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Abstract� We associate to certain weights �� � � some weighted left creation
operators W�� � � � �Wn on the full Fock space� The weighted noncommutative an�
alytic Toeplitz algebra F����� is the WOT�closure of the algebra generated by
W�� � � � �Wn and the identity� Noncommutative Poisson transforms on F����� are
used to provide a WOT�continuous� F������functional calculus for sequences of

operators satisfying certain positivity conditions�
This leads to completely isometric representations of the quotient algebra

F������J on Hilbert spaces� where J is any w��closed� ��sided ideal in F������ We
obtain noncommutative interpolation problems of Carath�eodory and of Nevanlinna�
Pick in F����� and in the space of multipliers of some weighted Hardy spaces in
the unit ball of Cn �

In this paper we use a technique from �APo�� to obtain simple and explicit

completely isometric representations of quotients of some weighted Fock spaces

F����� �see Section � for notation� and of the space of multipliersM��k� of some

weighted Hardy spaces on the unit ball of C n �see Section � for notation�� The

selection of the weights is motivated by a paper of Quiggin �Q��

We use these representations to obtain noncommutative Carath	eodory
s and

Nevanlinna�Pick
s interpolation theorems on F������ and to obtain multivari�

ate Carath	eodory
s interpolation theorems on M��k�� Furthermore� we give new

proofs of Nevanlinna�Pick
s interpolation theorems on M��k� �see �Q��� and of

Carath	eodory
s interpolation theorems on M��k� when n 
 � �see �Mc���� In

particular� we obtain new proofs of Nevanlinna�Pick
s and Carath	eodory
s interpo�

lation theorem on the Dirichlet algebra� This was proved by Agler in the ��
s but

remains unpublished �see �Q� and �Mc����

The setting of this paper is the following� A is a unital w��closed subalgebra of

B�H�� J is a w��closed ��sided ideal of A� NJ � H is the orthogonal complement

of the image of J � and PNJ
is the orthogonal projection onto NJ � It is well known
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that the map �J � A�J � B�NJ � de�ned by �J �a�J� 
 PNJ
ajNJ

is a completely

contractive representation� In �S�� Sarason proved that if A is the analytic Toeplitz

algebra H� and J is a w��closed ideal of H�� then �J � H��J � B�NJ � is a

completely isometric representation� In �APo�� and �DP��� this result was extended

to the noncommutative analytic Toeplitz algebra F�� which was introduced in �Po��

in connection with a noncommutative version of von Neumann
s inequality �vN��

We gave two proofs of the representation result of the quotient algebra F��J in

�APo��� one based on the noncommutative commutant lifting theorem of �Po��� and

the other based on representations of quotient algebras and the noncommutative

Poisson transforms of �Po��� Davidson and Pitts �DP�� gave a di�erent proof� which

was based on the structure of invariant subspaces of F� �see �Po���� and results on

ideals and A � �properties of F
� �see �DP����

In �APo��� we used ideas of Cole �see �Pi�� to show that if J is a w��closed ��sided

ideal of the unital w��closed subalgebraA of B�H�� then there exists a subspace E �
���H such that the map b� � A�J � B����H� de�ned by b��a�J� 
 PE�I���a�jE is
a completely isometric representation� We then used the noncommutative Poisson

transform of �Po�� to show that if A 
 F�� then there exists a w��continuous

completely contractive map �J � B�NJ �� B����H� so that the following diagram

commutes

A�J
b����� B��� �� H�

�J � � �J

B�NJ �

�

Since b� is completely isometric and �J and �J are completely contractive� we

concluded that �J � F��J � B�NJ � was completely isometric�

In this paper� we show that if A 
 F������ where the weights satisfy the

conditions of Section �� and J is a w��closed� ��sided ideal of F������ then we

can modify the noncommutative Poisson transform of �Po�� to obtain a completely

contractive map �J � B�NJ � � B��� � H� so that b� 
 �J � �J � A similar

argument works in the commutative case� If A 
M��k�� where the weights satisfy

the conditions of Section �� and J is a w��closed ��sided ideal ofM��k�� then one can

modify the dilation of �Dr� to obtain a completely contractive map �J � B�NJ ��
B��� � H� so that b� 
 �J � �J � However� we will only present the arguments

for F������ since the commutative case follows easily from this� Furthermore� the

computations in the noncommutative case are simpler�
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Let us mention that when �� 
 � and n � �� then F����� coincides with the

noncommutative analytic Toeplitz algebra F� �see �Po���� This algebra has been

studied in several papers �Po��� �Po��� �Po��� �Po��� �Po��� �Po��� �APo��� �APo���

�DP��� �DP��� and �DP��� In this setting� the Carath	eodory interpolation problem

was obtained in �Po�� using the noncommutative commutant lifting theorem �Po��

�see �SzF� and �FFr� for the classical case�� and the Nevanlinna�Pick interpolation

problem was proved in �APo�� and �DP�� independently�

�� Notation and preliminaries

Unless explicitly stated� n stands for a cardinal number between � 	 n 	 
��
Let Hn be an n�dimensional Hilbert space with orthonormal basis e�� e�� � � � � en�

We consider the Full Fock space �E� of Hn

F� 
 F��Hn� 

M
k��

H�kn �

where H��n 
 C � and H�kn is the �Hilbert� tensor product of k copies of Hn� We

shall denote by P the set of all p � F��Hn� of the form

p 
 a� �
X

��i������ik�n
��k�m

ai����ikei� � ei� � � � � � eik � m � N�

where a�� ai����ik � C � The set P may be viewed as the algebra of the polynomials

in n noncommuting indeterminates� with p� q� p� q � P� as multiplication� For any
bounded operators T�� � � � � Tn on a Hilbert space H� de�ne

p�T�� � � � � Tn� �
 a�IH �
X

ai����ikTi�Ti� � � � Tik �

Let F�n be the unital free semigroup on n generators g�� � � � � gn and the identity

e� For each � � F�n � de�ne

e� �


�
ei� � ei� � � � � � eik � if � 
 gi�gi� � � � gik �
�� if � 
 e�

It is easy to see that fe� � � � F�n g is an orthonormal basis of F�� We also use F�n

to denote arbitrary products of operators� If T�� � � � � Tn � B�H�� de�ne

T� �


�
Ti�Ti� � � �Tik � if � 
 gi�gi� � � � gik �
IH� if � 
 e�

The length of � � F�n is de�ned by j�j 
 k� if � 
 gi�gi� � � � gik � and j�j 
 �� if

� 
 e� For each i 
 �� � � � � n� the left creation operator

Si � F� � F� is de�ned by Si� 
 ei � �� � � F��
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As in �Po��� the noncommutative disc algebra An is the norm closure of the algebra

generated by S�� � � � � Sn and IF�� and the noncommutative analytic Toeplitz algebra

F� is the weak operator topology closure of An �see �Po����

Throughout this paper we consider a set f��g��F�n of weights satisfying the

following properties�

���� �� � � for any � � F�n �

����
����
���

	 ���
��

for any �� 	� 
 � F�n � with j�j 
 � and j
j 
 ��

����
P

��F�n

�
��
��S� is invertible in F� for any � 
 ���� � � � � �n� � Bn � the open

unit ball of C n �

Notice that if �� 
 �� � � F�n � these conditions are satis�ed� Other exam�

ples will be considered in considered in Section �� According to ����� we have

�
P

��F�n

�
��
��S���� 


P
��F�n

a���S� for some constants a� � C � Hence� we deduce

ae 
 �e� and for any 
 � F�n nfeg� X
����

a�
��


 �������

X
����

a�
��


 �������

The following lemma is an extension of a result from �Q� to our setting�

Lemma ���� ae � � and a� 	 � for any � � F
�
n nfeg�

Proof� It is clear that ae � �� If 
 � F�n � j
j 
 �� then ����� shows that

a� 
 ��e ae�� 	 �� Now we prove by induction� Assume that

����� a� 	 � for any � � F
�
n with � 	 j�j 	 k�

Let 
 
 	
k�� with 	� 
k�� � F
�
n � j	j 
 k� and j
k��j 
 �� According to ������

����� and ������ we infer that

ae 
 �
X
����
j�j��

��
��

a� � �
X
�����

j�j���j�j��

��
��

a��

Hence� we deduce that

�����
X
�����
j�j��

a�
��

� ��



INTERPOLATION AND POISSON TRANSFORMS 


According to ������ we have
P

����
a�
��


 �� Using ������ we obtain a� 	 �� This

completes the proof� �

Notice that for any 
 � F�n and � 	 p� 	 p� 	 j
j�

�����
X
����
j�j�p�

a�
��

	
X
����
j�j�p�

a�
��

�

Hence� we deduce

����� � 	 ��

���� X
����
j�j�p

a�
��

���� 	 ae

for any � 	 p 	 j
j� On the other hand� since ae is the only positive number among

the a�
s� we obtain

�����
X
����
j�j�p

a�
��

	 � and
X
����
j�j�p

a�
��

	 �

for any p � j
j�
For each i 
 �� � � � � n� the weighted left creation operator Wi � F� � F� is

de�ned by Wi 
 Wgi �
 SiDi where Di is the diagonal operator acting on F�

by Di�e�� �
 
gi��e�� and 
gi �� �

p
�gi�p
��

for any � � F�n � According to �����

�e�gi� 	 �gi��� Hence� kWik 
 kDik 

p
�gip
�e

� Notice also that W�e� 

p
���p
��

e��

and

����� W �
� e� 


� p
��p
��
e�� if 
 
 	� for some 
 � F�n �

�� otherwise�

We de�ne the weighted noncommutative disc algebra An���� to be the norm

closure of all polynomials in W�� � � � �Wn and the identity on F��

Let ��W�� � � � �Wn� 

P

��F�n b�W� be a formal sum such thatX
��F�n

b�W�e� � F�� i�e��
X
��F�n

jb�j��� �
�

According to the relation ����� we have
P

��F�n b�W�p � F� for any p � P� Assume

that sup kP
��F�n b�W�pkF� � 
� where the supremum is taken over all polyno�

mials p � P with kpkF� 	 �� Then there is a unique bounded operator on F��

denoted by ��W�� � � � �Wn�� such that

��W�� � � � �Wn�p 

X
��F�n

b�W�p
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for any p � P� The set f��W�� � � � �Wn�g of all the operators satisfying the above�

mentioned properties is denoted by F������ It is clear that F
����� is an operator

algebra� and if �� 
 �� � � F�n � then it coincides with the noncommutative analytic

