MULTIPLIERS AND REPRESENTATIONS
OF NONCOMMUTATIVE DISC ALGEBRAS

ALVARO ARIAS

ABSTRACT. The non-commutative disc algebra A,, n > 2, is the norm closure of
the non-selfadjoint algebra generated by the left regular representation of Fj, the
free semigroup on n generators. We present examples of contractive representation
of Ay, n > 2, which are not completely contractive. This answers a question from
[Po7]. We characterize the (completely) contractive Schur multipliers of A, which
are indexed by subsets of F}l, and we show that for n > 2, B(F) C My(F}) and
Mo (FH)\ B(FF) # 0. B(F) is the space of coefficients of contractive representations
of Fif and M, (F;I{) is the space of completely bounded Schur multipliers of A, .

0. INTRODUCTION

In this paper we study some properties of the non-commutative disc algebras
A,, n > 2. These non-selfadjoint algebras were introduced in 1991 by Popescu. In
a sequence of papers (see [Po2], [Po3], [Pod], [Po5], [Pob], and [Po7]) he established
remarkable similarities between these algebras and classical spaces appearing in
Harmonic Analysis. This line of study has been pursued recently by Davidson and
Pitts (see [DP1] and [DP2]). We also refer to [A], [APo], and [DPo] for related
results.

For the moment, it suffices to say that A,, is an algebra generated by n isome-
tries with orthogonal ranges 51,52, -+ ,5,. The finite products of the S;’s can be
indexed naturally by F! the free semigroup on n generators ¢i,g2,- - ,gn. That
iS, if a = Gi19iz " Gy S ]F;L‘7 then

Sa =955, Si,, and So=1.

Our study is focused on maps u : Ft — C. We say that u is a bounded Schur
multiplier of A, (respectively, completely bounded Schur multiplier of A,) if the
operator ®, : A, — A, defined by ®,(S,) = u(«®)Ss is bounded (respectively,
completely bounded). The set of bounded Schur multipliers of A,, is denoted by
M(Ft), and the set of completely bounded Schur multiplier of A, is denoted by
Mo(FF). We say that u : F — C is a coefficient of a contractive representation of
F! if there exist a Hilbert space H, a contractive representation = : F — B(H),

and two vectors £, € H such that for each o, u(a) = (7(a)€,n). The set of
coefficients of contractive representations is denoted by B(F; ).
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In Section 1 we set the notation and state the necessary background material.

In Sections 2 and 3 we study Schur multipliers of A, indexed by subsets of F}. If
A CF!, define uy : Ft — C by

()_{L if o € A,
YT 0, ifa g

In Section 2 we characterize the subsets A of F! such that uy is a completely
contractive multiplier, and in Section 3 we show that such multipliers are contractive
if and only if they are completely contractive. Some of the results of these sections
can be easily extended to other discrete semigroups. In Section 4 we show that
B(F) C My(Ft) and that Mo(F )\ B(Ft) # () for n > 2. We also establish
some properties of these spaces. Finally, in Section 5, we present an example
of a contractive representation of A,, n > 2, that is not completely contractive.
This answers a question from [Po7]. We also give a simple example of a bounded
representation of A,, n > 2, that is not completely bounded.

Several questions addressed in this paper are motivated by results on Herz-Schur
multipliers of the Fourier algebra of locally compact groups (see [CoH], [DCH],
[BF], [Ne]). If G is a discrete group, C3(G) is the C*-algebra of the left regular
representation of G, M(G) is the space of bounded Schur multipliers of C3(G),
Moy(G) is the space of completely bounded Schur multipliers of C3(G), and B(G)
is the space of coefficients of unitary representations of G. We refer the reader to
[E], [Gr], [Pat], and [Pi] for more information. It is well known that

B(G) C My(G) C M(G).
Moreover, B(G) = My(G) if and only if G is amenable (see [BF], [Ne], and [Wy]).

Since F.,, the free group on countably many generators, is not amenable, then

Mo(Foo) \ B(Fs) # 0. One can show that the function

1, if |a] =1,

0, otherwise,

u:Foo - C  defined by u(a)= {

belongs to My(Foo) \ B(Foo ) (see [Wy| and [P, Lemma 2.2]).

1. PRELIMINARIES

The non-commutative disc algebras A,, n > 2, are subalgebras of B((2(F})),
where F is the free semigroup on n generators g1, - - , gn, and l2(F}!) is the Hilbert
space with orthonormal basis {0, : a € Fi}. The left regular representation
At FP — B(ly(F))) is defined by A a)dg = dag. The non-commutative disc
algebra A, is the norm closure of span{\(a): a € Fl} in B((2(F})).

An alternative description of A, uses non-commutative polynomials. Let P = P,
be the set of polynomials in n non-commutative variables ey, - - -, e,, with product
@ and identity eg. A typical element of P looks like

N n
P = apco + g g iyin-ip €1 O €4y & -0 - €y, .

i:1 i17i27"'ik:1
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The Hilbert space with orthonormal basis {e;, @ €;, @+ @ ¢;, } is called the full
Fock space of the n-dimensional Hilbert space H,, with orthonormal basis ey, - - €.
This space is usually denoted by

FH) =Y @ H
k=0

where HYO = Ceo and HP*¥ is the tensor product of k copies of H,. The basis of
F?*(Hy) can be indexed by F,'. If o = ¢, i, -+ i, €EF, let e = €, @es, @+ €4
Then {e, : @ € Fl'} is the canonical orthonormal basis of F%(H,,).

We can view the elements of P as left multiplication operators on F?(H,). If
p € P, the map p: F*(H,) — F?(H,), defined by ¢ — p @ ¢, has norm

lpll = sup{llp @ ¢llz : llell = 1, € F*(Ha)}-

The non-commutative disc algebra A, is the norm-closure of P in B(fz(Hn)).
When n =1, A,, coincides with the disc algebra A.

The two descriptions of A,, are equivalent. To see this, identify d3 with eg, and
M a) with e,. Then, (2(F}!) is canonically isomorphic to F?(H,,), and the equality
AMa)dg = 0qp, which describes A(«), is transformed into e, ® eg = eqng, which
describes e, as a left multiplication operator on F?(H,,).

