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ABSTRACT. We associate to certain weights w, > 0 some weighted left creation
operators Wi, ..., W, on the full Fock space. The weighted noncommutative an-
alytic Toeplitz algebra F°°(wy) is the WOT-closure of the algebra generated by
Wi, ..., W, and the identity. Noncommutative Poisson transforms on F°°(w,) are
used to provide a WOT-continuous, F°°(wq )-functional calculus for sequences of
operators satisfying certain positivity conditions.

This leads to completely isometric representations of the quotient algebra
F°°(wqy)/J on Hilbert spaces, where J is any w*-closed, 2-sided ideal in F°°(w, ). We
obtain noncommutative interpolation problems of Carathéodory and of Nevanlinna-

Pick in F*°(wy) and in the space of multipliers of some weighted Hardy spaces in
the unit ball of C™.

In this paper we use a technique from [APo2] to obtain simple and explicit
completely isometric representations of quotients of some weighted Fock spaces
F>(wy) (see Section 1 for notation) and of the space of multipliers M(wy) of some
weighted Hardy spaces on the unit ball of C" (see Section 3 for notation). The
selection of the weights is motivated by a paper of Quiggin [Q)].

We use these representations to obtain noncommutative Carathéodory’s and
Nevanlinna-Pick’s interpolation theorems on F*°(w,), and to obtain multivari-
ate Carathéodory’s interpolation theorems on M(wy). Furthermore, we give new
proofs of Nevanlinna-Pick’s interpolation theorems on M(wy) (see [Q]), and of
Carathéodory’s interpolation theorems on M(wy) when n = 1 (see [Mcl]). In
particular, we obtain new proofs of Nevanlinna-Pick’s and Carathéodory’s interpo-
lation theorem on the Dirichlet algebra. This was proved by Agler in the 80’s but
remains unpublished (see [Q] and [Mcl]).

The setting of this paper is the following: A is a unital w*-closed subalgebra of
B(H), J is a w*-closed 2-sided ideal of A, Ny C H is the orthogonal complement
of the image of J, and Py, is the orthogonal projection onto A';. It is well known
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that the map Wy : A/J — B(N) defined by ¥ j(a+ J) = Py, aly;, is a completely
contractive representation. In [S], Sarason proved that if A is the analytic Toeplitz
algebra H*> and J is a w*-closed ideal of H*, then ¥, : H>*/J — B(Ny) is a
completely isometric representation. In [APo2] and [DP3], this result was extended
to the noncommutative analytic Toeplitz algebra F*°, which was introduced in [Po4]
in connection with a noncommutative version of von Neumann’s inequality [vN].
We gave two proofs of the representation result of the quotient algebra F*°/.J in
[APo2]: one based on the noncommutative commutant lifting theorem of [Po2], and
the other based on representations of quotient algebras and the noncommutative
Poisson transforms of [Po7]. Davidson and Pitts [DP3] gave a different proof, which
was based on the structure of invariant subspaces of F*° (see [Pol]), and results on

ideals and A -properties of F*° (see [DP1]).

In [APo2], we used ideas of Cole (see [Pi]) to show that if .J is a w*-closed 2-sided
ideal of the unital w*-closed subalgebra A of B(H ), then there exists a subspace £ C
ly® H such that the map T - AlJ — B(ly@H) defined by \/I\/(a—I—J) = Pe(Ip,@a)|e is
a completely isometric representation. We then used the noncommutative Poisson
transform of [Po7] to show that if A = F>, then there exists a w*-continuous

completely contractive map ®; : B(Ny) — B({2® H) so that the following diagram

commutes R
A7 Y By o,H)
U\ ¥
B(N7)

Since U is completely isometric and ¥ ; and ®; are completely contractive, we
concluded that W, : F°>°/.J — B(N ) was completely isometric.