Toeplitz algebra F� �see �Po���� We will prove in Section � that F����� is the

WOT�closure �resp� w�� closure� of all polynomials inW�� � � � �Wn and the identity�

Alternatively� we de�ne the weighted full Fock space F����� to be the Hilbert

space with a complete orthogonal system ff� � � � F
�
n g and the weights hf�� f�i 


�� for any � � F
�
n � Let U � F� � F����� be the unitary operator de�ned by

U�e�� 

�p
��
f�� � � F�n � and set V� �
 UW�U

�� for any 	 � F�n � Notice that

V�f� 
 f�� for any �� 	 � F�n � We denote by P���� the set of all polynomials of

the form p 

P
�nite

b�f�� with the multiplication induced by f� � f� �
 f��� Let

F����� be the set of those � � F����� such that

k�k� �
 supfk�� pkF����	 � p � P����� kpkF����	 	 �g �
�

It is clear that if ��� � F������ then ��� � F������ The norm k�k� coincides

with the operator norm of ��V�� � � � � Vn� �
 U��W�� � � � �Wn�U��� Therefore� we

can identify F����� with UF�����U��� and � � F����� can be viewed as being

an element in F����� and conversely�

We refer to �Ar��� �P�� and �Pi� for results on completely bounded maps and

operator theory�

�� Noncommutative Poisson transforms

Let W 
 �W�� � � � �Wn� be the set of weighted left creation operators on the full

Fock space F�� as de�ned in Section �� Following �Po��� we de�ne in a similar

manner a noncommutative Poisson transform on C��W�� � � � �Wn�� the C��algebra

generated by W�� � � � �Wn and the identity�

According to ������ one can easily check that for every �� 	 � F�n �

W�W
�
� e� 


� ��
��
e�� if � 
 	
 for some 
 � F�n �

�� otherwise�

Using this formula we can deduce that for each N � �X
j�j�N

a�W�W
�
�e� 
 b��Ne�� where b��N 
 ��

X
����
j�j�N

a�
��

�

From ����� and ����� we infer that be�N 
 ae� that b��N 
 � if � 	 j�j 	 N � and

that � 	 b��N 	 ae if j�j � N � Using these relations� Lemma ���� and ������ we see



INTERPOLATION AND POISSON TRANSFORMS �

that
	P

j�j�N a�W�W
�
�



N

is a non�increasing sequence of non�negative operators

which converges in the strong operator topology to

��W�W �� �

X
��F�n

a�W�W
�
� 
 aeP��

where P� is the orthogonal projection onto the span of the constant function ��

Since

P�S
�
�e� 


� p
��p
�e
e�� if 	 
 
�

�� otherwise�

and using ������ it is easy to see that
P

��F�n
�
��
W�aeP�W

�
�e� 
 e� � Therefore�

X
��F�n

�

��
W���W�W ��W �

� 
 IF��

where the convergence is in the strong operator topology�

Let T 
 �T�� � � � � Tn� be an n�tuple of operators on a Hilbert space H� Suppose
that for each N � �

�����
X
j�j�N

a�T�T
�
� � ��

Since a� 	 � whenever j	j � �� it follows that
	P

j�j�N a�T�T
�
�


�
N��

is a non�

increasing sequence of non�negative operators inB�H� which converges in the strong
operator topology to

�P� ��T� T �� �

X
��F�n

a�T�T
�
� � ��

For each N � � and h � H�
X
j�j�N

�

��

�
T���T� T ��T ��h� h

�



X
j�j�N

X
��F�n

a�
��



T ���h

�


X
��F�n

� X
����
j�j�N

a�
��

� 

T �� h

�

 khk� �

X
��j�j�N

� X
����

a�
��

� 

T �� h

� � X
j�j	N

� X
����
j�j�N

a�
��

� 

T �� h

��
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It follows from ����� that
P