Tuples of isometries 51,55, ,.9, with orthogonal ranges have been studied
for some time. Particularly in Cuntz’ algebras (see [C]) and in Dilation Theory
(see [Bul, [F1], [F2], [Pol], [Po2], and [Po6]). In [Po2, Theorem 2.2], Popescu gave
a Beurling-Lax characterization of the invariant subspaces of S1,53,---,5,. In
1989, he used this description to obtain a very general “inner-outer” factorization
of operators (see [Po3, Theorem 4.2]). In 1991, he introduced the algebras A,,
n > 2, and their wot-closure, F*°(H,), n > 2 (see [Po4]). The factorization result
from [Po3] is very transparent for these algebras. Popescu said that ¢ € F>(H,)
is inner if ¢ is an isometry, and ¢» € F>°(H,,) is outer if ¢ has dense range (recall
that ¢ and ¢ are operators on l2(F}!)). Then, Theorem 4.2 of [Po3| says that any
n € F>*(H,) can be written as n = ¢ @ were ¢ is inner and ¢ is outer. Moreover,
this factorization is essentially unique.

Inner operators are useful to study A, and F*°(H, ). For example, they were
used in [APo] to show that F°°(H,,) is a reflexive algebra and in [DP1] to show that
F>(H,) is hyper-reflexive. In this paper we will use the following three examples,
which appeared in [APo]: (i) Inherited inner functions: Let ¢(z) € A and a € F,
then p(en) € Ap and ||p|la = ||¢(€a)|la,. If ¢ is inner in A, then ¢(ey) is inner in
A,. (ii) Homogeneous polynomials: Let p € A, be a homogeneous polynomial of
degree k, (i.e., p € span{e, : |a| = k}, where |a] is the length of the word «), then
Iplla, = lIpllz- If |Ipll2 = 1, then p is inner. (iii) Let p(z) be a polynomial in the
disc algebra A, then |[p(e1) @ ez||a, = ||p(e1) @ ez||2. If ||p|lz = 1, then p(e1) ® ez
is inner. We refer to [A] and [DP1] for related results.

Two words o, 3 € F! are said to be orthogonal if oF; BF, = (. This is
equivalent to saying that A(a) and A(3) have orthogonal ranges. Or, that for every
©1,P2 € KQ(IF,";), ea @ 1 1s orthogonal to eg @ ¢s.
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The unitary “fip” O : (5(F}) — ((F!) is defined by
Oe;, Dej, - De,) =€, D Dej, @ ey
Its action is denoted by ©(yp) = ¢. This map is unbounded on A,.

An operator space X is a subspace of B(H). The minimal (or spatial) tensor
product of two operator spaces X and Y is denoted by X @pin Y. If X C B(H)
and Y C B(I), this is the just the closure of the algebraic tensor product X @Y
in B(H @3 K), where H @3 K is the Hilbert-Schmidt tensor norm of H and K.
Since My, @min B(H) = M,(B(H)), one identifies M,,(X) with M,, @pin X. Thus,
an operator space X has a natural family of norms || - ||,, on M, (X).

The morphisms in the category of operator spaces are the completely bounded
maps. A bounded linear map & : X — Y between two operator spaces X and
Y is completely bounded, or cb, if the map 1dy @ @ : Z Qmin X — Z Qmin Y 18
bounded for every operator space Z. The completely bounded norm ||®||.; of ® is
the supremum of the norms idy @ ® as Z ranges over all operator spaces. It turns
out that it is enough to look only at the M,,’s. That is, ||®||cs = sup,, ||®n||, where
S, =1d, 2P : M,(X) — M,(Y).

The fundamental theorem of completely bounded maps is due to Wittstock [W].
It was discovered independently by Haagerup and Paulsen, and the factorization
was inspired by results of Stinespring [S] and Arveson [Arv].

Theorem 1.1 [W]. Let X C B(H) be an operator space, ® : X — B(l3) a
bounded linear map, and C > 0. ® is completely bounded and || P/ < C if and only

if there exist a *-representation © : B(H) — B({3) and two bounded linear maps
Vi,Vo i ly — H, ||V1|||[V2]| £ C, such that for every x € X, ®(x) = Vy'n(x)V1.

If®: A, — A, is a completely bounded Schur multiplier of A,,, then there exist
a Hilbert space H, a *-representation m : B({y(F})) — B(H), and two bounded
linear maps Vi,V : (2(F) — H satisfying ||Vi|| = ||Vz|| and |[Vi][[[Vz]] = ||®]| s,
such that for each a € F, ®(\(a)) = Vi r(M«))Vi. For every 3 € Ff,

(1) ula) = (B(N@))55.5as) = (V' w(A(@)) Vi85, 6as) = (T(A(@))Vi 85, Vadas).

We say that a function u : I' xI' — C is a Schur multiplier of B({5(I")) if the map
M, : B(l2(T')) — B(l5(T")), which is defined by (M, (T)ds,d¢) = u(s,t)(Tds,d¢), is
bounded. These maps have a nice characterization. The following fundamental
result is well known. It is essentially due to Grothendieck [G].

Theorem 1.2. Let v : I' x I' — C be a function and C > 0. The following
conditions are equivalent.

1. My 1s a bounded Schur multiplier of B({3(T')) and ||M,] < C.

2. There exist a Hilbert space H and maps x,y : I' — H such that u(s,t) =

(2(s),y(1)) and sup, |[z(s)|| sup, [[y(t)|| < C.
3. My 1s a bounded Schur multiplier of B({3(T)) and ||My]||l < C.

