Api1,
or Apy2. Then the definition of X implies that the span of the ey, (;)’s for j € A is
a row operator space. Hence,

Z a; ® Y
JEA

Let X4 = span{e; : j € A}. By (2) of Lemma 2, all the elements of A belong
to different elements of the partition A,;. This implies that X 4 is completely
isometric to OH4. Let P4 : X — X4 be the completely contractive projection
onto X4, and let I : X4 — R4 be the formal identity. Then we have that

1
2

< (9)(2) — 18

z : *
aja/j

JjEA

Zaj®5j

JjEA

a=VYoloPyouiyz.
IfT:Z* —» Z* is completely bounded,
(T,a)| = tr(T* oa)| =|tr(T*o¥oTloPsouiz)| =|tr(PaoctzoT o ¥ol)
3
S|PaotzoT* o V||l lom,or, < 18||T||Cb(card(A)) 4,
This finishes the proof of Lemma 3. O
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Remarks. We can replace the /5 sum of R,’s by the /5 sum of C},’s or by the /5
sum of any other family of homogeneous Hilbert spaces which is “far” from OH
(e.g., Ry = (Rn,C’n)%, p # 2). The same proof gives that all of these spaces
have subspaces failing the operator approximation property. We can also replace
the fo sum of R,’s by the ¢, sum of R,’s. However, when p # 2, then X is no
longer a Hilbert space. The subspace Z of X will fail the operator approximation
property, but Szankowski’s Theorem actually gives that Z already fails the Banach
approximation property.

3. AN EXAMPLE IN NONCOMMUTATIVE L,

We recall standard facts about noncommutative L, spaces. S is the Schatten p-
class on /> with the operator space structure induced by the complex interpolation
Sy = (500,51)% (see [P2]). R, = span{ei, : n € N} is the row of S, and C, =
span{ep: : n € N} is the column of S,. Both of them are taken with the operator
space structure they inherit from S,. It follows from Lemma 1.7 of [P2], that
the operator space structure of any operator space E is determined by S,[E], the
noncommutative E-valued Sp-space. In particular, the operator space structures
of R, are S, are determined by S,[R,] and S,[Cp]. That is, if a, € S, is a

finite family, || >, an ® e1nlls, 7] = (32, ana;)% s, and || >, an @ enills,jc,] =
e, a:an)% I|'s,- We will also consider R} and C}', the row and column of S}'; and
more generally, if B is a subset of N, Rf and C’f are the row and column of Sf,
the Schatten p-class on the Hilbert space with orthonormal basis indexed by B.

The operator space structure of L,[0, 1] is determined by Sp[L,]. We note that
by Proposition 2.1 of [P2], Sy[L,] is completely isometric to the more familiar
L,[Sy]. We will consider R, C L,[0, 1], the subspace generated by the Rademacher
functions (e,)nen, with the operator space structure inherited from L,. It is known
that the operator space structure of R, is determined by the noncommutative
Khintchine’s inequalities of [L-P] and [L-P P]. If p > 2, R,, is completely isomorphic
to R, NC), and R} is completely isomorphic to Ry NCy, with a constant depending
only on p. If 1 < p < 2, R, is completely isomorphic to R, + C}, and R} is
completely isomorphic to R) + C}', with a constant depending only on p (see [P2,
Section 8.4] for details).

Recall that the classical Khintchine’s inequality states that there exist constants
A, and B, such that for any square summable sequence (a;,)

E Qp€p 5 QAp€p 5 Qp€n
n n n

We will now construct a Hilbertian subspace of L,[S,] as a combination of
Rademacher functions in L, and the row of S,. The idea is to put a finite set
of Rademacher functions in the (1,1) row of Sp, then to put another finite set of
Rademacher functions in the (1,2) row of Sp, and another finite set of Rademacher
functions in the (1,3) row of Sp, and so on. At the end we get a space X which plays
the same role as the space X of the previous section. To make the construction more
precise, recall that for each n € N, A,, is a partition of o, = {2",2" +1,...,2771}.
Then P = {B € A, : n € N} is a partition of N. For convenience, we index the
row of S, by the countable set P. That is, R, = span{e1p : B € P}. Define

X =3Span{eip Q¢ : B€ P,k € B} C Sp[Lp] = Lp[Sp]-

(2) Ap

S ‘
2

<B,
p

2



A HILBERTIAN SPACE WITHOUT THE OAP 7

Alternatively, define ey := e;p ® €, € Sp[Lp|, where B € P is the element in the
partition that contains k£ € N, and let X be the closed span of the ey’s.

Proposition 4. At the Banach space level, X is isomorphic to a Hilbert space.

Proof. An element f € X has the form f =} p_pe15® fB, where fg belongs to
span{ey : k € B} = RE. Since Sy[L,)] is completely isometric to L,[Sp], we view
f:10,1] = S, as an S,-valued function with norm

Ml = (/01 ”f(t)”gpdtf - [/01 (Z |fB<t>|2)ng;

BeP

1
1£p > 2, then [|fllos, > (fo (Cpeslfs®P)idt)* =/ pep 17513 To check

the opposite direction, we use that L,[S,] has type 2, and that ) 5-peip ® fB
in an unconditional sum. Then, ||flls,iz,] < Cy/> pep IfBl2. Since fp € RY,
it follows from (2) that ||fgll, < BpllfBll2- Therefore, ||f|s,z,) is equivalent to

\/ > gep IIfBI3, which is the norm of a Hilbert space.