����
a�
��


 �� On the other hand� using ����� and ������

we deduce that
P

����
j�j�N

a�
��
	 � whenever j
j � N � Hence�

� 	
X
j�j�N

�

��
T���T� T ��T �� 
 IH �

X
�	N

� X
����

j�j�N

a�
��

�
T�T

�
� 	 IH�

Therefore�

�����
X
��F�n

�

��
T���T� T ��T �� 
 IH

in the strong operator topology if and only if

�C�� SOT� lim
N	�

X
j�j	N

� X
����

j�j�N

a�
��

�
T�T

�
� 
 ��

For example� if T 
 �T�� � � � � Tn� is any n�tuple that satis�es �P�� then rT �


�rT�� � � � � rTn� satis�es �C�� for every � � r � ��

Assume that T 
 �T�� � � � � Tn� are operators in B�H� satisfying �P� and �C���

De�ne the defect operator

D �
 ���T� T ���
�
� �

The Poisson kernel KT associated to T 
 �T�� � � � � Tn� is the linear map

KT � H � F��Hn� �H de�ned by KTh 

X
��F�n

e�p
��

�DT ��h�

It follows from ����� that KT is an isometry� Moreover� it is easy to check that for

every � � F�n � �W
�
� � IH�KTh 
 KT �T ��h�� Hence� for every �� 	 � F�n �

����� K�
T

�
W�W

�
� � I

�
KT 
 T�T

�
� �

The map �T � B�F��� B�H� de�ned by �T �A� 
 K�
T �A� I�KT is clearly unital�

completely contractive �hence� completely positive�� and w��continuous� Moreover�

for each �� 	 � F�n � �T �W�W
�
� � 
 T�T

�
� �

Proposition ���� The set P���� of all polynomials in W�� � � � �Wn and the identity

is w��dense in F������

Proof� If ��W�� � � � �Wn� 

P

��F�n b�W� is in F����� and � � r � �� then

�r�W�� � � � �Wn� �

X
��F�n

b�r
j�jW�
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converges in norm� so that �r�W�� � � � �Wn� � An����� Setting T �
 �rW�� � � � � rWn��

it is clear that T satis�es �P� and �C��� Using ������ one can easily check that

�T ���W�� � � � �Wn�� 
 ��rW�� � � � � rWn� and therefore�

k�r�W�� � � � �Wn�k 	 k��W�� � � � �Wn�k

for any � � r � �� One can also easily check that

��W�� � � � �Wn� 
 SOT� lim
r	�

�r�W�� � � � �Wn�

�see for example Proposition ��� of �Po���� Since the set P���� of all polynomials

in W�� � � � �Wn and the identity is norm dense in An����� we infer that P���� is
WOT�dense in F������ Since the w� and WOT topologies coincide on bounded

sets� the result follows� �

Let T 
 �T�� � � � � Tn� be an n�tuple of operators satisfying �P� and �C��� No�

tice that for any ��W�� � � � �Wn� � F������ �r�T�� � � � � Tn� �

P

��F�n b�r
j�jT�

converges in norm� Similarly to Theorem ��� of �Po��� one can show that

��T�� � � � � Tn� �
 SOT� lim
r	�

�r�T�� � � � � Tn�

exists� Notice that �T ���W�� � � � �Wn�� 
 ��T�� � � � � Tn� for any ��W�� � � � �Wn� in

F������ Therefore� the restriction of �T to F������ which is also denoted by �T �

provides a WOT�continuous F������functional calculus for n�tuples of operators

T 
 �T�� � � � � Tn� satisfying properties �P� and �C��� We have proved the following�

Proposition ���� Let T 
 �T�� � � � � Tn� be an n�tuple of operators satisfying prop�

erty �P � and �C��� The Poisson transform �T � F������ B�H� de�ned by

����� �T ���W�� � � � �Wn�� 
 K�
T ���W�� � � � �Wn� � I�KT

is WOT�continuous� completely contractive homomorphism and

�T ���W�� � � � �Wn�� 
 ��T�� � � � � Tn�

for every ��W�� � � � �Wn� � F������

Notice that when �� 
 � we �nd again the F��functional calculus for row

contractions of class C� �see �Po����

Suppose now that T 
 �T�� � � � � Tn� is an n�tuple of operators satisfying only the

property �P�� For each � � r � �� let Kr 
 KrT be the Poisson kernel associated
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to rT �
 �rT�� � � � rTn�� which clearly satis�es �C��� Let C��W�� � � � �Wn� be the

C��algebra generated byW�� � � � �Wn� Following �Po��� one can similarly prove that

for any f�W�� � � � �Wn� � C��W�� � � � �Wn�� limr	�K
�
r �f�W�� � � � �Wn�� I�Kr exists

in the uniform topology of B�H��
The Poisson transform associated to T 
 �T�� � � � � Tn� is the linear map