In this paper, we show that if A = F*(w,), where the weights satisfy the
conditions of Section 1, and J is a w*-closed, 2-sided ideal of F™>(w,), then we
can modify the noncommutative Poisson transform of [Po7] to obtain a completely
contractive map ®; : B(Nj) — B({y ® H) so that T = ®;0 T, A similar
argument works in the commutative case. If A = M (wy), where the weights satisfy
the conditions of Section 3, and .J is a w*-closed 2-sided ideal of M (wy), then one can
modify the dilation of [Dr] to obtain a completely contractive map ® 5 : B(N ;) —
B(l; ® H) so that T = ® ;0 U ;. However, we will only present the arguments
for F*°(wy), since the commutative case follows easily from this. Furthermore, the

computations in the noncommutative case are simpler.
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Let us mention that when w, = 1 and n > 2, then F*°(w,) coincides with the
noncommutative analytic Toeplitz algebra F*° (see [Po4]). This algebra has been
studied in several papers [Pol], [Po2], [Po3], [Pod], [Po5], [Po6], [APol], [APo2],
[DP1], [DP2], and [DP3]. In this setting, the Carathéodory interpolation problem
was obtained in [Po6] using the noncommutative commutant lifting theorem [Po2]
(see [SzF] and [FFr] for the classical case), and the Nevanlinna-Pick interpolation

problem was proved in [APo2] and [DP3] independently.

1. Notation and preliminaries
Unless explicitly stated, n stands for a cardinal number between 1 < n < Ng.

Let H, be an n-dimensional Hilbert space with orthonormal basis e,eq,... . ¢€,.

We consider the Full Fock space [E] of H,,
F? = F (Ha) = P HF
k>0

where HE? = C1 and HEO* is the (Hilbert) tensor product of k copies of H,. We
shall denote by P the set of all p € F*(H,,) of the form

p=ap+ Z iy eoiy€iy D€ @ Qe;,, mEeN,

where ag, a;,...;, € C. The set P may be viewed as the algebra of the polynomials
in n noncommuting indeterminates, with p©@ ¢, p, g € P, as multiplication. For any

bounded operators Ty, ...,T, on a Hilbert space H, define
p(Tl, ... ,Tn) = aoly + Z Ay iy, TilTig s Tik-

Let ! be the unital free semigroup on n generators ¢y, ..., g, and the identity

e. For each a € Fl, define

Ciy @€y @+ D ey, ifa=gigi, G,
Co 1= .
1, if a =e.

It is easy to see that {e, : @ € F}} is an orthonormal basis of F2. We also use F}
to denote arbitrary products of operators. If T,...,T,, € B(H), define

{ Ti1Ti2 le? if o = Gi1Gis " Gins

T, = ]
Iy, if a=e.

The length of a € F} is defined by |a| = k, if o = ¢i,9i, -+ ¢i,,, and |a| = 0, if

a =e. For each 1 = 1,...,n, the left creation operator

S F? = F?  isdefined by Sip =e; @, o € F2.
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As in [Po4], the noncommutative disc algebra A,, is the norm closure of the algebra
generated by S1,...,5, and [£2, and the noncommutative analytic Toeplitz algebra
F*° is the weak operator topology closure of A, (see [Po)]).

Throughout this paper we consider a set {wa}ae]}?’i of weights satisfying the

following properties:

(w1) wa >0 for any a € Ft;
(w2) “zj% < “zj—; for any o, 3,y € Ff, with |a| =1 and |y| = 1;
Yy
(ws) > WL/\QSQ is invertible in F*° for any A = (A\1,...,\,) € B,, the open
aE]Ft °
unit ball of C".

Notice that if w, = 1, a € Ff, these conditions are satisfied. Other exam-
ples will be considered in considered in Section 3. According to (ws), we have

L NS = aaAaSy for some constants a, € C. Hence, we deduce
w 2

aE]Ft - aE]Ft

a. = we, and for any v € F/\{e},

(1.1) S Yoy,

Wao
af=~

(1.2) 3 z—ﬁ — 0.

Ba=vy
The following lemma is an extension of a result from [Q] to our setting.
Lemma 1.1. a, > 0 and a, <0 for any o € Fi\{e}.
Proof. Tt is clear that a, > 0. If v € Ff, |y| = 1, then (1.2) shows that
ay = —wef}—i < 0. Now we prove by induction. Assume that

(1.3) aq <0 forany o € FY with 1 < |o| < k.