If G is a countable group, Bozejko and Fendler [BF] proved that @ is a completely
bounded Schur multiplier of C3(G) if and only if ® is the restriction of a Schur
multiplier M of B((3(G)) with the same norm; i.e., [|[M|| = ||®||c. A simple proof
of this fact appears in [P1, Theorem 6.4]. G. Popescu observed that the same
argument works in A,,. The following proof is due to him
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Proposition 1.3. Let ® be a completely bounded Schur multiplier of A,,. Then ®
is the restriction of a Schur multiplier M of B({y(F})). Moreover, | M| = ||®|cs-

Proof. Find H, = : B(ly(Ft)) — B(H), and Vi,V : lo(Ff) — H satisfy-
ing (1). Assume that H is infinite dimensional and use the Dilation Theorem
to find unitary maps Uy,--- ,U, € B(H & H & H) such that, for each ¢ < n,
U; is upper triangular and the (2,2)—component of U; is S; = 7®(\(gi)). Define
Vi,Va @ L(FF) — H by Vie = (0,0,0), ¢ = 1,2. Then (®(\Na))da,das) =
(SaV185,Vadap) = (UaVids, Vadag). Since the Uy,’s are unitary, (U, V185, Vadag) =
<U*V155,U* Vabdag) = (2(3),y(aB)), where x,y : Ff — H & H & H are defined by
z(f) = Uﬁvl(sg and y(a) = U*V58,. Therefore, ® is the restriction of the Schur
multiplier M of B((2(F})) defined by (MT63,00) = (x(B),y(a))(Tés,dq). Clearly,
M| < [Valll[Va]l = [[@]]co- O

2. COMPLETELY CONTRACTIVE MULTIPLIERS INDEXED BY SUBSETS OF [E‘j{

In this section we consider multipliers indexed by subsets of Ff. Let A C F}!
and define the A-multiplier &, of A,, by

®MM@):{AW% if o € A,

0, otherwise.

The main result is the following:

Theorem 2.1. The A-multiplier ®5 is completely contractive (i.e., ||Pp|lcr = 1) if
and only if A =, v A1 for some semugroup Ay with the left and right cancellation
property, and some orthogonal words v with no final segment in Ay, v.e., if v = af

and 3 # 0, then 3 & Ay.

Suppose that ®, is a completely contractive multiplier. Find H, = : B({2(F!)) —
B(H), and V;, V3 : l(FF) — H satisfying (1), and note that ||[V3|| = ||[V2|| = 1. For
every a € A and 8 € Ft, Virn(Ma))Vids = dag. Since |[Vir(A(a))| < 1, we see
that ||[V1d3]|2 = 1. Hence, V; is an isometry. If in addition we assume that 0 € A,
we have that V63 = m(A(0))V1ds = Vadop = Vads. Therefore, Vi = V5.

Proposition 2.2. If &, is completely contractive multiplier and 0 € A, then A is
a semigroup with the left and right cancellation property.

Proof. From the comments before the statement of this Proposition, we see that
the V1 and V3 of (1) are equal to the isometry V' : lo(FF) — H. This provides the
following criterion to determine if an element belongs to A:

(2) aeAN e Vi, =r(Ma))Vé.

We will check first that A is closed under products. Let o, € A. Since
V*r(Ma))Vig = ®(Na))ds = Ma)dsg = dap, then

Vdag = m(AMa))Vég = m(Ma))w(A(B))V oo = m(A(af))V do.

Hence, it follows from (2) that o € A.
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We will now verify that A has the left cancellation property. Suppose that a3 € A
and a € A. Then V*r(A(«a))V s = dap. From here we see that m(A(«))(Vdg) =
Viéag = m(AMaf))Vg = m(Aa))(m(A(F))V o). Since m(A(ar)) is an isometry, we
conclude that Vg = m(A(5))Vdo. Therefore, by (2), 5 € A.

Finally, we will check that A has the right cancellation property. Suppose that
aff € A and g € A. Notice that

(B(A(@))d3,0ap) = (7(Ma))Vd3, Viag) = (7(Ma))m(AMB)V do, m(Maf3))V do) = 1.
Hence, ®(A(a)) # 0, so o € A. O

We will now prove that multipliers indexed by semigroups with the left and right
cancellation property are completely bounded. More precisely, we will show that if
A C ! is a semigroup with the left and right cancellation property, then @, is the
restriction of a completely contractive Schur multiplier of B(l2(F?)). We need the
following

Lemma 2.3. Let A be a semigroup with the left and right cancellation property.
Define o ~ 3 if there ewist ay,az € A and v € F} such that o = a1y and 8 = as7.
Then the relation ~ 1s an equivalence relation and af3 ~ 3 if and only if o € A.

Proof. Clearly, ~ is reflexive and symmetric. Suppose that o ~ § and 3 ~ ~.
Then there exist aq,as, a3,a4 € A and 11,72 € IE‘;'; such that o = a1m1, 8 = a1,
0 = agn, and v = aynz. For simplicity, assume that the length of as is greater
than or equal to the length of a3. Then as = «a36 for some 6. This implies that
On1 = ny. Since g, a3 € A and A has the left cancellation property, 6 € A. Hence,
v = aqny = (a4f)n;. Since (a40) € A, we get that a ~ ~. Therefore, ~ is an
equivalence relation.

We will now check that af ~ § if and only if @ € A. If & € A, then 8 ~ af
for each 3. On the other hand, if 3 ~ af3, there exist ay,ay € A and v € F such
that 0 = a1y and off = ayvy. Hence, acry = 5. Since A has the right cancellation
property, we conclude that o € A. O

Proposition 2.4. Let A C F! be a semigroup with the left and right cancella-
tion property. Then there exists a completely contractive Schur multiplier M on

B(05(Ff)) such that M restricted to A, is ®y.

Proof. The equivalence classes induced by the relation of Lemma 2.3 are of the
form A~, for some v € F! with no non-trivial initial segment in A. Partition

Fr = J, A and define
en:FF 50 by aa(a)=er if  a€ Ay
Let M be the completely contractive Schur multiplier of B(¢s(F)) defined by
(MTéa,05) = (wala),za(B))(Tda,dp).

From Lemma 2.3, we see that for every 3 € F,
1, if g~ ap, {

0, otherwise.

1, ifa€eA,
(@B bas) = (ea (B ea (o) = { 0. ifadA

Therefore, MA(a) = &5 (ANa)). O
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Notice that MT = ), PyTPs, where P, is the orthogonal projection onto
l3(Avg). Hence, M is completely positive and M(A(«)*) = (M(A«a))* for every

a € Ft. As an immediate consequence, we get

Lemma 2.5. Let A be a semigroup with the left and right cancellation property,
and 3 € F). Let M = My be the Schur multiplier of B((2(F})) described in
Proposition 2.4. Then M(A(3)*) # 0 of and only if 3 € A.