The case 1 < p < 2 is similar. We first check that ||f||z,s,] < v/> gep IF83-

Then we use the cotype 2 of L,[Sp] and the Rademacher estimate of (2) to conclude
that || fllz,s,] > C\/ X pep If6l5- O

The operator space structure of X can be described easily. The blocks of X are
indexed by B € P, and they are completely isometric to span{e; : k € B} = Rf.
When p > 2, Rf is completely isomorphic (with constant depending only on p) to
RENCPE, and when 1 < p <2, RE is completely isomorphic to R} + CF. Since
the sum is taken in an R, sense, we obtain the following complete isomorphisms

X%(Z Z @[RfﬂCf]) for p > 2, and
R

n=1 BEA,
P

Xm(ZZ@[Rf+Cf]> for 1<p<2.
R

n=1 BEA,
P

To apply Enflo’s criterion, we need the following estimates.

Lemma 5. Let 1 < p < co. Then the normed spaces CB(C}, Ry), CB(R,,C}'),
CB(Cy, RyNCy), and CB(Ry, RyNCY) are isomorphic to Sy, the Schatten r-class,

where r satisfies L = |% -1

Proof. It is enough to prove that CB(Cy, Ry) is isomorphic to Sy'. The proof for
the second space is similar, and the proof for the last two spaces follows from the first
two. By duality, it is enough to assume that 1 <p < 2. Let T' € C’B(C’g, Rg). Write
T =UDV where U : R} — R} and V : Cff — C}} are unitary, and D : O} — R} is
the diagonal operator De;; = \jeq; with A; equal to the ith singular number of T'.
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Since Ry and C} are homogeneous Hilbert spaces, we conclude that ||T'||cy = [|D||cp-
By Lemma 1.7 of [P2],
||Zi§n Aie1; ® ai”R; [Sp]

I icnen @ “i”c;[sp]

| D||ct = sup ta; €5y, 1<n

1
It is well known that for 1 <p <2, || Y., Neni®@ail| < (X<, |/\i|p||ai||’;~p) ? and

1
12 i<n it @ ail| > (Zzgn ||al||?5p) ®. Moreover, if a; = bje;; € S, for some scalars
b; € C, the inequalities are attained. Since [|a;||s, = [b;|, we have

1Dllos = sup (me) i< =(Zw) — ITlss-

This finishes the proof. O

Since CB(C}, RyNCy) is the dual of (Rg)*@(R;‘+C’£), it follows from Lemma 5
that for every T' € (R!)*®@(R+Cy'), ||T||(R;)*®(R;+C;) = ||T'||s,, where I4l=1
In particular, if T = I, is the “formal” identity map, then

1
(3) ||In||(R;)*®(R;+C’;) =nr".
Similarly,

1
(4) ||In||(R;ﬂC;)*®R; =nr.

With these estimates, we can follow Szankowski’s construction to obtain the
following Theorem. We sketch the proof:

Theorem 6. For every 1 < p < oo, p # 2, there exists a Hilbertian subspace of
L,[Sp] without the operator approzimation property.

Recall that X is the closed span of e, :=e1p ® €, k € N. Foreachi=1,2,...,

— _ 1
let z; = e9; — €2i+1 + €a; + €gi41 + €4542 + €443 and Zz* = 5(631» - 63i+1)7 where

the e}’s are biorthogonal to the e;’s. For each n > 2, let 3, = 2% icon 25 ® 2.
Finally, let Z be the closed span of the z;’s. The claim is that there exist partitions
(Ay)n such that Z fails of the OAP. We prove this by checking the three conditions
of Enflo’s Criterion. The first one is trivial. The second one follows easily. We
estimate the ch-norm of 8, through the cb-norm of 3,, which has the same matrix

representation of 3,, but it is defined on R,,, the row of S,,.

We use Szankowski’s partitions of Lemma 2 to check the third condition of

Enflo’s Criterion for 1 < p < 2. Recall that 8, — 8,1 = ﬁ Z]EU"H e ®y; =
% 9

# EAeVnH [EjeA e; ® yj], where y; = > Ajrep, ;) € Z for some || =1
or 2. Let A € Vy4q. It follows from Lemma 2 (2) that X4 = span{e; : ¢ € A} is
completely isomorphic to R;‘. Andif ¥ : R;;‘ +C’1‘D4 — Z is defined by ¥(4;) = y;, it
follows from Lemma 2 (3) that || ¥, < 18. Note that 3, 4 ej ®y; =3 €j ®
U(dj) = (I®P) ) ;caej®0j, and that 3, , €] ®J; is the “formal” identity map
on (R];;‘)*@)(R;1 + C;‘). Then it follows from (3) that

Ze}f@yj ZQ;@(S]'

JEA jEA

L

< ¥ |les
VAL VA

< 18(card(4)) ",
(RA)*&(RA+CY)

where 1+ =1and 1 = |% —1|. Now, we easily check >, ||8n— Bn-1|

VA YA < 00.
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To prove the third condition of Enflo’s Criterion for p > 2, we consider the
variation of Lemma 2 described in [LT] page 111. Namely, we find partitions A,,,
V., such that every A € V, is contained in some element of A,, while, for every
A€eEV,, k=1,...,9 and B in A,_1,A,, or Ayiq, card(BN fr,(A)) < 1. Then, if
A € V41, X4 is completely isomorphic to R;‘ N C;,“, and if ¥ : R;‘ — Z is defined
by ¥(d;) = y;, then || ¥, < 18. Since }°; , €] ® d; is the “formal” identity map

N a1
on (R, NC)*®R,), it follows from (4) that || 3¢ 4 € ®yjll .57 < 18(card(4)) ™,
and the third condition of Enflo’s Criterion follows.

Acknowledgment. The author thanks Marius Junge for suggesting the use of
Rademacher functions and rows in S, to find a Hilbertian subspace of noncommu-
tative L, spaces failing the OAP.
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