Let v = Sk with 8,vk41 € Ff, |3
(wz), and (1.3), we infer that

= k, and |vx4+1| = 1. According to (1.2),

QE="Y,
la|>1 la|>1,[e]>1

Hence, we deduce that

(1.4) Z do >0,

ae=7,
le|>1
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According to (1.2), we have ) 22 — (). Using (1.4), we obtain a, < 0. This

QE="7 we

completes the proof. W

Notice that for any v € F and 0 < p; < ps < |v],

(1.5) 3 Z—Zg 3 Z—a

af=xy ap=~y P
lor|<p2 lor|<p1
Hence, we deduce
Qo
1.6 0<w — | <a
(1.6) <o | X2 <a
af=vy
laf<p

for any 0 < p < |y|. On the other hand, since a. is the only positive number among
the a,’s, we obtain

(1.7) S <o and Y <o

af=~y w8 Ba=~ w8
1B1<p 1B1<p

for any p < |v/.
For each 1 = 1,...,n, the weighted left creation operator W; : F? — F? is
defined by W; = W,, := S;D; where D; is the diagonal operator acting on JF>

by Dilea) = g aca, and iy o = \/\;}? for any o € F. According to (w2),
weyia S wgida. Hence, Wil = |Dil] = 2. Notice also that Waea = 7esa
and
(1'8) Wgeyz \/\/ugea7 if7:ﬁ05 for SOIH@’YEE"{,

0, otherwise.

We define the weighted noncommutative disc algebra A, (wq) to be the norm
closure of all polynomials in Wi,..., W, and the identity on F2.
Let p(Wh,..., W,) = Zaeﬂ?i bo W, be a formal sum such that

D baWaeo € F?, i, Y |balwa < 0.

a€FY a€Ft
According to the relation (wz), we have 3 it ba Wap € F? for any p € P. Assume
that sup || >, cpt baWapl|F2 < 0o, where the supremum is taken over all polyno-
mials p € P with ||p||z= < 1. Then there is a unique bounded operator on F?,
denoted by o(Wh,..., W, ), such that

(Wi, ..., Wy)p = Z baWap
aEFt
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for any p € P. The set {p(Wi,...,W,)} of all the operators satisfying the above-
mentioned properties is denoted by F*(wq ). It is clear that F*°(w, ) is an operator
algebra, and if w, = 1, o € Fl, then it coincides with the noncommutative analytic
Toeplitz algebra F*>° (see [Po4]). We will prove in Section 2 that F°°(wy) is the
WOT-closure (resp. w*- closure) of all polynomials in Wy, ..., W, and the identity.

Alternatively, we define the weighted full Fock space F?(wq) to be the Hilbert
space with a complete orthogonal system {f, : € F!} and the weights (fa, fo) =
wo for any o € Ff. Let U : F* — F%(w,) be the unitary operator defined by
Ulea) = \/Lw—afa, a € Fl, and set Vi := UW3U ™! for any 3 € F!. Notice that
Vsfoa = fga for any a,3 € FY. We denote by P(w,) the set of all polynomials of
the form p = > by fo, with the multiplication induced by fo @ f3 := fag. Let

finite

F>(wq) be the set of those ¢ € F?(w,) such that

[¢lle := sup{lle @ pllF2(wa) : p € Plwa)s [[Pll72(wn) < 1) < 0.

It is clear that if ¢, € F®(wy), then ¢ @1 € F*(wqy). The norm ||¢]|e coincides
with the operator norm of ¢(Vi,...,V,) 1= Up(Wh,...,W,)U~!. Therefore, we
can identify F™(wq) with UF>(w,)U ™!, and ¢ € F>°(w,) can be viewed as being
an element in F*°(w,) and conversely.

We refer to [Arl], [P], and [Pi] for results on completely bounded maps and

operator theory.

2. Noncommutative Poisson transforms

Let W = [Wy,...,W,] be the set of weighted left creation operators on the full
Fock space F?, as defined in Section 1. Following [PoT7], we define in a similar
manner a noncommutative Poisson transform on C*(Wy,...,W,), the C*-algebra
generated by Wy, ..., W, and the identity.