We will now consider “shifts” of semigroups. We need the following results and
examples.

Example 2.6. It is well known that the multiplier p(z) — p(z) — p(0) has norm
strictly greater than 1 in the disc algebra A.

Notice that if v, € Ft | then

/\(ﬁ)v if a = ’Yﬁv
Ay Ma) =9 AB)",  ify=ap,
0, otherwise.

Proposition 2.7. Let Ay be a semigroup of FF with the left and right cancellation

property, v & Ay, and let A = yAy. Then @, is completely contractive if and only
if no final segment of v belongs to Ay; ve., if v =af and 3 #0, then 5 & A;.

Proof. Suppose that a non-trivial final segment of v belongs to A;. Then v = af
for some non-zero a, 3 with 8 € A,. This implies that 8% € A; for each k& > 0.
Since v € Ay, then o € Ay either. Hence, af® € yAy = A iff k > 1. Notice that for
any polynomial p(eg) on eg,

Balca © ples)) = ca ® [ples) - p(0)eol.

Using Example 2.6, we get that |[®,]] > 1.

Suppose now that no final segment of v belongs to A;. Let M; be the completely
contractive Schur multiplier of B({5(F,)) associated to A; which was described in
Proposition 2.4. Define ® = A(v) o My o (A\(7))*; L.e., ®(T) = M) Mi(A(y)*T).
Clearly, ® is a completely contractive map on B(lz(F})) and

/\(og)7 if o € "}/Al,
D(N(a)) = ¢ AMMNB)),  ify=ap,
0, otherwise.

If v = aff and § # 0 then, by assumption, 3 € A;. Hence, by Lemma 2.5,
Mi(A\(B)*) = 0. Therefore, ® = ®,. O

We use the tensor notation for the proof of the following statement. Recall that

a,3 € Fl are orthogonal words if e, @ o1 is orthogonal to eg @ @2 for every p1, ¢
mn 62([5‘;1; )
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Example 2.8. Let A = aUB(~y), where a, 3 are orthogonal words, v # 0, and (~)
is the semigroup generated by ~v. Then ||®A] > 1.

29

Proof. Find polynomials p(z),q(z) € A satisfying ||pllec = [|¢]|ee = 1, |p(0)] > 2
1=z and

—z
2

and ||p £ ¢q|lcc <1+ €, where € > 0 is small enough (you can take p(z) =
q(z) = % Eszl 2% where N is large enough). Notice that

®plea @ pley) +e5 @ qles)] = p(0)ea +e5 @ gles).

It is easy to check that

12(0)ea + €5 @ ales)]| = v/ID(O) + ]2 zdi+1:¢§

On the other hand, since o and (3 are orthogonal,

lea @ pley) +es @ qley)|* = Sup, lpes) @ rll3 + llales) @l

o Lo 91l + 0 = a)(e) vl

2 <1 2

< Mples) + a(e))|I%, + llp(ey) — (e,

2

2 2
_ HP+QHOOJ2er alls (1462

If € < §, we get that |[®4] > 1. O

Proof of Theorem 2.1. Suppose that &, is completely contractive. If 0 € A, it
follows from Proposition 2.2 that A is a semigroup with the left and right cancel-
lation property. Assume then that 0 ¢ A and let B be the set of those a € A such
that either o has no non-trivial initial segment in A, or that a has length one (i.e.,
a = g; for some i < n). Then B = {v1,72, -} for some v, € A. It is easy to
check that the ~;’s are orthogonal words, and that every a € A can be written as
a product o = 46 for some k and some 6 € F.

Let vx € B and consider the completely contractive map @y : A, — B({5(F}))
defined by @1 = (A (&))" 0 &5 0 A(vx). Since

/\(Oé), if TEOQ € A7

BN @) = () o BaAwa)) = { | .
, otherwise,

we have that & : A,, — A, is a completely contractive multiplier. Since ®;(\(0)) =
A(0), it follows from Proposition 2.2 that &, = ®,, for some semigroup Ay with
the left and right cancellation property. Hence, o € Ay if and only if v € A.
This implies that A = Uk YAk We claim that all the Ay’s are equal to each other.
Indeed, if this were not the case, we could find two indices k1, ks and v € F} such
that v € Ay, and v € Ag,. Using the notation of Example 2.8, we would get that
Dy (ewl @ pley) + Crpey @ q(eﬁ) = p(O)eW1 + €y, @ g(e~), which contradicts that
®, is contractive. Therefore, all the Aj’s are equal to each other and A =, v A1.
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Suppose now that A = | J, vxA1, where Ay is a semigroup with the left and right
cancellation property, and the 7, s are orthogonal words with the property that no
final segment of v; belongs to Ay. Let 4, : IE‘;'; — {9 be the function associated to
Ay which was described in Proposition 2.4.

Define z,y : Ff — (5 as follows:

z(a) = zp,(a), Ya € FF,  and =

o(3) = { xa, (n), if =~y for some k,

0, otherwise.

Define the completely contractive Schur multiplier of B({y(F})) by

(MTéq,05) = (2(@), y(B)(Tda, d5)-

It is easy to check that M(T) = >, [Nk )oMioA (i) (1) = >, Mye) Mi(A(ve)*T),
where M; is the Schur multiplier associate to A; which was described in Proposition
2.4. Since no final segment of v belongs to Ay, it follows from the proof of Lemma

2.5 that

[A(v) 0 My o A(y1)* ] Ma) = { Ma), if o €vpAg,

0, otherwise.

Therefore the restriction of M to A, is equal to ®4. O

3. CONTRACTIVE MULTIPLIERS INDEXED BY SUBSETS OF E—I;

In this Section we will show that a Schur multiplier indexed by a subset of F}
is contractive if and only if it is completely contractive. The main step is Theorem
3.1, which replaces Proposition 2.2 of Section 2.

Theorem 3.1. If &5 is a contractive Schur multiplier and 0 € A, then A s a
semagroup with the left and right cancellation property.