�T � C��W�� � � � �Wn�� B�H� de�ned by

����� �T �f�W�� � � � �Wn�� 
 lim
r	�

K�
r �f�W�� � � � �Wn�� I�Kr�

Proposition ���� If T 
 �T�� � � � � Tn� is an n�tuple of operators satisfying the

property �P �� then the Poisson transform �T is a unital� completely contractive

linear map such that �T �W�W
�
� � 
 T�T

�
� for every �� 	 � F�n �

Moreover� one can easily see now that a sequence of operators T 
 �T�� � � � � Tn�

has property �P � if and only if there is a completely contractive linear map

� � C��W�� � � � �Wn� � B�H� such that ��I� 
 IH and ��W�W
�
� � 
 T�T

�
� for

every �� 	 � F�n �

Remark ���� When �� 
 �� � � F�n � we have ae 
 �� a� 
 �� if j
j 
 �� and

a� 
 � if j
j � �� In this case� the corresponding Poisson transform coincides with

the one developed in �Po�� in the particular case when T 
 �T�� � � � � Tn� is a row

contraction�

Let J � F����� be a w��closed ideal of F������ De�ne MJ �
 JF�� and

NJ �
 F� �MJ � Since J is a right ideal�

����� f��W�� � � � �Wn�e� � � � Jg

is dense in MJ � and since J is a left ideal� NJ is invariant under W �
� � � � � �W

�
n � For

each k 	 n� let Bk 
 PNJ
WkjNJ

be the compression of Wk to NJ � Since NJ is semi

invariant under the Wi
s� we have that B� 
 PNJ
W�jNJ

for any � � F�n �

The following result is an extension of Theorem ��� from �APo�� to our setting�

Proposition ���� Suppose that T 
 �T�� � � � � Tn� are operators in B�H� that satisfy
�P � and �C�� and that J � F����� is a WOT�closed ideal of F����� such that

for each � � J � ��T�� � � � � Tn� 
 �� Then� for every h � H� KTh � NJ � H�

Moreover� the map �T�J � B�NJ �� B�H�� de�ned by �T�J �A� 
 K�
T �A � IH�KT �

is w��continuous� unital� completely positive� and satis�es �T�J �B�B
�
�� 
 T�T

�
� for

every �� 	 � F�n � where B� 
 PNJ
W�jNJ

is the compression of W� to NJ �
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Proof� For any polynomial p 

P

� b�e� in F ��Hn� and h� h
 � H� we have

hKTh� p�W�� � � � �Wn�e� � h
i 
 �p
�e

X
�

�b�hDT ��h� h
i



�p
�e

X
�

�b�hh� T�Dh
i 
 �p
�e
hh� p�T�� � � � � Td�Dh
i�

Since the F������functional calculus is WOT�continuous and P���� is WOT�dense

in F����� we infer that

hKTh���W�� � � � �Wn�e� � h
i 
 �p
�e
hh���T�� � � � � Tn�Dh
i

for every ��W�� � � � �Wn� � F������ Hence� hKTh���W�� � � � �Wn�e� � h
i 
 �

whenever � � J � According to ������ we conclude that KTh � �MJ�H�� 
 NJ�H
and therefore� KT 
 �PNJ

�IH�KT � Since NJ � F� is invariant underW �
� � � � � �W

�
n

and B�B
�
� 
 PNJ

W�W
�
� jNJ

for �� 	 � F�n � it follows from ����� that

T�T
�
� 
 K�

T �W�W
�
� � IH�KT 
 K�

T �PNJ
� IH��W�W

�
� � IH��PNJ

� IH�KT


 K�
T �PNJ

W�W
�
�PNJ

� IH�KT 
 K�
T �B�B

�
� � IH�KT

for every �� 	 � F�n � This complets the proof� �

Let us remark that if T 
 �T�� � � � � Tn� has property �P � and its Poisson kernel

Kr takes values in NJ �H for every � � r � �� then there is a unital� completely

contractive linear map � � C��B�� � � � � Bn� � B�H� satisfying ��B�B
�
�� 
 T�T

�
�

for all �� 	 � F
�
n � The proof is similar to Remark ��� from �APo��� so we omit it�

�� Isometric representations of quotient algebras

In this section we obtain representation theorems for quotients of F����� and

the space of multipliers of some weighted Hardy spaces on the unit ball of C n � We

need the following result from �APo���

Proposition ���� Let A be a w��closed unital subalgebra of B�H� and let J � A

be a w��closed� ��sided ideal� Then there exists E � H � �� such that the mapb� � A�J � B�E� de�ned by b��a�J� 
 PE �a�I���jE is a w��continuous� completely

isometric representation�

The map that sends Y � B�F�� to Y � I�� � B�F� � ��� is unital� completely

positive� and WOT�continuous� Then it follows that �W��I��� � � � �Wn�I��� satis�es
�P� and �C���
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Theorem ���� Let J � F����� be a w��closed ideal of F������ Then the map

� � F������J � B�NJ � de�ned by

����W�� � � � �Wn� � J� 
 PNJ
��W�� � � � �Wn�jNJ

is a w��continuous� completely isometric representation�

Proof� We will �rst show that � is a w��continuous map� Let �
 � J be a net

that converges to � � J in the w��topology of F������J and let X � c��NJ �

be an operator in the trace class of NJ � Since tr��X� 
 � for every � � J � X

induces a w��continuous linear functional on F������J � given by h� � J�Xi �

tr�PNJ

�jNJ
X�� � � F������ Hence� we check that

tr����� J�X� 
 h�� J�Xi 
 lim


h�
 � J�Xi 
 lim



tr����
 � J�X��

This shows that � is w��continuous� Applying Proposition ��� to F������J � we

�nd a w��continuous� completely isometric representation b� � F������J � B�E��
For each k 
 �� � � � � n� de�ne