According to (1.8), one can easily check that for every o, 3 € F |

Wy

{ “ae .. if a = 3y for some v € F,

0, otherwise.
Using this formula we can deduce that for each N > 0

a
Z a5W5W§ea = bo,N€a, Where by N = wq .

w
18]<N vo=a P
[v[<N

From (1.2) and (1.6) we infer that b, n = a., that bo v = 0if 1 < |o| < N, and
that 0 < by v < a. if o] > N. Using these relations, Lemma 1.1, and (1.5), we see
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that {EIﬁISN agWgWE}N 1s a non-increasing sequence of non-negative operators

which converges in the strong operator topology to

AW, W*) = Z agWsWy = a.Po,
BEFS

where Py is the orthogonal projection onto the span of the constant function 1.
Since o
w/@ .
Y—eg, 0=
Po S;G»y _ { Ve 0, 6 7>

0, otherwise,

and using (1.2), it is easy to see that )  p+ L Waa. PoWre, = e.. Therefore,

Way

1
Y WL AW WHW, = I,
aE]Ft Wa

where the convergence is in the strong operator topology.

Let T = [T},...,T,] be an n-tuple of operators on a Hilbert space ‘H. Suppose
that for each N >0

(2.1) > apTsT; > 0.

|BI<N
Since ag < 0 whenever |3| > 1, it follows that {E|ﬁ|<N angTg}]ovozl is a non-
increasing sequence of non-negative operators in B(H) which converges in the strong

operator topology to

(P) A(T,T*) = Y agTsT; > 0.
pert

For each N > 0 and h € H,

i<TaA(T, T*)Tih,h)

w
la]<N ¢

- Y Y 2w

[a|<N geFf

-3 [ 2

~ert T AR

I<N
a % a «
e [ e [ 2]
1<|v[EN Faf=y o |~v|>N laa/fgxr @
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It follows from (1.1) that > 22 = 0. On the other hand, using (1.2) and (1.3),

af=v wq
we deduce that Elaﬁzy 22 <0 whenever |y| > N. Hence,

al<N Wa

Wa

0§E:iIA@JWﬁ:m+§:{2:%}ﬂﬁghb

la|<N >N |2/|3§=7v
Therefore,
1
(2.2) Y T AT, THT) = Iy

Wo
aEFt

in the strong operator topology if and only if

(Co) SOT — lim z:[g:gﬂfﬂ::u

N—o0 N 5 o
afB=vy
[¥]> =

For example, if T = [T3,...,T,] is any n-tuple that satisfies (P), then rT :=
[rTy,...,rT,] satisfies (Cp) for every 0 <r < 1.
Assume that T = [T4,...,T,] are operators in B(H) satisfying (P) and (Cp).
Define the defect operator
D := (A(T,T%))%.
The Poisson kernel Kp associated to T' = [T}, ..., T,] is the linear map

€Ca

Kp:H—F(H,)@H  definedby  Kph= )
aEFt

@ DT*h.

Ve

It follows from (2.2) that 7 is an isometry. Moreover, it is easy to check that for
every a € BV (Wr @ Iy)Krh = Kp(T*h). Hence, for every a, 3 € Fl,

(2.3) K3 [WoWj @ I| Ko = T, Tj.

The map U7 : B(F?) — B(H) defined by Up(A) = K5[A @ I|Kr is clearly unital,
completely contractive (hence, completely positive), and w*-continuous. Moreover,

for each o, 3 € F, Vr(WoWj) =T Tj.

Proposition 2.1. The set P(wq) of all polynomials in Wy, ..., W, and the identity

is w*-dense in F™(w,).

Proof. It p(Wy,..., W) = Zaeﬂ?i baWy is in F*®°(wq) and 0 < r < 1, then

or(Wi,.. ., Wy) = Z bW,
aEFt
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converges in norm, so that @, (Wy,..., W,) € A,(wy). Setting T := [rWy, ..., rW,],
it is clear that T satisfies (P) and (Cp). Using (2.3), one can easily check that
Ur(e(Wh, ..., Wy)) = o(rWh,...,rW,) and therefore,

[or (Wi, W)l < (W, .o, W)l
for any 0 < r < 1. One can also easily check that
e(Wi,...,W,)=S0T — lirric,or(Wl,...,Wn)
r—

(see for example Proposition 4.5 of [Po5]). Since the set P(wq) of all polynomials
in Wi,..., W, and the identity is norm dense in A,(wy), we infer that P(wy) is
WOT-dense in F>°(wg). Since the w* and WOT topologies coincide on bounded

sets, the result follows.