Following the proof of Theorem 2.1, where Theorem 3.1 replaces Proposition 2.2,
we see that if ®, is contractive, then A = |, yx A, where the Ap’s are semigroups
with the left and right cancellation property, and the ~;’s are orthogonal words with
no final segment in A;. We use the argument of Example 2.8, which only assumes
that ®, is contractive, to conclude that all the A;’s are equal to each other. Hence,
we get,

Theorem 3.2. If ®, is a contractive Schur multiplier, then A =, vi A1 for some
semagroup Ny with the left and right cancellation property, and some orthogonal
words i with no final segment in Ay. Consequently, ®, 1s contractive if and only
if ®p 18 completely contractive.

The proof of Theorem 3.1 requires several steps. We will present them separately,
since they might be interesting on their own.

For the remaining of this Section assume that 0 € A and that ®, is a contractive
Schur multiplier.
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Step 1. (Powers) If o € A, then a* € A for every k > 0.
Proof. Define J, : A — A, and @, : A, — A by

i 8 =aF,

[e3 .
0, otherwise.

Tk k200 and Qe =

Let U = Qo®pJ,. Since J, and (), are contractions, ¥ is a contractive multipier
of A. Notice that ¥ is an indicator multiplier indexed by o = {k € N: o* € A}.
Since A is commutative, ¥ is also completely contractive. Since 0 € o, it follows
from Proposition 2.2 that o is a semigroup of Ng = {0,1,2,-- -} with the left and
right cancellation property. Since 1 € o, then ¢ = Ng. Therefore, a* € A for every
k> 0. O

Step 2. (More powers) If a,a3 € A, then a* € A for every k > 0.
Proof. Let ¥ = S*®, S, and notice that ¥(e,) = e, if oy € A, and ¥(e,) = 0 if

ay ¢ A. Since S, and S are contractions, ¥ is a contractive multiplier indexed
by the subset A = {v: ay € A} CFt. By assumptlon 0,3 € A. Hence, it follows
from Step 1 applied to A that for every k > 0, % € A and therefore ozﬁk eAN. O

For Steps 3, 4, 5, and 7 let p(z) = 152 and ¢(z) = %Zk:l 2%, Then ||p|la =
llglla = 1 and ||¢llz = ﬁ Notice that ¢ “peaks” around z = 1 and p(1) = 0.

One can check that for every € > 0, there exists N such that ||p £ ¢lla <1+ e
If 3 € Ft, then |[p(eg) + q(eg)||a, = llp £ ¢lla < 1+ e Moreover, following
the argument of Example 2.8, we see that if ~1,v, are orthogonal words, then

les, @ ples) + v @ qles)l| < 1+ € and [le, + €5, @ gles)| = /3. For Steps 3.4,

and 7 it suffices to take 1 4+ € < \/g. For Step 5 we need a more precise estimate,

which is derived from the following elementary Lemma

Lemma 3.3. Let p(z),q(z) € A be such that ||p||la = ||gl|la =1 and ||ptq|la < 1+4e.
Let v be a unit vector in (o(FY). If ||g(eg) @72 > 1 — ¢, then ||p(eg) @ 1|2 < 2V/e.

1131"00f Since !\P(eﬁ)iq(eﬁ)lﬂAn = [[pEqlla < 1+e, thin lp(es)@rllz+la(es)@rl|3 =
slples)@r+aleg)@r|3+3pleg)@r—ales)@r|3 < slllp+all’ +Ilp—all’] < (1+¢€)*
Since ||g(eg) @ r|l2 > 1 — €, then |[p(eg) @ rH% <(1+ 6)2 —(1- 62) = 4e. O

Step 3. (Products of orthogonal words) If o and 3 are orthogonal words and o, 3 €
A, then aff € A.

Proof. Let o, € A be orthogonal words and suppose, contrary to the statement
of Step 3, that o3 € A. By Step 1, 3% € A for each & > 0. Then

Dy <€a ® € ; °s +eg ®Q(€/3)> = %1 +e5 @ qlep).

Since [lea @ ples) + €5 @ ales)| < L+ e < /3 and |5 + 5 © gles)l] = 1/5, then
|®A|| > 1. This contradicts the assumption that ®, is contractive. O
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Step 4. (Right cancellation property for orthogonal words) If o and [ are orthog-
onal words and o, fa € A, then 3 € A.

Proof. Let a, fa € A and suppose, contrary to the statement of Step 4, that 3 ¢ A.
Then

1—e, €ha
N <€ﬁ @5 tea® q(%)) - % + eo @ qlea).
Since ||leg @ plea) + €a @ qleq)|| < 1+e < \/g and || e’;a + e @qlen)] = %, then
|®A|| > 1. This contradicts the assumption that ®, is contractive. O

Step 5. (Left cancellation property for orthogonal words) If o and 3 are orthogonal
words and o, a3 € A, then 3 € A.

Proof. Let a,aff € A and suppose, contrary to the statement of Step 5, that 3 ¢ A.
Let A = 2 and consider ¢ = p(eg) + Aeq @ g(eg). It follows from Step 2 that
afB* € A for each k > 0. Then @5 (p) = DL+ Nea @ qlep).

It is easy to check that ¢ and ®5(p) are normed by unit vectors of the form
r = r(eq,e3) with variables in e, and eg only. To see this, follow the argument
of Proposition 12 of [A]. Moreover, we can assume that the constant term of r
is zero. Indeed, if the constant term of r is not zero, take r @ e, (note that
Vi € Ap, |l @72 = ||[¥ @ (r @ €q)]|2). Hence, we will only consider vectors r of

the form

r=eq®@r1+eg@ry, where Hrlﬂg—l—Hrgﬂg =1.

