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Abstract� The non�commutative disc algebra An� n � �� is the norm closure of
the non�selfadjoint algebra generated by the left regular representation of F�

n
� the

free semigroup on n generators� We present examples of contractive representation
of An� n � �� which are not completely contractive� This answers a question from
�Po��� We characterize the �completely	 contractive Schur multipliers of An which

are indexed by subsets of F�n � and we show that for n � �� B�F�n 	 � M��F
�
n 	 and

M��F
�
n 	nB�F

�
n 	 �
 �� B�F

�
n 	 is the space of coe�cients of contractive representations

of F�n and M��F
�
n 	 is the space of completely bounded Schur multipliers of An�

�� Introduction

In this paper we study some properties of the non�commutative disc algebras
An� n � �� These non�selfadjoint algebras were introduced in ���� by Popescu� In
a sequence of papers �see �Po�	� �Po
	� �Po�	� �Po�	� �Po
	� and �Po�	� he established
remarkable similarities between these algebras and classical spaces appearing in
Harmonic Analysis� This line of study has been pursued recently by Davidson and
Pitts �see �DP�	 and �DP�	�� We also refer to �A	� �APo	� and �DPo	 for related
results�

For the moment� it su�ces to say that An is an algebra generated by n isome�
tries with orthogonal ranges S�� S�� � � � � Sn� The �nite products of the Si�s can be
indexed naturally by F�n � the free semigroup on n generators g�� g�� � � � � gn� That
is� if � � gi�gi� � � � gik � F

�
n � then

S� � Si�Si� � � �Sik � and S� � I�

Our study is focused on maps u � F�n � C � We say that u is a bounded Schur
multiplier of An �respectively� completely bounded Schur multiplier of An� if the
operator �u � An � An de�ned by �u�S�� � u���S� is bounded �respectively�
completely bounded�� The set of bounded Schur multipliers of An is denoted by
M�F�n �� and the set of completely bounded Schur multiplier of An is denoted by
M��F�n �� We say that u � F�n � C is a coe�cient of a contractive representation of
F�n if there exist a Hilbert space H� a contractive representation � � F�n � B�H��
and two vectors �� � � H such that for each �� u��� � h������ �i� The set of
coe�cients of contractive representations is denoted by B�F�n ��

�
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In Section � we set the notation and state the necessary background material�
In Sections � and 
 we study Schur multipliers of An indexed by subsets of F�n � If
� � F

�
n � de�ne u� � F�n � C by

u���� �

�
�� if � � ��

�� if � �� ��

In Section � we characterize the subsets � of F�n such that u� is a completely
contractive multiplier� and in Section 
 we show that such multipliers are contractive
if and only if they are completely contractive� Some of the results of these sections
can be easily extended to other discrete semigroups� In Section � we show that
B�F�n � � M��F�n � and that M��F�n � n B�F�n � �� � for n � �� We also establish
some properties of these spaces� Finally� in Section �� we present an example
of a contractive representation of An� n � �� that is not completely contractive�
This answers a question from �Po�	� We also give a simple example of a bounded
representation of An� n � �� that is not completely bounded�

Several questions addressed in this paper are motivated by results on Herz�Schur
multipliers of the Fourier algebra of locally compact groups �see �CoH	� �DCH	�
�BF	� �Ne	�� If G is a discrete group� C���G� is the C��algebra of the left regular
representation of G� M�G� is the space of bounded Schur multipliers of C���G��
M��G� is the space of completely bounded Schur multipliers of C���G�� and B�G�
is the space of coe�cients of unitary representations of G� We refer the reader to
�E	� �Gr	� �Pat	� and �Pi	 for more information� It is well known that

B�G� �M��G� �M�G��

Moreover� B�G� � M��G� if and only if G is amenable �see �BF	� �Ne	� and �Wy	��
Since F� � the free group on countably many generators� is not amenable� then
M��F�� nB�F�� �� �� One can show that the function

u � F� � C de�ned by u��� �

�
�� if j�j � ��

�� otherwise�

belongs to M��F�� nB�F�� �see �Wy	 and �P� Lemma ���	��

�� Preliminaries

The non�commutative disc algebras An� n � �� are subalgebras of B����F�n ���
where F�n is the free semigroup on n generators g�� � � � � gn� and ���F�n � is the Hilbert
space with orthonormal basis f�� � � � F�n g� The left regular representation
	 � F�n � B����F�n �� is de�ned by 	����� � ���� The non�commutative disc
algebra An is the norm closure of spanf	��� � � � F�n g in B����F�n ���

An alternative description of An uses non�commutative polynomials� Let P � Pn
be the set of polynomials in n non�commutative variables e�� � � � � en� with product
� and identity e�� A typical element of P looks like

p � a�e� �
NX
i��

nX
i��i�����ik��

ai�i����ikei� � ei� � � � � eik �
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The Hilbert space with orthonormal basis fei� � ei� � � � � � eikg is called the full
Fock space of the n�dimensional Hilbert space Hn with orthonormal basis e�� � � � en�
This space is usually denoted by

F��Hn� �
�X
k��

M
H�k
n �

where H��
n � C e� and H�k

n is the tensor product of k copies of Hn� The basis of
F��Hn� can be indexed by F

�
n � If � � gi�gi� � � � gik � F

�
n � let e� � ei� �ei� �� � � eik �

Then fe� � � � F
�
n g is the canonical orthonormal basis of F��Hn��

We can view the elements of P as left multiplication operators on F��Hn�� If
p � P� the map p � F��Hn� � F��Hn�� de�ned by 
� p � 
� has norm

kpk � supfkp� 
k� � k
k� � �� 
 � F��Hn�g�

The non�commutative disc algebra An is the norm�closure of P in B�F��Hn���
When n � �� An coincides with the disc algebra A�

The two descriptions of An are equivalent� To see this� identify �� with e�� and
	��� with e�� Then� ���F�n � is canonically isomorphic to F��Hn�� and the equality
	����� � ���� which describes 	���� is transformed into e� � e� � e��� which
describes e� as a left multiplication operator on F��Hn��

Tuples of isometries S�� S�� � � � � Sn with orthogonal ranges have been studied
for some time� Particularly in Cuntz� algebras �see �C	� and in Dilation Theory
�see �Bu	� �F�	� �F�	� �Po�	� �Po�	� and �Po
	�� In �Po�� Theorem ���	� Popescu gave
a Beurling�Lax characterization of the invariant subspaces of S�� S�� � � � � Sn� In
����� he used this description to obtain a very general �inner�outer� factorization
of operators �see �Po
� Theorem ���	�� In ����� he introduced the algebras An�
n � �� and their wot�closure� F��Hn�� n � � �see �Po�	�� The factorization result
from �Po
	 is very transparent for these algebras� Popescu said that 
 � F��Hn�
is inner if 
 is an isometry� and � � F��Hn� is outer if � has dense range �recall
that 
 and � are operators on ���F�n ��� Then� Theorem ��� of �Po
	 says that any
� � F��Hn� can be written as � � 
�� were 
 is inner and � is outer� Moreover�
this factorization is essentially unique�

Inner operators are useful to study An and F��Hn�� For example� they were
used in �APo	 to show that F��Hn� is a re�exive algebra and in �DP�	 to show that
F��Hn� is hyper�re�exive� In this paper we will use the following three examples�
which appeared in �APo	� �i� Inherited inner functions� Let 
�z� � A and � � F

�
n �

then 
�e�� � An and k
kA � k
�e��kAn
� If 
 is inner in A� then 
�e�� is inner in

An� �ii� Homogeneous polynomials� Let p � An be a homogeneous polynomial of
degree k� �i�e�� p � spanfe� � j�j � kg� where j�j is the length of the word ��� then
kpkAn

� kpk�� If kpk� � �� then p is inner� �iii� Let p�z� be a polynomial in the
disc algebra A� then kp�e�� � e�kAn

� kp�e�� � e�k�� If kpk� � �� then p�e�� � e�
is inner� We refer to �A	 and �DP�	 for related results�

Two words �� � � F�n are said to be orthogonal if �F�n
T
�F�n � �� This is

equivalent to saying that 	��� and 	��� have orthogonal ranges� Or� that for every

�� 
� � ���F�n �� e� � 
� is orthogonal to e� � 
��
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The unitary ��ip� � � ���F�n � � ���F�n � is de�ned by

��ei� � ei� � � � � � eik � � eik � � � � � ei� � ei� �

Its action is denoted by ��
� � �
� This map is unbounded on An�

An operator space X is a subspace of B�H�� The minimal �or spatial� tensor
product of two operator spaces X and Y is denoted by X �min Y � If X � B�H�
and Y � B�K�� this is the just the closure of the algebraic tensor product X � Y
in B�H �� K�� where H �� K is the Hilbert�Schmidt tensor norm of H and K�
Since Mn �min B�H� 	Mn�B�H��� one identi�es Mn�X� with Mn �minX� Thus�
an operator space X has a natural family of norms k � kn on Mn�X��

The morphisms in the category of operator spaces are the completely bounded
maps� A bounded linear map � � X � Y between two operator spaces X and
Y is completely bounded� or cb� if the map idZ � � � Z �min X � Z �min Y is
bounded for every operator space Z� The completely bounded norm k�kcb of � is
the supremum of the norms idZ � � as Z ranges over all operator spaces� It turns
out that it is enough to look only at the Mn�s� That is� k�kcb � supn k�nk� where
�n � idn � � � Mn�X� �Mn�Y ��

The fundamental theorem of completely bounded maps is due to Wittstock �W	�
It was discovered independently by Haagerup and Paulsen� and the factorization
was inspired by results of Stinespring �S	 and Arveson �Arv	�

Theorem ��� �W�� Let X � B�H� be an operator space� � � X � B���� a
bounded linear map� and C 
 �� � is completely bounded and k�kcb 
 C if and only
if there exist a ��representation � � B�H� � B���� and two bounded linear maps
V�� V� � �� � H� kV�kkV�k 
 C� such that for every x � X� ��x� � V �� ��x�V��

If � � An � An is a completely bounded Schur multiplier of An� then there exist
a Hilbert space H� a ��representation � � B����F�n �� � B�H�� and two bounded
linear maps V�� V� � ���F�n � � H satisfying kV�k � kV�k and kV�kkV�k � k�kcb�
such that for each � � F

�
n � ��	���� � V �� ��	����V�� For every � � F

�
n �

��� u��� � h��	������ � ���i � hV �� ��	����V���� ���i � h��	����V���� V����i�
We say that a function u � ��� � C is a Schur multiplier of B������� if the map

Mu � B������� � B�������� which is de�ned by hMu�T ��s� �ti � u�s� t�hT�s� �ti� is
bounded� These maps have a nice characterization� The following fundamental
result is well known� It is essentially due to Grothendieck �G	�

Theorem ���� Let u � � � � � C be a function and C 
 �� The following
conditions are equivalent�
�� Mu is a bounded Schur multiplier of B������� and kMuk 
 C�
�� There exist a Hilbert space H and maps x� y � � � H such that u�s� t� �
hx�s�� y�t�i and sups kx�s�k supt ky�t�k 
 C�

�� Mu is a bounded Schur multiplier of B������� and kMukcb 
 C�

If G is a countable group� Bozejko and Fendler �BF	 proved that � is a completely
bounded Schur multiplier of C���G� if and only if � is the restriction of a Schur
multiplier M of B����G�� with the same norm i�e�� kMk � k�kcb� A simple proof
of this fact appears in �P�� Theorem 
��	� G� Popescu observed that the same
argument works in An� The following proof is due to him
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Proposition ���� Let � be a completely bounded Schur multiplier of An� Then �
is the restriction of a Schur multiplier M of B����F�n ��� Moreover� kMk � k�kcb�
Proof� Find H� � � B����F�n �� � B�H�� and V�� V� � ���F�n � � H satisfy�
ing ���� Assume that H is in�nite dimensional and use the Dilation Theorem
to �nd unitary maps U�� � � � � Un � B�H 
 H 
 H� such that� for each i 
 n�
Ui is upper triangular and the ������component of Ui is Si � ��	�gi��� De�ne
!V�� !V� � ���F�n � � H by !Vi
 � ��� 
� ��� i � �� �� Then h��	������� ���i �
hS�V���� V����i � hU� !V���� !V����i� Since the U��s are unitary� hU� !V���� !V����i �
hU�� !V���� U��� !V����i � hx���� y����i� where x� y � F�n � H 
H 
H are de�ned by

x��� � U�� !V��� and y��� � U�� !V���� Therefore� � is the restriction of the Schur

multiplier M of B����F�n �� de�ned by hMT�� � ��i � hx���� y���ihT�� � ��i� Clearly�
kMk 
 kV�kkV�k � k�kcb� �

�� Completely Contractive Multipliers indexed by subsets of F
�
n

In this section we consider multipliers indexed by subsets of F�n � Let � � F�n

and de�ne the ��multiplier �� of An by

���	���� �

�
	���� if � � ��

�� otherwise�

The main result is the following�

Theorem ���� The ��multiplier �� is completely contractive �i�e�� k��kcb � �� if
and only if � �

S
k �k�� for some semigroup �� with the left and right cancellation

property� and some orthogonal words �k with no 	nal segment in ��
 i�e�� if �k � ��
and � �� �� then � �� ���

Suppose that �� is a completely contractive multiplier� FindH� � � B����F�n �� �
B�H�� and V�� V� � ���F�n � � H satisfying ���� and note that kV�k � kV�k � �� For
every � � � and � � F�n � V �� ��	����V��� � ���� Since kV �� ��	����k 
 �� we see
that kV���k� � �� Hence� V� is an isometry� If in addition we assume that � � ��
we have that V��� � ��	����V��� � V���� � V���� Therefore� V� � V��

Proposition ���� If �� is completely contractive multiplier and � � �� then � is
a semigroup with the left and right cancellation property�

Proof� From the comments before the statement of this Proposition� we see that
the V� and V� of ��� are equal to the isometry V � ���F�n � � H� This provides the
following criterion to determine if an element belongs to ��

��� � � � �� V �� � ��	����V ���

We will check �rst that � is closed under products� Let �� � � �� Since
V ���	����V �� � ��	������ � 	����� � ���� then

V ��� � ��	����V �� � ��	������	����V �� � ��	�����V ���

Hence� it follows from ��� that �� � ��
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We will now verify that � has the left cancellation property� Suppose that �� � �
and � � �� Then V ���	����V �� � ���� From here we see that ��	�����V ��� �
V ��� � ��	�����V �� � ��	�������	����V ���� Since ��	���� is an isometry� we
conclude that V �� � ��	����V ��� Therefore� by ���� � � ��

Finally� we will check that � has the right cancellation property� Suppose that
�� � � and � � �� Notice that

���	������ � ���� � ���	����V ��� V ���� � ���	������	����V ��� ��	�����V ��� � ��

Hence� ��	���� �� �� so � � �� �

We will now prove that multipliers indexed by semigroups with the left and right
cancellation property are completely bounded� More precisely� we will show that if
� � F�n is a semigroup with the left and right cancellation property� then �� is the
restriction of a completely contractive Schur multiplier of B����F�n��� We need the
following

Lemma ���� Let � be a semigroup with the left and right cancellation property�
De	ne � � � if there exist ��� �� � � and � � F�n such that � � ��� and � � ����
Then the relation � is an equivalence relation and �� � � if and only if � � ��

Proof� Clearly� � is re�exive and symmetric� Suppose that � � � and � � ��
Then there exist ��� ��� ��� �� � � and ��� �� � F�n such that � � ����� � � �����
� � ����� and � � ����� For simplicity� assume that the length of �� is greater
than or equal to the length of ��� Then �� � ��� for some �� This implies that
��� � ��� Since ��� �� � � and � has the left cancellation property� � � �� Hence�
� � ���� � �������� Since ����� � �� we get that � � �� Therefore� � is an
equivalence relation�

We will now check that �� � � if and only if � � �� If � � �� then � � ��
for each �� On the other hand� if � � ��� there exist ��� �� � � and � � F�n such
that � � ��� and �� � ���� Hence� ��� � ��� Since � has the right cancellation
property� we conclude that � � �� �

Proposition ���� Let � � F�n be a semigroup with the left and right cancella�
tion property� Then there exists a completely contractive Schur multiplier M on
B����F�n �� such that M restricted to An is ���

Proof� The equivalence classes induced by the relation of Lemma ��
 are of the
form ��� for some � � F

�
n with no non�trivial initial segment in �� Partition

F�n �
S
k ��k and de�ne

x� � F�n � �� by x���� � ek if � � ��k�

Let M be the completely contractive Schur multiplier of B����F�n �� de�ned by

hMT��� ��i � hx����� x����ihT��� ��i�
From Lemma ��
� we see that for every � � F�n �

hM�	������ � ���i � hx����� x�����i �

�
�� if � � ���

�� otherwise�
�

�
�� if � � ��

�� if � �� ��

Therefore� M	��� � ���	����� �
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Notice that MT �
P

k PkTPk� where Pk is the orthogonal projection onto
�����k�� Hence� M is completely positive and M�	����� � �M�	����� for every
� � F

�
n � As an immediate consequence� we get

Lemma ���� Let � be a semigroup with the left and right cancellation property�
and � � F

�
n � Let M � M� be the Schur multiplier of B����F�n �� described in

Proposition ���� Then M�	����� �� � if and only if � � ��

We will now consider �shifts� of semigroups� We need the following results and
examples�

Example ��	� It is well known that the multiplier p�z� �� p�z� � p��� has norm
strictly greater than � in the disc algebra A�

Notice that if �� � � F�n � then

	����	��� �

���
��

	���� if � � ���

	����� if � � ���

�� otherwise�

Proposition ��
� Let �� be a semigroup of F�n with the left and right cancellation
property� � �� ��� and let � � ���� Then �� is completely contractive if and only
if no 	nal segment of � belongs to ��
 i�e�� if � � �� and � �� �� then � �� ���

Proof� Suppose that a non�trivial �nal segment of � belongs to ��� Then � � ��
for some non�zero �� � with � � ��� This implies that �k � �� for each k � ��
Since � �� ��� then � �� �� either� Hence� ��k � ��� � � i" k � �� Notice that for
any polynomial p�e�� on e��

���e� � p�e��� � e� �
h
p�e�� � p���e�

i
�

Using Example ��
� we get that k��k 
 ��
Suppose now that no �nal segment of � belongs to ��� Let M� be the completely

contractive Schur multiplier of B����F�n �� associated to �� which was described in
Proposition ���� De�ne � � 	��� �M� � �	����� i�e�� ��T � � 	���M��	����T ��
Clearly� � is a completely contractive map on B����F�n �� and

��	���� �

���
��

	���� if � � ����

	���M��	������ if � � ���

�� otherwise�

If � � �� and � �� � then� by assumption� � �� ��� Hence� by Lemma ����
M��	����� � �� Therefore� � � ��� �

We use the tensor notation for the proof of the following statement� Recall that
�� � � F�n are orthogonal words if e��
� is orthogonal to e� �
� for every 
�� 
�
in ���F�n ��
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Example ���� Let � � ���h�i� where �� � are orthogonal words� � �� �� and h�i
is the semigroup generated by �� Then k��k 
 ��

Proof� Find polynomials p�z�� q�z� � A satisfying kpk� � kqk� � �� jp���j � �
�
�

and kp � qk� 
 � � �� where � 
 � is small enough �you can take p�z� � ��z
�

and

q�z� � �
N

PN

k�� z
k� where N is large enough�� Notice that

��

�
e� � p�e�� � e� � q�e��

�
� p���e� � e� � q�e���

It is easy to check that

kp���e� � e� � q�e��k �
p
jp���j� � kqk�� �

r
�

�
� � �

r
�

�
�

On the other hand� since � and � are orthogonal�

ke� � p�e�� � e� � q�e��k� � sup
krk���

kp�e��� rk�� � kq�e�� � rk��

� sup
krk���

k�p � q��e� �� rk�� � k�p� q��e� �� rk��
�


 kp�e�� � q�e��k�An
� kp�e�� � q�e��k�An

�

�
kp � qk�� � kp� qk��

�

 �� � ����

If � � �
	 � we get that k��k 
 �� �

Proof of Theorem ���� Suppose that �� is completely contractive� If � � �� it
follows from Proposition ��� that � is a semigroup with the left and right cancel�
lation property� Assume then that � �� � and let B be the set of those � � � such
that either � has no non�trivial initial segment in �� or that � has length one �i�e��
� � gi for some i 
 n�� Then B � f��� ��� � � � g for some �k � �� It is easy to
check that the �k�s are orthogonal words� and that every � � � can be written as
a product � � �k� for some k and some � � F

�
n �

Let �k � B and consider the completely contractive map �k � An � B����F�n ��
de�ned by �k � �	��k��� � �� � 	��k�� Since

�k�	���� � �	��k��� � ���	��k��� �

�
	���� if �k� � ��

�� otherwise�

we have that �k � An � An is a completely contractive multiplier� Since �k�	���� �
	���� it follows from Proposition ��� that �k � ��k for some semigroup �k with
the left and right cancellation property� Hence� � � �k if and only if �k� � ��
This implies that � �

S
k �k�k� We claim that all the �k�s are equal to each other�

Indeed� if this were not the case� we could �nd two indices k�� k� and � � F�n such
that � �� �k� and � � �k� � Using the notation of Example ���� we would get that
��

�
e�k� � p�e�� � e�k� � q�e��

	
� p���e�k� � e�k� � q�e��� which contradicts that

�� is contractive� Therefore� all the �k�s are equal to each other and � �
S
k �k���
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Suppose now that � �
S
k �k��� where �� is a semigroup with the left and right

cancellation property� and the �k�s are orthogonal words with the property that no
�nal segment of �k belongs to ��� Let x�� � F�n � �� be the function associated to
�� which was described in Proposition ����

De�ne x� y � F�n � �� as follows�

x��� � x������ �� � F
�
n � and y��� �

�
x�� ���� if � � �k� for some k�

�� otherwise�

De�ne the completely contractive Schur multiplier of B����F�n �� by

hMT��� ��i � hx���� y���ihT�� � ��i�

It is easy to check that M�T � �
P

k�	��k��M��	��k��	�T � �
P

k 	��k�M��	��k��T ��
where M� is the Schur multiplier associate to �� which was described in Proposition
���� Since no �nal segment of �k belongs to ��� it follows from the proof of Lemma
��� that �

	��k� �M� � 	��k��
�
	��� �

�
	���� if � � �k�k�

�� otherwise�

Therefore the restriction of M to An is equal to ��� �

�� Contractive multipliers indexed by subsets of F�n

In this Section we will show that a Schur multiplier indexed by a subset of F�n
is contractive if and only if it is completely contractive� The main step is Theorem

��� which replaces Proposition ��� of Section ��

Theorem ���� If �� is a contractive Schur multiplier and � � �� then � is a
semigroup with the left and right cancellation property�

Following the proof of Theorem ���� where Theorem 
�� replaces Proposition ����
we see that if �� is contractive� then � �

S
k �k�k� where the �k�s are semigroups

with the left and right cancellation property� and the �k�s are orthogonal words with
no �nal segment in �k� We use the argument of Example ���� which only assumes
that �� is contractive� to conclude that all the �k�s are equal to each other� Hence�
we get�

Theorem ���� If �� is a contractive Schur multiplier� then � �
S
k �k�� for some

semigroup �� with the left and right cancellation property� and some orthogonal
words �k with no 	nal segment in ��� Consequently� �� is contractive if and only
if �� is completely contractive�

The proof of Theorem 
�� requires several steps� We will present them separately�
since they might be interesting on their own�

For the remaining of this Section assume that � � � and that �� is a contractive
Schur multiplier�
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Step �� �Powers� If � � �� then �k � � for every k � ��

Proof� De�ne J� � A� An and Q� � An � A by

J�z
k � e�k� � k � �� and Q��e�� �

�
zk� if � � �k�

�� otherwise�

Let # � Q���J�� Since J� and Q� are contractions� # is a contractive multipier
of A� Notice that # is an indicator multiplier indexed by � � fk � N � �k � �g�

Since A is commutative� # is also completely contractive� Since � � �� it follows
from Proposition ��� that � is a semigroup of N� � f�� �� �� � � � g with the left and
right cancellation property� Since � � �� then � � N�� Therefore� �k � � for every
k � �� �

Step �� �More powers� If ���� � �� then ��k � � for every k � ��

Proof� Let # � S����S� and notice that #�e�� � e� if �� � �� and #�e�� � � if
�� �� �� Since S� and S�� are contractions� # is a contractive multiplier indexed

by the subset �� � f� � �� � �g � F�n � By assumption� �� � � ��� Hence� it follows

from Step � applied to �� that for every k � �� �k � �� and therefore ��k � �� �

For Steps 
� �� �� and � let p�z� � ��z
� and q�z� � �

N

PN

k�� z
k� Then kpkA �

kqkA � � and kqk� � �p
N

� Notice that q �peaks� around z � � and p��� � ��

One can check that for every � 
 �� there exists N such that kp � qkA 
 � � ��
If � � F�n � then kp�e�� � q�e��kAn

� kp � qkA 
 � � �� Moreover� following
the argument of Example ���� we see that if ��� �� are orthogonal words� then

ke�� � p�e�� � e�� � q�e��k 
 � � � and ke�� � e�� � q�e��k �
q



� � For Steps 
���

and � it su�ces to take � � � �
q



� � For Step � we need a more precise estimate�

which is derived from the following elementary Lemma

Lemma ���� Let p�z�� q�z� � A be such that kpkA � kqkA � � and kp�qkA 
 ����
Let r be a unit vector in ���F