Tk �
 b��Wk � J� 
 PEWk � I�� jE �

Then� for h � E� hT�T ��h� hi 
 kT ��hk� 
 kPE �W �
� � I���hk� 	 k�W �

� � I���hk��
This shows that

����� T�T
�
� 	 PE �W� � I����W

�
� � I���jE for every 	 � F

�
n �

When 	 
 e� the two sides of ����� are equal to each other� and when 	 � F�n nfeg�
a� 	 �� Hence� for every N � ��

X
j�j�N

a�T�T
�
� � PE

� X
j�j�N

a��W� � I����W
�
� � I���

�
jE � ��

which shows that T 
 �T�� � � � � Tn� satis�es property �P�� It follows from ����� thatP
����

j�j�N

a�
��

	 � whenever j
j � N � Hence�

PE
X
j�j	N

� X
����

j�j�N

a�
��

�
�W� � I����W

�
� � I���jE 	

X
j�j	N

� X
����

j�j�N

a�
��

�
T�T

�
� 	 ��

Since �W��I�� � � � � �Wn�I�� � has property �C�� it is easy to see that T 
 �T�� � � � � Tn�

has the same property�
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For any polynomial p � P����� b��p � J� 
 p�T�� � � � � Tn�� Since b� is w��

continuous� b��� � J� 
 ��T�� � � � � Tn� for every � � F������ Hence� if � � J � it

follows from Proposition ��� that k��T�� � � � � Tn�k 
 kb���� J�k 
 dist��� J� 
 ��

By Proposition ���� there exists a w��continuous map �T�J � B�NJ � � B�E� such
that �T�J �B�� 
 T� for every � � F�n � where B� 
 PNJ

W�jNJ
is the compression

of W� to NJ � Then b��W� � J� 
 T� 
 �T�J�B�� 
 �T�J � ��W� � J� for

every � � F
�
n � Using the w��continuity of the these maps� we obtain the following

commutative diagram

F������J
b����� B�E�

�� � �T�J

B�NJ �

�

Since �T�J and � are completely contractive� and since b� is completely isometric�

we conclude that � is completely isometric� �

Let W�B�� � � � � Bn� be the w��closure of the algebra generated by B�� � � � � Bn

and the identity �recall that Bk 
 PNJ
WkjNJ

for k 	 n��

Proposition ���� W�B�� � � � � Bn� 
 �
�
F������J

�
�

Proof� Since � is a w��continuous isometric representation� �
�
F������J

�
is a w��

closed subalgebra of B�NJ � �see �R� Theorem ������ that contains B�� � � � � Bn and

the identity� Then it follows that W�B�� � � � � Bn� � �
�
F������J

�
�

Since the set fp�W�� � � � �Wn� � J � p � Pg is w��dense in F������J and

��p�W�� � � � �Wn� � J� 
 p�B�� � � � � Bn�� we conclude that fp�B�� � � � � Bn� � p � Pg
is w��dense in �

�
F������J

�
� Hence� �

�
F������J

� � W�B�� � � � � Bn�� �

The proof of the following result is similar to �APo�� Theorem ����� so we will

omit it�

Proposition ���� Let T 
 �T�� � � � � Tn� be an n�tuple of operators satisfying prop�

erty �P � and �C��� and let

�T � F����� � B�H�� �T �f�W�� � � � �Wn�� 
 f�T�� � � � � Tn��

be the F������functional calculus associated to T � If J is a WOT�closed� ��sided

ideal of F����� with J � Ker�T � then the map

�T�J �W�B�� � � � Bn�� B�H�� �T�J�f�B�� � � � � Bn�� �
 f�T�� � � � � Tn��
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is a WOT�continuous� completely contractive homomorphism� In particular� for

any f�W�� � � � �Wn� � F������

kf�T�� � � � � Tn�k 	 kf�B�� � � � � Bn�k 
 dist�f�W�� � � � �Wn�� J��

We will now describe the quotients of W�B�� � � � � Bn�� Let I � W�B�� � � � � Bn�

be a w��closed� ��sided ideal of W�B�� � � � � Bn�� Then ����I� 
 I�J � where

I 
 f��W�� � � � �Wn� � F����� � ��B�� � � � � Bn� � Ig
is a w��closed� ��sided ideal of F����� that contains J � For each k 	 n� let