By Proposition 17 of [A], or by Example 6 of [AP], we have that |[¢(eg)@eq|la, =

la(es)|l2 = l|qll2- Hence, |lea @ qles) @ ea @rill2 < lqll2llr1]l2 Since we can choose
|lg||2 as small as we want, we see that eq ® g(eg) @ eq @ 1 ~ 0. Therefore,

€o — €3

2

r
<p®rzea®{Elﬁ—/\q(eg)@eg@rz]—l-eg@ @re, and

Dpr(p) D1 A eq® {%+/\Q(eﬁ)®€ﬁ®rz] +%ﬁ®rz-

Clearly, |[®a(@)|la, > A Ifr = eq @11 +eg@ry satisties ||r||s = 1 and ||p@r|2 >
A, then A||g(eg)@es@ra||2 > A—2. Therefore, ||¢(eg)@esg@ral2 > 1—% =1—e. By
Lemma 3.3, we see that H%(eo —eg) @ra]| < 24/e. It is also clear that [[r2]js > 1 —e.
Since [l 3 + Ir2 3 = 1, then [z < 2y

Let 10 = sup{J|% + Aales) @ 5 @ 7all2 : a3 + rall3 = 1}. Then,

lplla, < V12 + 4e+2[|gll2v/e,  and

1Ba(p)lla, = \/@—2!@!\2&

If we choose ||¢||2 and € small enough, we get that || @A > 1. O
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Step 6. (Left Cancellation Property) If o, a8 € A, then 3 € A.

Proof. If @ and # are orthogonal, if follows from Step 5 that § € A. If a and [ are
commutative, there exist v € Ff and k,l € N such that a = v* and 8 = ~!. An
argument similar to the one used in Step 1 gives that o, = {m : v™ € A} C Ny
is closed under products and has the left and right cancellation property. Since we
assumed that &k, k 4 [ belong to this set, we get that [ € 0. Therefore, 3 € A.
Assume that o and § are non-commutative and non-orthogonal. Find kg, [y € N
such that a*o is orthogonal to 8o (take for instance ko, o so that a*o and gl have
the same length). Clearly, ya* is orthogonal to v3! for every k > ko, I > Iy, and
v € Ff. In particular, aafe = akot! is orthogonal to af! for every [ > ly. By
Step 2, aB! € A. Hence, by Step 3, (a*oT1)(aB!) = a*ot23l ¢ A. Since a*o*? is
orthogonal to 3!, we use Step 5 to get ! € A. Hence, 3! € A for every [ > Io.
We follow the argument used in Step 1 to conclude that o5 = {I: 3' € A} C Ny
is closed under products and has the left and right cancellation property. Since
lo,lo + 1 belong to this set, we see that 1 € o3 also. Therefore, 3 € A. O

Step 7. (Right Cancellation Property) If o, B € A, then 3 € A.

Proof. We assume, as we did in Step 6, that o and 3 are non-commutative and
non-orthogonal. Find %,/ € N such that (3a)* is orthogonal to a!. Consider
e(gayp @ 5= +eq @ qleq). If (Ba)*3 ¢ A, we would have that | @a(e(gay s @

Oofe e @ qlea))] = H%e(ﬁa)kﬁ +eq @ qleq)| = %, which would imply that
|®a|| > 1. Therefore, (3a)k3 € A. Since (Ba)* € A, we conclude from Step 6 that
B e A. O

Step 8. (Products) If a,3 € A, then aff € A.

Proof. We assume again that a and [ are non-commutative and non-orthogonal.
Hence, = a7 for some ~, which belongs to A by Step 6.

Since we assumed that the length of 3 is greater that the length of «, we must
consider off and fa. We will show first that fa = aya € A. Since § = ay € A,
then 3% = ayay € A. Since v € A, we get from Step 7 that aya € A. We will now
show that a3 = aay € A. Find k,I € N such that o* is orthogonal to 4!. Then,
by Step 3, af~! € A. Since 4!~ € A, then, by Step 7, af~ € A. Since aF72 € A,
then, by Step 6, a?~ € A. O

4. MULTIPLIERS ASSOCIATED WITH REPRESENTATIONS

In this section we show that coeflicients of unitary representations of the free
semigroup F induce completely bounded multipliers of A,. The proof is elemen-
tary.

Proposition 4.1. Leto : Ft — B(H) be a unitary representation and let £,n € H.
Then the map ® defined by ®(\(«a)) = (o(a){,m)A(a) is a completely bounded
multiplicr of A, satisfying [ < €]}zl

Proof. We will show that @ is the restriction of a Schur multiplier M on B({3(F?))
with norm [|M]] < [[¢[l2]lnll2- Define 2,y : Ff — H by 2(3) = (0(8))*€ and y(3) =
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(0(3)"n, and define ML on B((,(F$)) by (MT8s,8,) = (x(8),2(n))(T53,5,). By
Theorem 1.2, M is a Schur multiplier with norm || M| < ||€]|2]|n]|2. Since

(MMa)dg,dap) = (2(3),y(aB)) = (((8))7¢; (e(aff)) n)
= (a(afB)(a(8)) ¢, m) = (o(@)&;n),

we conclude that MA(a) = (o(a)€, M)A («a). O

Recall that B(F|) is the space of coefficients of contractive representations of
Fr. That is, u : Ff — C belongs to B(F}) if and only if there exist a Hilbert space
H, a contractive representation 7 : F — B(H), and two vectors &, € F! such
that

(3) Va € Fy,  ula) = (m(a)é,n).
The norm of u is given by

[ull ety = inf{lIENnl = (3) holds }.

One can check that the coefficients of contractive representations of F} coin-

cide with the coefficients of unitary representations of F}!; and hence, Proposition
4.1 is also true for contractive representations. To see this, suppose that u(a) =
(r(a)&,n), where 7 : Ff — B(H) is a contractive representation and £, € H. The
unital representation 7 is determined by the contractions 7(g;) = T; € B(H). As-
sume that H is infinitely dimensional and use the Dilation Theorem to find unitary
operators U; € B(H @& H @ H) such that the U,’s are upper triangular and the (2,2)-
component of U; is T;. Define the unitary representation o : Bt — B(H & H & H)

by 7(g;) = U;, and let £ = (0,£,0),7 = (0,1,0) be vectors in H & H & H. Then,

Va e Fy.  (m(a)¢,n) = (o(a)¢.n).

It is not difficult to see that B(F," ) is a Banach algebra and that it is the Banach
space dual of the algebra generated by the universal isometric representation of F .
This is analogous to the situation for discrete groups, where B(G) is the dual of

the full C*-algebra of G, C*(G).