�
n �� If kq�e��� rk� � �� �� then kp�e��� rk� 
 �

p
��

Proof� Since kp�e���q�e��kAn
� kp�qkA 
 ���� then kp�e���rk���kq�e���rk�� �

�
�kp�e���r�q�e���rk��� �

�kp�e���r�q�e���rk�� 
 �
� �kp�qk��kp�qk�	 
 �������

Since kq�e�� � rk� � �� �� then kp�e�� � rk�� 
 �� � ��� � ��� ��� � ��� �

Step �� �Products of orthogonal words� If � and � are orthogonal words and �� � �
�� then �� � ��

Proof� Let �� � � � be orthogonal words and suppose� contrary to the statement
of Step 
� that �� �� �� By Step �� �k � � for each k � �� Then

��



e� � e� � e�

�
� e� � q�e��

�
�

e�
�

� e� � q�e���

Since ke� � p�e�� � e� � q�e��k 
 � � � �
q



� and k e�� � e� � q�e��k �

q


� � then

k��k 
 �� This contradicts the assumption that �� is contractive� �
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Step �� �Right cancellation property for orthogonal words� If � and � are orthog�
onal words and �� �� � �� then � � ��

Proof� Let �� �� � � and suppose� contrary to the statement of Step �� that � �� ��
Then

��



e� � �� e�

�
� e� � q�e��

�
�

e��
�

� e� � q�e���

Since ke� � p�e�� � e� � q�e��k 
 � � � �
q



�

and k e��
�

� e� � q�e��k �
q



�
� then

k��k 
 �� This contradicts the assumption that �� is contractive� �

Step �� �Left cancellation property for orthogonal words� If � and � are orthogonal
words and ���� � �� then � � ��

Proof� Let ���� � � and suppose� contrary to the statement of Step �� that � �� ��
Let 	 � �

�
and consider 
 � p�e�� � 	e� � q�e��� It follows from Step � that

��k � � for each k � �� Then ���
� � e�
� � 	e� � q�e���

It is easy to check that 
 and ���
� are normed by unit vectors of the form
r � r�e�� e�� with variables in e� and e� only� To see this� follow the argument
of Proposition �� of �A	� Moreover� we can assume that the constant term of r
is zero� Indeed� if the constant term of r is not zero� take r � e� �note that
�� � An� k� � rk� � k� � �r � e��k��� Hence� we will only consider vectors r of
the form

r � e� � r� � e� � r�� where kr�k�� � kr�k�� � ��

By Proposition �� of �A	� or by Example 
 of �AP	� we have that kq�e���e�kAn
�

kq�e��k� � kqk�� Hence� ke�� q�e��� e� � r�k� 
 kqk�kr�k�� Since we can choose
kqk� as small as we want� we see that e� � q�e��� e� � r� � �� Therefore�


� r � e� �
�
r�
�

� 	q�e��� e� � r�



� e� � e� � e�

�
� r�� and

���
�� r � e� �
�
r�
�

� 	q�e��� e� � r�



�
e�
�
� r��

Clearly� k���
�kAn

 	� If r � e��r��e��r� satis�es krk� � � and k
�rk� 


	� then 	kq�e���e��r�k� 
 	��� Therefore� kq�e���e��r�k� 
 �� �
�

� ���� By

Lemma 
�
� we see that k�� �e�� e��� r�k 
 �
p
�� It is also clear that kr�k� � �� ��

Since kr�k�� � kr�k�� � �� then kr�k� 
 �
p
��

Let � � supfk r�� � 	q�e�� � e� � r�k� � kr�k�� � kr�k�� � �g� Then�

k
kAn


p
�� � �� � �kqk�

p
�� and

k���
�kAn
�
r
�� �

��� ���

�
� �kqk�

p
��

If we choose kqk� and � small enough� we get that k��k 
 �� �
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Step 	� �Left Cancellation Property� If ���� � �� then � � ��

Proof� If � and � are orthogonal� if follows from Step � that � � �� If � and � are
commutative� there exist � � F�n and k� l � N such that � � �k and � � �l� An
argument similar to the one used in Step � gives that �� � fm � �m � �g � N�

is closed under products and has the left and right cancellation property� Since we
assumed that k� k � l belong to this set� we get that l � �� � Therefore� � � ��

Assume that � and � are non�commutative and non�orthogonal� Find k�� l� � N

such that �k� is orthogonal to �l� �take for instance k�� l� so that �k� and �l� have
the same length�� Clearly� ��k is orthogonal to ��l for every k � k�� l � l�� and
� � F�n � In particular� ��k� � �k��� is orthogonal to ��l for every l � l�� By
Step �� ��l � �� Hence� by Step 
� ��k�������l� � �k����l � �� Since �k��� is
orthogonal to �l� we use Step � to get �l � �� Hence� �l � � for every l � l��
We follow the argument used in Step � to conclude that �� � fl � �l � �g � N�

is closed under products and has the left and right cancellation property� Since
l�� l� � � belong to this set� we see that � � �� also� Therefore� � � �� �

Step 
� �Right Cancellation Property� If �� �� � �� then � � ��

Proof� We assume� as we did in Step 
� that � and � are non�commutative and
non�orthogonal� Find k� l � N such that ����k is orthogonal to �l� Consider
e����k� � e��e�

�
� e�l � q�e��� If ����k� �� �� we would have that k���e����k� �

e��e�
� � e�l � q�e���k � k��e����k� � e�l � q�e��k �

q


� � which would imply that

k��k 
 �� Therefore� ����k� � �� Since ����k � �� we conclude from Step 
 that
� � �� �

Step �� �Products� If �� � � �� then �� � ��

Proof� We assume again that � and � are non�commutative and non�orthogonal�
Hence� � � �� for some �� which belongs to � by Step 
�

Since we assumed that the length of � is greater that the length of �� we must
consider �� and ��� We will show �rst that �� � ��� � �� Since � � �� � ��
then �� � ���� � �� Since � � �� we get from Step � that ��� � �� We will now
show that �� � ��� � �� Find k� l � N such that �k is orthogonal to �l� Then�
by Step 
� �k�l � �� Since �l�� � �� then� by Step �� �k� � �� Since �k�� � ��
then� by Step 
� ��� � �� �

�� Multipliers Associated with Representations

In this section we show that coe�cients of unitary representations of the free
semigroup F�n induce completely bounded multipliers of An� The proof is elemen�
tary�

Proposition ���� Let � � F�n � B�H� be a unitary representation and let �� � � H�
Then the map � de	ned by ��	���� � h������ �i	��� is a completely bounded
multiplier of An satisfying k�kcb 
 k�k�k�k��
Proof� We will show that � is the restriction of a Schur multiplier M on B����F�n��
with norm kMk 
 k�k�k�k�� De�ne x� y � F�n � H by x��� � �������� and y��� �
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��������� and de�ne M on B����F�n �� by hMT�� � ��i � hx���� x���ihT�� � ��i� By
Theorem ���� M is a Schur multiplier with norm kMkcb 
 k�k�k�k�� Since

hM	����� � ���i � hx���� y����i � h��������� ���������i
� h�������������� �i � h������ �i�

we conclude that M	��� � h������ �i	���� �

Recall that B�F�n � is the space of coe�cients of contractive representations of
F�n � That is� u � F�n � C belongs to B�F�n � if and only if there exist a Hilbert space
H� a contractive representation � � F�n � B�H�� and two vectors �� � � F�n such
that

�
� �� � F
�
n � u��� � h������ �i�

The norm of u is given by

kuk
B�F�n �

� inffk�kk�k � �
� holds g�

One can check that the coe�cients of contractive representations of F�n coin�
cide with the coe�cients of unitary representations of F�n  and hence� Proposition
��� is also true for contractive representations� To see this� suppose that u��� �
h������ �i� where � � F�n � B�H� is a contractive representation and �� � � H� The
unital representation � is determined by the contractions ��gi� � Ti � B�H�� As�
sume that H is in�nitely dimensional and use the Dilation Theorem to �nd unitary
operators Ui � B�H
H
H� such that the Ui�s are upper triangular and the ������
component of Ui is Ti� De�ne the unitary representation � � F�n � B�H 
H 
H�
by ��gi� � Ui� and let !� � ��� �� ��� !� � ��� �� �� be vectors in H 
H 
H� Then�

�� � F
�
n � h������ �i � h����!�� !�i�

It is not di�cult to see that B�F�n � is a Banach algebra and that it is the Banach
space dual of the algebra generated by the universal isometric representation of F�n �
This is analogous to the situation for discrete groups� where B�G� is the dual of
the full C��algebra of G� C��G��

Recall also that u � F�n � C is a bounded Schur multiplier of An if the operator
�u on An de�ned by �u�	���� � u���	��� is bounded� M�F�n � is the space of
bounded Schur multipliers with norm kukM�F�n �

� k�uk� And M��F�n � is the space

of those u�s such that �u is completely bounded� The norm on M��F
�
n � is given by

kuk
M��F

�
n �

� k�ukcb� Proposition ��� states that B�F�n � � M��F�n � and that the

inclusion is contractive� We will show that M��F�n � nB�F�n � �� ��
Example ���� Let n � � and � � g�F

�
� � Then �� is completely bounded but ��

is not a coe�cient of an isometric representation of F�� �

Proof� It is easy to see that k��kcb 
 �� Suppose that there exists an isometric
representation � � F�� � B�H� and �� � � H such that

h������ �i �

�
�� if � � ��

�� otherwise�
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Clearly� � is determined by the isometries T� � ��g�� and T� � ��g��� Hence� for
any � � F

�
� � hT�T��� �i � � and hT�T��� �i � ��

Let C � convfT�T�� � � � F
�
� g and �nd z � C satisfying

��� kzk � inffkwk � w � Cg�
It is easy to see that such a z exists and is unique� Notice that for any � � F

�
� �

T�T�z � C� hT�T�z� �i � �� and hT�T�z� �i � �� Since T�T� is an isometry� then
kT�T�zk� � kzk�� Moreover� since the minimum of ��� is unique� we conclude that
�� � F

�
� � T�T�z � z� In particular� T�z � T�T�z � z� Hence� T��z � T�z� � ��

Since T� is one�to�one� we get that T�z � z� But this implies that � � hT�z� �i �
hz� �i � �� Therefore� �� is not the coe�cient of a contractive representation� �

The space of coe�cients of the left regular representation plays an interesting
role� We say that u � B����F�n � if there exist 
�� � ���F�n � such that

��� �� � �� u��� � h	���
��i � he� � 
��i�
and

kukB����F�n �
� inffk
k�k�k� � ��� holds g�

Recently� Davidson and Pitts �DP�	 proved that B����F�n � is the predual of
F��Hn�� the wot�closure of An� Davidson and Pitts called F��Hn� �free semi�
group algebras� and denoted them by Ln� If G is a countable group� B����G� is
called the Fourier algebra of G and is denoted by A�G�� It is known that A�G�
is the predual of V N�G�� �the von Neumann algebra generated by the left regular
representation of G�� and that A�G� is a closed ideal in B�G�� �see �E	��

We will show that B����F�n � is an ideal in B�F�n �� However� unlike the situation
for discrete groups� the norms do not coincide� Indeed� if

u � F�n � C is de�ned by u��� �

�
�� if j�j � ��

�� otherwise �

one can check that kukB�F�n � � � and kukB����F�n �
�
p
n�

We need Fell�s absortion principle� If � � F�n � B�H� is a unitary representation�
then 	� � is unitarily equivalent to 	� I� That is� 	� ���� � V ��	� I����V for
some unitary operator on ���F�n � �� H �see �Fe	��

Proposition ���� B����F�n � is an ideal in B�F�n ��

Proof� Let u � B����F�n � and v � B�F�n �� Find a Hilbert space with orthonormal
basis f�k � k � �g� a unitary representation � � F�n � B�H�� and two vectors
�� � � H such that for each � � F�n � v��� � h������ �i� Find also 
�� � ���F�n �
such that u��� � h	���
��i�

Use Fell�s absortion principle to �nd a unitary map V on ���F�n ���H such that
V ��	� ��V � 	� I� Let � � F�n � Then�

u���v��� � h	���
��ih������ �i
� h�	 � �����
 � �� � � �i
� h�	 � I����V �
� ��� V �� � ��i�
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Write V �
��� �
P

k 
k��k and V ����� �
P

k �k��k for some 
k� �k � ���F�n ��
We employ the technique used by Davidson and Pitts to show that the dual of
B����F�n � is Ln� This one consists in replacing the �k�s with orthogonal elements
from ���F�n �� For each k� let �k � e� � ek� � Notice that for every ��� �� � ���F�n ��
h��� ��i � h�� � �k� �� � �ki� Moreover� if k �� j� then h�� � �k� �� � �ji � ��
Then� it is easy to see that !
 �

P
k 
k � �k and !� �

P
k �k � �k satisfy k !
k� �pP

k k
kk�� � kPk 
k � �kk � kV �
 � ��k � k
k�k�k� and k !�k � k�k�k�k��
Moreover�

u���v��� � h�	��� � I�V �
� ��� V �� � ��i

�

�X
k��

h	���
k� �ki

�

�
	���


X
k


k � �k

�
�


X
j

�j � �j

��

� h	��� !
� !�i�

Since !
� !� � ���F�n �� then uv � B����F�n � and kuvk
B����F�n �


 kuk
B����F�n �

kvk
B�F�n �

�

�

�� Representations of An

Problem 
�
 of �Po�	 asked if every contractive representation of An� n � �� was
also completely contractive� In this section we answer this question in the negative�

Proposition ���� There exists a contractive representation of An that is not com�
pletely contractive�

We will also show that there are very simple bounded representations of An�
n � �� that are not completely bounded� This result is not new� The examples
used recently by Pisier �P�	 to answer Halmos� Similarity Problem work also in An�
n � �� However� they are more complicated�

Recall that the unitary �ip � is de�ned by ��ei� � � � � ein� � ein � � � � � ei� and
is denoted by ��
� � �
�

Example ���� Let n � � and �p
n
� � � �� Let � � An � B��n�F�n �� be the unital

representation induced by ��Si� � �S�i � i 
 n� where Si � 	�gi�� Then � is a
bounded representation but it is not completely bounded�

Proof� Let p � P� kpkAn
� �� Write p � p� � p� � p� � � � � � pN � where pk �

spanfe� � j�j � kg� From Proposition �
 of �A	� we have that kpkkAn
� kpkk��

Notice that

��p� � p� � �p��S
�
� � � � � � S�n� � ��p��S�� � � � � � S�n� � � � �� �NpN �S�� � � � � � S�n��

Since �S�i�S
�
i�
� � �S�ik�� � Sik � � �Si�Si�� we see that

kpk�S�� � � � � � S�n�k
B����F

�
n ��

� k�pk�S�� � � � � � S�n���k
B����F

�
n ��

� k�pk�S�� � � � � Sn�kAn
�
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where �pk is the ��ip� of pk� Using Proposition �
 of �A	 again� we get that
k�pk�S�� � � � � Sn�kAn

� k�pkk� � kpkk� 
 �� Therefore�

k��p�k 

NX
k��

�kkpk�S�� � � � � � S�n�k 

nX

k��

�k �
�

�� �
�

and � is a bounded representation�

We will now check that � is not completely bounded� Fix k and let ��� ��� � � � � �nk
be an ennumeration of the set f� � j�j � kg� Then

k�S��S�� � � �S�nk 	k �

����
nkX
i��

S�iS
�
�i

����
�
�

� �� and

k�S���S��� � � �S��nk 	k �

����
n
kX

i��

S��iS�i

����
�
�

�
p
nk�

Since ��� ���S�� � � �S�nk 	 � �k�S
�� � � �S
�
nk

	� we conclude that k�kcb � ��
p
n�k��

To complete the proof of Proposition ���� we need to study the structure of some
natural subspaces of An� Let 
 � An� and de�ne

���F� � � spanfe�� 
� 
��� � � � g � ���F
�
n ��

A� � spanfe�� 
� 
�� � � � g � An�

Let P� be the orthogonal projection onto ���F� �� Recall that 
 � An is inner i"
for every ��� �� � ���F�n �� h
� ��� 
� ��i � h��� ��i and that �
 � An is inner i"
for every ��� �� � ���F�n �� h�� � 
��� � 
i � h��� ��i
Proposition ���� Let 
 be inner� Then the map V� � A� A�� de	ned by V�z

k �

�k� is an isometry onto� Moreover� if �
 is also inner� then P� � An � A� is
contractive�

Proof� Suppose that 
 is inner� and let p�z� � a� � a�z � a�z
� � � � �� aNz

N be a
polynomial�

Since k
k � �� it follows from von Neumann�s inequality that kPk ak

�kk 


kPk akz
kk�

Notice that ���F�� � �
 � ���F� �
�

� span f�g for some � � ���F� �� k�k� � ��

Since 
 is inner �i�e�� an isometry�� then f
�k � �g�k�� is an orthonormal basis of
���F��� Let � 
 �� and �nd q �

P
j bjz

j satisfying kqk� � � and kpkA�z� 
 kpqk����

Since kPj bj �

�k � �	k� � �� we see that����
X
k

ak

�k
���� �

����

X

k

ak

�k
�
�

X

j

bj �

�k � �	

�����
�

�

����
X
k

X
j

akbj �

��k�j� � �	

����
�

�

����
X
k

X
j

akbjz
k�j

����
�

� kpqk� � kpk� � ��

Therefore� kPk ak

�kkAn

� kPk akz
kkA�z��
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Suppose that �
 is inner too� Let p � P� and write p � p��p�� where p� � ���F� �
and p� � ����F� ���� From the �rst part of this Proposition� we see that kp�k �
supfkp� � �k� � k�k� � �� � � ���F��g�

Let � � ���F��� Clearly� p� � � � ���F� �� and we claim that p� � � � ����F� ����
Indeed� it is enough to verify that for every k�m � �� h
�k� p� � 
�mi � �� Since
�
 is inner� p� � ����F� ���� and he�� p�i � �� we get that

h
�k� p� � 
�mi �

� h
��k�m�� p�i � �� if k � m�

he�� p� � 
��m�k�i � �� if k � m�

Hence� kp� �k� �
pkp� � �k�� � kp� � �k�� � kp� � �k�� Therefore� kp�k 
 kpk� �

Proof of Proposition ���� Let T�� T�� � � � Tn � B�H� be operators on H satisfying

�
� TiTj � �� �i� j 
 n� and

����
nX
i��

aiTi

���� 

vuut nX

i��

jaij�� �ai � C � i 
 n�

Let � � An � B�H� be the unital representation determined by ��Si� � T�� We
will check that � is contractive�

Let p � P� p � a�e� � �a�e� � � � �� anen� � � higher terms �� Notice that

��p� � p�T�� � � � � Tn� � a�I � �a�T� � � � � anTn� � a�I �

vuut nX
i��

jaij� T�

where T � �a�T� � a�T� � � � � anTn��
pPn

i�� jaij�� By hypothesis� kTk 
 ��

Let 
 � �a�e� � � � � anen��
pPn

i�� jaij�� Notice that 
 and �
 are inner and that

P��p� � a�e� �

vuut nX
i��

jaij�
 � b�

�� � � � �� bN


�N �

for some b�� b�� � � � bN � C � Then�

k��p�k �

����a�I �
qX

jaij� T
����

�

����a�I �
qX

jaij� T � b�T
� � � � � � bNT

N

����� since T � � � � � � TN � ��



����a� �

qX
jaij� z � b�z

� � � � �� bNz
N

����� by von Neumann�s ineq��

�

����a�e� �
qX

jaij� 
 � b�

�� � � � � � bN


�Nk� by Lemma ��
�

� kP��p�k 
 kpk�
To �nish the proof� it is enough to �nd n operators satisfying �
� such that

k�T�T� � � �Tn	k 
 �� Choose Ti to be basic elements of the row Hilbert space�
�shifted� to the right �to insure that TiTj � ��� That is� Ti � e� i�� �Mn��� where
Mn�� is the set of �n � �� � �n � �� matrices� Clearly� these operators satisfy �
��
and hence� the unital representation � � An � Mn�� determined by ��	�gi�� � Ti
is contractive� However� k�	�g�� � � � 	�gn�	k � � and k�T� � � �Tn	k �

p
n� Since

��� ���	�g�� � � � 	�gn�	 � �T� � � � Tn	� we get that k�kcb � p
n� �



�� ALVARO ARIAS

Acknowledgment� The author thanks Gelu Popescu for useful discussions�

References

�A� A� Arias� Completely bounded isomorphism of operator algebras� Proceedings of the AMS
��� ��� ��

�	� ��
�������

�APo� A� Arias and G� Popescu� Factorization and re�exivity on Fock spaces� Int� Equat� Oper�
ator Theory �� ���

�		� ��������

�Arv� W� Arveson� Subalgebras of C��algebras� Acta Math� ��� ��
�
	� ��������
�B� M� Bozejko� Positive de�nite bounded matrices and characterization of amenable groups�

Proceedings of the AMS �� ��
��	� ��������

�BF� M� Bozejko and G� Fendler� Herz�Schur multipliers and completely bounded multipliers of

the Fourier algebra of a locally compact group� Boll� Unione Mat� Ital� �	� �
A ��
��	�
�
������

�Bu� J� Bunce� Models for n�tuples of non�commuting operators� J� Funct� Anal� �� ��
��	�
������

�CoH� M� Cowling and U� Haagerup� Completely bounded multipliers of the Fourier algebra of a
simple Lie group of real rank one� Invent� Math� ��� ��
�
	� ��������

�C� J� Cunz� Simple C��algebras generated by isometries� Comm� Math� Phys� �� ��
��	�
��������

�DP�� K� Davidson and D� Pitts� Invariant subspaces and hyper�re�exivity for free semigroup

algebras� �preprint	�
�DP�� K� Davidson and D� Pitts� The algebraic structure of non�commutative analytic Toeplitz

algebras� �preprint	�

�DPo� K� Davidson and G� Popescu� Noncommutative disc algebras for semigroups� �preprint	�
�DCH� J� de Canni�ere and U� Haagerup� Multipliers of the Fourier algebras of some simple Lie

groups and their discrete subgroups� Amer� J� Math� ��� ��
��	� ��������
�E� P� Eymard� L�alg�ebre de Fourier d�un groupe localment compact� Bull� Soc� Math� France

�� ��
��	� ��������

�Fe� J� M� Fell� Weak containment and induced representations of groups� Can� J� Math� ��
��
��	� ��������

�F�� A� Frahzo� Models for non�commuting operators� J� Funct� Anal� �
 ��
��	� �����
�F�� A� Frahzo� Complements to models for non�commuting operators� J� Funct� Anal� ��

��
��	� ��������
�Gr� F� Greenleaf� Invariant means on topological groups� Van Nostrand� New York� �
�
�

�G� A� Grothendieck� R�esum�e de la th�eorie m�etrique des produits tensoriels topologiques� Boll�
Soc� Mat� S�ao�Paulo 
 ��
��	� ���
�

�Ne� C� Nebbia� Multipliers and asymptotic behavior of the Fourier algebra of non�amenable

groups� Proceedings of the AMS �� ��
��	� ��
�����
�Pat� A� Paterson� Amenability� AMS Math Surveys� vol� �
� American Mathematical Society�

�
���
�Pi� J� P� Pier� Amenable locally compact groups� Wiley� Interscience� New York� �
���

�P�� G� Pisier� Similarity problems and completely bounded maps� Lecture Notes in Mathemat�
ics� vol� ����� Springer� �

��

�P�� G� Pisier� A polynomially bounded operator on Hilbert space which is not similar to a

contraction� �to appear	�
�Po�� G� Popescu� Isometric dilations for in�nite sequences of noncommuting operators� Trans�

actions of the AMS ��	 ��
�
	� ��������
�Po�� G� Popescu� Characteristic functions for in�nite sequences of noncommuting operators�

J� Operator Theory �� ��
�
	� ������

�Po�� G� Popescu� Multi�analytic operators and some factorization theorems� Indiana Univ�
Math� J� �
 ��
�
	� �
������

�Po�� G� Popescu� Von Neumann�s inequality for B�H	n	�� Math� Scand� 	
 ��

�	� �
������
�Po�� G� Popescu� Multi�analytic operators on Fock spaces� Math� Ann� ��� ��

�	� ������

�Po�� G� Popescu� Functional Calculus for noncommuting operators� Michigan Math� J� ��
��

�	� ��������



MULTIPLIERS AND REPRESENTATIONS OF An �


�Po�� G� Popescu� Noncommutative disc algebras and their representations� Proceedings of the
AMS ��� ��

�	� ����������

�S� W� Stinespring� Positive functions on C��algebras� Proceedings of the AMS 	 ��
��	�
��������

�W� G� Wittstock� Ein operatorwertigen Hahn�Banach Satz� J� Funct� Anal� �� ��
��	� ����

����
�Wy� J� Wysoczanski� Characterizations of amenable groups and the Littlewood functions on

free groups� Colloquium Math� �� ��
��	� ��������

Alvaro Arias

Division of Mathematics and Statistics� The University of Texas at San Antonio�

San Antonio� TX ������ U�S�A�

E�mail address� arias�math�utsa�edu