Let T = [Th,...,T,] be an n-tuple of operators satisfying (P) and (Cp). No-
tice that for any o(Whi,...,W,) € F>®(wy), ¢ (Th,....,T) = Zaeﬂ?i b rlelT,

converges in norm. Similarly to Theorem 4.3 of [Po5], one can show that
o(Ty,...,T,):=SOT — lirri or(Th,....Ty)
r—

exists. Notice that Ur(o(Wy,... ., Wy)) = o(T4,...,T,) for any o(Wi,...,W,) in
F*(wy). Therefore, the restriction of U7 to F*°(w, ), which is also denoted by ¥,
provides a WOT-continuous F*°(w, )-functional calculus for n-tuples of operators

T =1[Ty,...,T,] satisfying properties (P) and (Cp). We have proved the following.

Proposition 2.2. Let T = [Ty,...,T,] be an n-tuple of operators satisfying prop-
erty (P) and (Co). The Poisson transform Yrp : F>®(wy) — B(H) defined by

(2.4) Ur(e(Wi, ..., Wy)) = Ki(e(Wy,...,W,) @ ) Kr
18 WOT-continuous, completely contractive homomorphism and
Ur(e(Wi, ..., Wy)) =p(Ty,...,T,)

for every p(Wy,...,W,) € F®(wq).

Notice that when w, = 1 we find again the F*-functional calculus for row
contractions of class Cy (see [Po)]).

Suppose now that T' = [T}, ...,T,] is an n-tuple of operators satisfying only the
property (P). For each 0 < r < 1, let K, = K,7 be the Poisson kernel associated
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to rT := [rTy,...rT,], which clearly satisfies (Cy). Let C*(Wy,...,W,) be the
C*-algebra generated by Wy, ..., W,. Following [Po7], one can similarly prove that
for any f(Wh,..., Wy) € C*(Wq,... ., Wy), lim,—1 K[ f(Wh,..., W,) @ I|K, exists
in the uniform topology of B(H).

The Poisson transform associated to T = [Ty,...,T,] is the linear map

O C*(Wh,...,W,) — B(H) defined by

(2.5) Sp(F(Wh,..., W) = lim KX[f(W1,...,W,) @ I]K,.

r—1

Proposition 2.3. If T = [T,...,T,] is an n-tuple of operators satisfying the
property (P), then the Poisson transform ®r is a unital, completely contractive

linear map such that CI)T(WQWE) =TT} for every a,f3 € Fr.

Moreover, one can easily see now that a sequence of operators T' = [T}, ..., T,]
has property (P) if and only if there is a completely contractive linear map
o2 CF(Wh,... . Wy) — B(H) such that ¢(I) = Iy and (W, Wj) = T,T; for
every a,3 € Ff.

Remark 2.4. When wy =1, a € FF

T, we have a. = 1,a, = =1 1f |y| =1, and
a =0 if |v| > 1. In this case, the corresponding Poisson transform coincides with
the one developed in [Po7] in the particular case when T = [Th,...,T,] is a row

contraction.

Let J C F>®(wq) be a w*-closed ideal of F*(w,). Define M; := JF? and
Ny :=F*S M. Since J is a right ideal,

(2.6) {eWi,....Wy)eg: p € J}

is dense in M j; and since J is a left ideal, N'; is invariant under W}, ... W}*. For
each k < n,let By = Py, Wkin, be the compression of Wy to ;. Since Ny is semi
invariant under the W;’s, we have that B, = Py, Wa|ar, for any a € F}.

The following result is an extension of Theorem 3.7 from [APo2] to our setting.