Dk 
 PN
I
Wk jN

I
be the compression of Wk to N

I
�

Proposition ���� The map � � F������I �W�B�� � � � � Bn��I de�ned by

�
�
��W�� � � � �Wn� � I

�
�
 ��B�� � � � � Bn� � I

is completely isometric� w��continuous� and onto� Therefore� by Theorem ����

W�B�� � � � � Bn��I is completely isometric to W�D�� � � � �Dn��

Proof� It is easy to see that � is a well de�ned w��continuous operator�

De�ne Q � F������J � F������I and � � W�B�� � � � � Bn� � W�B�� � � � � Bn��I

by Q�� � J� 
 � � I and ����B�� � � � � Bn�� 
 ��B�� � � � � Bn� � I� Consider the

following commutative diagram

F������J
����� W�B�� � � � � Bn�

������� F������J

Q

���y �

���y Q

���y
F������I

����� W�B�� � � � � Bn��I
������� F������I�

Since Q and � are completely contractive� and � and ��� are completely isometric�

it follows that � and ��� are completely contractive� �

Now� let us consider some consequences of Theorem ���� When n 
 � and

�� 
 � for every � � F�n � F����� is the classical Hardy space H� and F����� is

the analytic Toeplitz algebra H�� In this case W� is the unilateral shift on H��

Corollary ���� �S� Let J � H� be a w��closed ideal of H�� Then the map

� � H��J � B�NJ � de�ned by ��� � J� 
 PNJ
��W��jNJ

is a w��continuous

completely isometric representation�

When n � � and �� 
 � for every � � F�n � F����� is the full Fock space F� and

F����� is the non�commutative analytic Toeplitz algebra F� �see �Po���� The

operators W�� � � � �Wn are now the left creation operators on the full Fock space

F��
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Corollary ���� ��APo�� and �DP��� Let J � F� be a w��closed ideal of F�� Then

the map � � F��J � B�NJ � de�ned by ��� � J� 
 PNJ
��W�� � � � �Wn�jNJ

is a

w��continuous completely isometric representation�

When n 
 � and �� 
 j�j � � for every � � F�n � F����� is the reproducing

kernel Hilbert space with kernel on D given by

K�z�w� 


�X
n��

�

�n
zn �wn 


�

z �w
log

�
�

�� z �w

�
�

F����� is the Dirichlet algebra D� which is the space of multipliers of K�

Corollary ��	� Let J � D be a w��closed ideal of the Dirichlet algebra D� Then

the map � � D�J � B�NJ � de�ned by ����J� 
 PNJ
��W��jNJ

is a w��continuous

completely isometric representation�

We shall consider now the particular case when �� 
 �j�j� Let J� � F�����

be the w��closed� ��sided ideal of F���n� generated by fWiWj �WjWi � i �
 jg�
It is not hard to check that NJ� is the symmetric Fock space F�

�� For j 	 n� let

Bj 
 PF��Wj jF�� be the compression of Wj to F�
�� and let W�B�� � � � � Bn� be the

w��closure of the algebra generated by B�� � � � � Bn and the identity� It follows from

Proposition ��� that W�B�� � � � � Bn� can be identi�ed with F������J��

Let Bn be the unit ball of C n � The weighted Hardy space H��Bn � �k�� where

�k �
 �� if j�j 
 k� is the Hilbert space with complete orthogonal system

fz� � 
 �Zn� 
 � �g and weights

hz� � z�i 
 �j�j

�

j
j� �

where� as usual� if 
 
 �
�� � � � � 
n� �Zn and 
i � � for each i 	 n� j
j 
 
��� � ��
n�

� 
 
�� � � � 
n�� and z� 
 z��� � � � z�nn � The space of multipliers on H��B n � �k� is

denoted by M��k�� It consists of all functions f � H��Bn � �k� such that

kfk� 
 supfkfgk� � g � H��Bn � �k�� kgk� 	 �g �
�

Notice that kfk� coincides with the norm of Mf in B�H��Bn � �k��� where Mf is

the operator on H��B n � �k� de�ned by Mf �g� �
 fg� For more information on

M��k� we refer to �Aro� and �CM�� A standard argument shows that the space

of multipliers M��k� of H��Bn � �k� is unitarily equivalent to W�B�� � � � � Bn� �see

�Ar�� and �DP����

By Proposition ��� and Proposition ��� we obtain the following�
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Corollary ��
� Let I � M��k� be a w��closed ideal of M��k� and let NI �
H��Bn � �k� be the orthogonal complement of the image of I in H��Bn � �k�� Then the

map � � M��k��I � B�NI� de�ned by ��f�z�� � � � � zn� � I� 
 PNI
Mf�z������zn	jNI

is a w��continuous completely isometric representation�

Remark ����� The techniques used to prove Theorem ��� apply to other algebras�

The same proof gives that if A is a unital w��closed subalgebra of B�H�� with the

property that for every semi invariant subspace E � H � �� under A � I�� � there

exists an isometry V � E � H � �� such that

V ��a� ��� 
 PE �a � I���PEV
� for every a � A�

then �J � A�J � B�NJ � is completely isometric� It follows from arguments in

�Mc�� and �Mc�� that some singly generated �nite dimensional subalgebras of MN

satisfy this property�

�� Interpolation problems

In this section we present some consequences of Section � to interpolation� We

will use Theorem ��� to deduce Carath	eodory
s and Nevanlinna�Pick
s interpolation