Recall also that u : F — C is a bounded Schur multiplier of A,, if the operator
¢, on A, defined by @,(\a)) = u(a)\(«) is bounded. M(F}) is the space of
bounded Schur multipliers with norm HUHM(M) = ||®.||- And My(F}) is the space

of those u’s such that @, is completely bounded. The norm on My(F}) is given by
HUHMO(M) = ||®ul|co- Proposition 4.1 states that B(Ft) C My(F!) and that the

inclusion is contractive. We will show that My (F! )\ B(F}) # 0.

Example 4.2. Letn =2 and A = gQIE‘;'. Then ®5 15 completely bounded but Py
18 not a coefficient of an i1sometric representation of IE‘;'.

Proof. It is easy to see that ||®a]lc < 2. Suppose that there exists an isometric
representation 7 : Ff — B(H) and &,n € H such that
1, ifa€eA,

0, otherwise.

m(an) = {
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Clearly, 7 is determined by the isometries Ty = 7(¢1) and T2 = 7(g2). Hence, for
any a € Ff , (TyT.&,n) = 1 and (T1To€,n) = 0.
Let C = conv{TaTné : a € Ff } and find 2 € C satisfying

(4) I2]] = inf{JJw][ : w € C}.

It is easy to see that such a z exists and is unique. Notice that for any o € IF;,
TyTnz € C, (ToTyz,m) = 1, and (I1Tyz,n) = 0. Since 15T, is an isometry, then
|T2Toz||2 = ||z]|2. Moreover, since the minimum of (4) is unique, we conclude that
Va € [F;',TQTQZ = z. In particular, Tyz = T3T1z = z. Hence, To(z — T1z) = 0.
Since Ty is one-to-one, we get that 71z = z. But this implies that 0 = (Tyz,7n) =
(z,m) = 1. Therefore, ®, is not the coefficient of a contractive representation. [

The space of coefficients of the left regular representation plays an interesting

role. We say that u € B (FF) if there exist o, 1) € lo(F}) such that

(3) Vae A, u(a) = Ma)p, ) = (ca @ ¢,¢),

and

lull gy ey = inf{[lell2ll]l2 ¢ (5) holds }.

Recently, Davidson and Pitts [DP1] proved that BM(FF) is the predual of
F>(H,), the wot-closure of A,,. Davidson and Pitts called F*°(H, ) “free semi-
group algebras” and denoted them by £,. If G is a countable group, B()‘)(G) 18
called the Fourier algebra of G and is denoted by A(G). It is known that A(G)
is the predual of VN(G), (the von Neumann algebra generated by the left regular
representation of GG), and that A(G) is a closed ideal in B(G), (see [E]).

We will show that B (FF) is an ideal in B(F}). However, unlike the situation
for discrete groups, the norms do not coincide. Indeed, if

1, if|al =1,

0, otherwise ,

Y

u:FF — C is defined by wu(a)= {

one can check that |[ul| gty =1 and [[u| gty = Ve

We need Fell’s absortion principle. If 7 : Ff — B(H) is a unitary representation,
then A @ 7 is unitarily equivalent to A @ I. That is, A @ 7(a) = V(A @ I)(a)V for
some unitary operator on (2(F!) @y H (see [Fe]).

Proposition 4.3. BN (Ft) is an ideal in B(FF).

Proof. Let u € BM(Ff) and v € B(F}). Find a Hilbert space with orthonormal
basis {d; : k > 1}, a unitary representation = : Ff — B(H), and two vectors
¢,m € H such that for each a € Ft, v(a) = (x(a)é,n). Find also ¢, € (o(F}])

such that u(a) = (AMa)e, ).
Use Fell’s absortion principle to find a unitary map V on l5(F} ) @4 H such that

VA@m)V =A@ 1. Let o € Ft. Then,

u(a)v(a) = (Ma)p, ) (r(a)é,n)
( m)(a)p @&, @n)
( I(a)V(e @ &), V(Y @n)).

(A®
(A®
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Write V(e ®&) = Y, 0k @0, and V(Y @n) = >, r @6k for some ¢, Yp € (o(Fl).
We employ the technique used by Davidson and Pitts to show that the dual of
BXM(FF) is £,. This one consists in replacing the §;’s with orthogonal elements
from (o(F, ). For each k, let 8 = 2 @ e¥. Notice that for every ¢y, do € lo(F}),
(p1,02) = (P1 @ Ok, p2 @ O). Moreover, if k # j, then (¢ @ Ok, 02 @ 6;) = 0.
Then, it is easy to see that ¢ = >, ¢x @ 0y and ¥ = >, ¥y @ by satisfy ||¢]l2 =

VEillerlld = 1 25er @ &l = V(e @ Ol = llellzlléllz and [l = [[¢]12]ln]l2.

Moreover,
u(@)v(a) = ((Ma) @ HV(e @), V(@ n))

= Z ¢k7¢k

(T on) (Ten)
= (Ma)g,¥). ]

Since @,v € (2(F}), then wv € BM(FL) and [Juv| g ety < Null goo ety 0l gt -
]

—_

5. REPRESENTATIONS OF A,

Problem 6.3 of [Po7] asked if every contractive representation of A,, n > 2, was
also completely contractive. In this section we answer this question in the negative.

Proposition 5.1. There exists a contractive representation of A, that is not com-
pletely contractive.

We will also show that there are very simple bounded representations of A,
n > 2, that are not completely bounded. This result is not new. The examples
used recently by Pisier [P2] to answer Halmos’ Similarity Problem work also in A4,,,
n > 2. However, they are more complicated.

Recall that the unitary flip © is defined by ©(e;, @ ---€;,) =€, @+ D e;, and
is denoted by O(p) = &.

Example 5.2. Let n > 2 and ﬁ <d<1. Letw: A, = B((,(F5)) be the unital
representation induced by w(S;) = 05F, i < n, where S; = Xgi). Then 7 is a
bounded representation but it 1s not completely bounded.