Proposition 2.5. Suppose that T = [T1,...,T,] are operators in B(H) that satisfy
(P) and (Co) and that J C F™(ws) ts a WOT-closed ideal of F™(wy) such that
for each o € J, p(Th,...,T,) = 0. Then, for every h € H, Krh € N; @ H.
Moreover, the map @7 j: B(Nj) = B(H), defined by @7 j(A) = K5(A @ Iy)Kr,
18 w*-continuous, unital, completely positive, and satisfies CIDTJ(BQB;) = T.Tj for

every o, 3 € Ff', where B, = Py, Wa v, 18 the compression of Wy to Ny
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Proof. For any polynomial p = Eﬁ bges in F?(H,) and h,h' € H, we have

1
Ve
1
Ve

Since the F*° (w4 )-functional calculus is WOT-continuous and P(w ) is WOT-dense

in F>(wq) we infer that

(Kph,p(Wi,...,Wa)eo @h') = > ba(DT;h,B')

«

. 1
> ba(h, ToDh') =

(h,p(Ty,..., Tq)DR').

€

1
Vwe

for every o(Wh,...,W,) € F>®(wy). Hence, (Krh,o(Wi,...,Wy)eq @ h') = 0
whenever ¢ € J. According to (2.6), we conclude that Krh € (M ;0H)L = N 0H
and therefore, K7 = (Pyr, @ I) K. Since Ny C F? is invariant under Wy, ... W/
and BoBj; = Px,WoWj|n, for a, 8 € Ff, it follows from (2.3) that

(Kph, o(Wh,...,Wa)eo @ B') = ——(h,o(T\, ..., T,)Dh')

T.T5 = KH(WaWj @ I Kr = Ki(Px, @ I) (Wa W5 @ In)(Py, © I Kr
= IG5 ( P, Wo W5 Pa, @ In)Kr = K3(Bo By © In) K

for every a, 3 € Ff. This complets the proof. B

Let us remark that if 7' = [Ty,...,T,] has property (P) and its Poisson kernel
K, takes values in N; @ H for every 0 < r < 1, then there is a unital, completely
contractive linear map ® : C*(By,...,B,) — B(H) satisfying ®(BoBj) = To T}
for all a, 8 € F}. The proof is similar to Remark 3.2 from [APo2], so we omit it.

3. Isometric representations of quotient algebras

In this section we obtain representation theorems for quotients of F>°(w,) and
the space of multipliers of some weighted Hardy spaces on the unit ball of C*. We
need the following result from [APo2].

Proposition 3.1. Let A be a w*-closed unital subalgebra of B(H) and let J C A
be a w*-closed, 2-sided ideal. Then there exists £ C H @ o such that the map
T AlJ — B(E) defined by (I\/(a—I—J) = Pe(a®@1y,)|e 15 a w*-continuous, completely

1sometric representation.
The map that sends Y € B(F?) to Y @ I, € B(F? @ (3) is unital, completely

positive, and WOT-continuous. Then it follows that (Wi ® Iy, ..., W, ®@1,] satisfies
(P) and (Cy).
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Theorem 3.2. Let J C F™(w,) be a w*-closed ideal of F*(wy). Then the map
U F®(wq)/J — B(Nj) defined by

(oW, ..., Wy)+J)=Prn,o(Wh,....Wo)ln,

18 a w*-continuous, completely isometric representation.

Proof. We will first show that ¥ is a w*-continuous map. Let @y + J be a net
that converges to ¢ + J in the w*-topology of F>*(wy)/J and let X € c¢1(N7y)
be an operator in the trace class of Nj. Since tr(nX) = 0 for every n € J, X
induces a w*-continuous linear functional on F™>(wy)/.J, given by (¢ + J, X) :=

tr(Pa, éla, X), ¢ € F®(w,). Hence, we check that
tr(V(e+ J)X)=(p+J,X) = 1i£n<<,o>\ +J,X)= liintr(\ll(c,m\ + JJ)X).

This shows that U is w*-continuous. Applying Proposition 3.1 to F>®(wy)/J, we
find a w*-continuous, completely isometric representation T F>(wy)/J — B(E).

For each kK =1,...,n, define
Ty := \/I\/(Wk + J) = PcWiL ® Ig2|g.