theorems on the weighted noncommutative analytic Toeplitz algebra F������

We need some preliminaries� For each � 
 ���� � � � � �n� � B n � de�ne

z
 

X
��F�n

�p
��

���e��

According to the condition ���� from Section �� one can see that
P

��F�n
�
��
��e�

is in F�� Since
P

��F�n ��e� � F�� it is clear that z
 � F� for any � � Bn � For any

��W�� � � � �Wn� �

P

��F�n b�W� in F����� and every � 
 ���� � � � � �n� � Bn � we

have

h��W�� � � � �Wn�e�� z
i 
 h
X
��F�n

b�

p
��p
�e

e��
X
��F�n

�p
��

���e�i�����



�p
�e

X
��F�n

b��� 

�p
�e
�����

On the other hand� according to ������ we infer that W �
i z
 
 ��iz
� and hence�

����� ��W�� � � � �Wn�
�z
 
 ����z


for every � � Bn and ��W�� � � � �Wn� � F������
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Given � � Bn � a scalar matrix A � Mk�C �� and an operator matrix

� 
 ��ij�W�� � � � �Wn�� in Mk�F
������ 
 F����� �min Mk� one can use �����

to show that ���� �
 ��ij���� 
 A if and only if

����� ���z
 � x� 
 z
 �A�x for any x � �k��

Let us remark that� according to ������ for every � � Bn � the linear map

�
 � F����� � C � de�ned by �
���W�� � � � �Wn�� 
 ����� is w��continuous and

multiplicative� Notice that if 
�� � � � � 
N � Bn are distinct points� then

J �
 f��W�� � � � �Wn� � F����� � ��
�� 
 ��
�� 
 � � � 
 ��
N � 
 �g

is a w��closed� ��sided ideal of F������ Using ����� and ������ we deduce that

NJ 
 spanfz�� � � � � � z�N g�
We shall prove now the Nevanlinna�Pick interpolation theorem on weighted non�

commutative analytic Toeplitz algebras�

Theorem ���� Let 
�� � � � � 
N � Bn be N�distinct points� and let A�� � � � � AN �Mk

be k � k matrices� Then there exists � 
 ��ij�W�� � � � �Wn�� in Mk�F������ such

that k�k 	 � and ��
i� 
 Ai for i 	 N if and only if the matrix

�hz�i � z�j i�Ik �AjA
�
i ��i�j�N

is positive semide�nite�

Proof� Suppose that there exists � 
 ��ij�W�� � � � �Wn�� � Mk�F������ such that

k�k 	 � and ��
i� 
 Ai for i 	 N � Let T 
 �PNJ
�I�k� ��jNJ��k� be the compression

of � to NJ��k�� Hence� hT �h� T �hi 	 hh� hi for every h 

P

i�N z�i�xi in NJ��k��
According to ������ we obtainX

i�j�N
hz�i � z�j ihAjA

�
i xi� xji 	

X
i�j�N

hz�i � z�j ihxi� xji�

and conclude that �hz�i � z�j i�Ik �AjA
�
i ��i�j�N is positive semide�nite�

Conversely� suppose now that �hz�i � z�j i�Ik�A�jAi��i�j�N is positive semide�nite�

Then� the operator T on NJ � �k�� de�ned by T ��z�i � x� 
 z�i � A�i x for i 	 N

and x � �k�� satis�es kTk 	 �� Similarly to Lemma ��� of �APo��� we can �nd

� 
 ��ij�W�� � � � �Wn�� � Mk�F������ such that T 
 �PNJ
� I�k� ��jNJ��k� � By

Theorem ���� there exists � �Mk�F������ such that �PNJ
�I�k� ��jNJ��k� 
 T and

k�k 
 kTk 	 �� Using ������ we obtain ��
i� 
 Ai for every i 	 N � �
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Remark ���� Since every operator in B�H� can be approximated in the w��topology

by matrices� Theorem ��� remains true for A�� � � � � Ak � B�H��

Notice that Theorem ��� implies Nevanlinna�Pick interpolation theorems in H�

�see �N� and �Pic��� in F� �see �APo�� and �DP���� in the Dirichlet algebra D �see

�Q��� and in the space of multipliersM��k� of the weighted Hardy space H
��Bn � �k�

�see �Q���

Now we shall deduce from Theorem ��� the Carath	eodory interpolation theorem

on F������ For each N � �� let JN be the w��closed� ��sided ideal of F�����

generated by W�� j�j 
 N � It is easy to see that NJN 
 spanfe� � j�j � Ng�

Theorem ���� Let p � P� with deg �p� � N � Then

dist�p�W�� � � � �Wn�� JN � 



PNJN

p�W�� � � � �Wn�jNJN



�
Let us remark that Theorem ��� recovers the classical Carath	eodory
s interpola�

tion theorem on H� �see for example �S��� and on F� �see �Po���� It also implies

Carath	eodory interpolation theorems in the Dirichlet algebra and in the space of

multipliersM��k� of the weighted Hardy space H��B n � �k� �see �Mc�� for n 
 ���
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