Proof. Let p € P, ||p|la, = 1. Write p = po + p1 + p2 + -+ + pn, where p; €

span{eq : |a| = k}. From Proposition 16 of [A], we have that ||pr|la, = ||pkll2-
Notice that

m(p) = po + 0p1 (ST, S5) + 8 pa(ST, - Sh) o+ 8N pN (ST, S0).
Since (S} SF ---SF )" = S, -+ 5,5, we see that

172

[Pr(ST- - 75§)"B(42(F¢)) = [l(pr(S7, - 75;))*"3(42(@)) = [[pe(S1, - Su)ll 4,
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where py is the “flip” of pr. Using Proposition 16 of [A] again, we get that
1Pk (S1,- - 5 Sn)lla, = lIPkll2 = |lpkllz < 1. Therefore,

N k13
* N 1
Ime)ll < Y- dllpr(St, - Sl < 3 6% < .
k=0 k=0

and 7 is a bounded representation.

We will now check that 7 is not completely bounded. Fix k and let oy, g, - -+, apyx
be an ennumeration of the set {a : || = k}. Then

(Sl

H[SCHSCYQ'”Sankmz Zsaiszi :17 and
=1

(Sl

QT a2

I1Sa, Sa, -+ Sa =1 S5.Sa;|| = Vnk.
=1

Since (1 @ m)[Sq, -+ S S

To complete the proof of Proposition 5.1, we need to study the structure of some
natural subspaces of A,. Let ¢ € A,,, and define

KZ(IFLP) = Span{€0799799®27 o } C KZ(IF;!L—)v
A, = span{ep, 0, 9%+ } C An.

]:516[5&

1

. &nk]’ we conclude that |7 |/ > (5\/5)16 O

Let P, be the orthogonal projection onto ¢3(F,). Recall that ¢ € A, is inner iff
for every 1,12 € lo(Fl), (¢ @ 1,0 @ thy) = (1,12); and that ¢ € A, is inner iff
for every 1,12 € ((FF), (1 @ ¢, 02 @ ¢) = (1, 2)

Proposition 5.3. Let ¢ be inner. Then the map V,: A — A, defined by V, 2" =
©®%, is an isometry onto. Moreover, if ¢ is also inner, then P, : A, — A, is
contractive.

Proof. Suppose that ¢ is inner, and let p(z) = ag + a1z + ay 22+ -+ anz be a
polynomial.
Since ||| = 1, it follows from von Neumann’s inequality that || >, are®*| <

132, axz"]l.

Notice that ¢3(F,) & [c,o ® 62([[4‘@)] = span {¢} for some ¢» € (5(F,), |[¥]]2 = 1.
Since ¢ is inner (i.e., an isometry), then {p®% @ }2  is an orthonormal basis of
l5(F,). Let € > 0, and find ¢ = E]‘ bjz’ satisfying ||q||2 = 1 and 2l acz) < |lpgll2+e.
Since [| ), bi[p®F @ ]|z = 1, we see that

‘ zk:amo@’“ > sz: ak¢®k> ® (Z b;[p®*F @ ¢]>
Do b @y
ko

> S aatyet
Y

Therefore, || Y, arp®¥|[a, = | 2 axz"] acs)-

2

2

= |[pqllz = I|pll2 — e
2
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Suppose that ¢ is inner too. Let p € P, and write p = p; +p2, where p; € (5(F,
and py € ((2(F,))t. From the first part of this Proposition, we see that ||p;|| =

sup{[[p1 @ nllz2 : [Inll2 = 1,n € (2(Fy )}

Let n € l5(F,). Clearly, py @ n € lo(F, ), and we claim that p, @1 € ((2(F,))*.
Indeed, it is enough to verify that for every k,m > 0, (p©* py @ p®™) = 0. Since
¢ is inner, py € ((3(F,))L, and (eq, p2) = 0, we get that

<S‘Q®k b2 @ @®m> — { <S‘Q®(k_m)7p2> = 07 if k Z m,
7 (eg,p2 @@=k =0, if k < m.

Hence, |[p @nllz = v/llpr @ 0ll3 + llp2 @ nll3 = lp1 @ nll2. Therefore, [[p]| < [pll. O
Proof of Proposition 5.1. Let T1,Ty,--- T, € B(H) be operators on H satisfying

"
E a; 1}
i=1

Let 7 : A, — B(H) be the unital representation determined by #(S;) = T1. We
will check that 7 is contractive.
Let p € P, p=apeg + (are1 + -+ - + aneyn) + ( higher terms ). Notice that

"
Z lai|?, Va; € C,i < n.

=1

(6) T;T; =0, Vi, <n, and <

F(p) - p(Tlv' te 7Tn) = aOI‘I’ (alTl + - anTn) = aOI‘I’ Z |ai|2 T7
=1

where T = (a1 Ty + a2To + -+ anTy)/\/ Y iy |ai?. By hypothesis, ||T| < 1.
Let ¢ = (a1er + - anen)/\/ Yy |ai]?. Notice that ¢ and ¢ are inner and that

Py(p) = aoeo + | Y lail?¢ +b2p® + - + by,

=1

for some by, b3,---by € C. Then,

()| = ||aol + /Y lai* T

sinceTzz---:TN:(),

Y

— |lagl + Z|ai|2T+sz2+---+bNTN

< |lao + Z|ai|22—|—6222—|—---—|—szN

,
, by von Neumann’s ineq.,

= |lageg + 1/2 la;|? @ + byp®? - + ch,o®NH, by Lemma 5.3,

= [[Po(p)ll < [lpll-

To finish the proof, it is enough to find n operators satisfying (6) such that
I[TA Ty ---Ty]|| > 1. Choose T; to be basic elements of the row Hilbert space,
“shifted” to the right (to insure that 7;T; = 0). That is, T; = €41 € M, 41, where
My 41 is the set of (n + 1) x (n + 1) matrices. Clearly, these operators satisty (6),
and hence, the unital representation = : A,, — M,y determined by n(A(¢;)) = T;
is contractive. However, |[[AM(g1) - Agn)]l] = 1 and ||[T}---T,]|| = /n. Since
(1@ 0@ Mga)] = [Tr -~ Tal, we get that elle > v/ 0
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