Then, for h € &, <Tngh,h> = HTEhH2 = HPg(WE ® IgQ)th < H(Wg ® 142)hH2.
This shows that

(3.1) TsTh < Pe(Wy @ 10, ) (W) @ In,)|e  for every (€},

When 3 = e, the two sides of (3.1) are equal to each other, and when 3 € F}\{e},
ag < 0. Hence, for every N > 0,

S Ty ng( 3 aﬁ<wﬁ®h2><wg®f@>)|€ > 0,
[BI<N 18|<N

which shows that T' = [T1, ..., T,] satisfies property (P). It follows from (1.7) that
> ap=y 28 < 0 whenever |y| > N. Hence,

la]<N “a
@ a
Pe ) [Z w_ﬁ](Wv®Iéz)(W$®Ie2)|s§ > [Z w—ﬁ]TyT*<0
= N iz

Since (W1 @1y, ..., W,®@I,,] has property (Cp) it is easy to see that T = [T, ..., T},]
has the same property.
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For any polynomial p € P(wq), (I\/(p +J) = p(Th,...,T,). Since T is w*
continuous, \/I\/(c,o +J) =e(T1,...,T,) for every p € F>(wy). Hence, if ¢ € J, it
follows from Proposition 3.1 that ||p(Ty,...,Ts)| = H\/I\/(c,o + J)|| = dist(e,J) = 0.
By Proposition 2.5, there exists a w*-continuous map @7y : B(Ny) — B(€) such
that @7 j(Ba) = T, for every a € F}, where B, = Py, W, |, is the compression
of Wy to Nj. Then U(Wy + J) = Ty = &7 5(Ba) = @770 U(W, + J) for
every o € F. Using the w*-continuity of the these maps, we obtain the following

commutative diagram

o~

Fo(wa))] —Ys B(&)
T\, S ®r
B(N7)

Since &7 5 and ¥ are completely contractive, and since T is completely isometric,

we conclude that ¥ is completely isometric. B

Let W(By,...,B,) be the w*-closure of the algebra generated by By,...,B,
and the identity (recall that By = Py, Wi|n, for k < n).

Proposition 3.3. W(By,...,B,) = U(F>(w,)/J).

Proof. Since ¥ is a w*-continuous isometric representation, @(Foo(wa)/tﬂ s a w*-
closed subalgebra of B(N) (see [R, Theorem 4.14]) that contains By, ..., B, and
the identity. Then it follows that W(B1,...,B,) C @(Foo(wa)/J»

Since the set {p(Wy,..., W)+ J : p € P} is w*-dense in F>®(wy)/J and
U(p(Wh,....,.Wy)+J)=p(B1,...,By), we conclude that {p(B1,...,B,):p € P}
is w*-dense in Q(Foo(wa)/J» Hence, @(F“(w@/J) CW(By,...,B,). 1

The proof of the following result is similar to [APo2, Theorem 4.5], so we will

omit it.

Proposition 3.4. Let T = [Ty,...,T,] be an n-tuple of operators satisfying prop-
erty (P) and (Cyo), and let

Ur: F®(wy) = B(H), Yr(f(Wi,....W,)) = f(Ty,....Tn),

be the F>°(wq)-functional calculus associated to T. If J is a WOT-closed, 2-sided
ideal of F™°(wy) with J C KerWr, then the map

\I/TJ : W(Bl, Ce Bn) — B(H), \I/TJ(f(Bl, Ce ,Bn)) = f(Tl, ce ,Tn),
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185 a WOT-continuous, completely contractive homomorphism. In particular, for

any f(Wi,...,Wa) € F*(wa),
Hf(Tlv 7Tn)H S Hf(Blvan)H = dlSt(f(Wthn)vJ)

We will now describe the quotients of W(By,...,B,). Let I C W(By,...,B,)
be a w*-closed, 2-sided ideal of W(By,...,B,). Then $=(I) = 1/J, where

I=1{p(Wy,....W,) € F¥(wa) : ¢(By,...,B,) € I}

is a w*-closed, 2-sided ideal of F™(w,) that contains J. For each k& < n, let
Dy = PNTWk|N7 be the compression of Wy to NT'

Proposition 3.5. The map ® : F>®(w,)/I — W(By,...,By)/I defined by
@(@(Wl,...,Wn) —|—7> = @(B1,...,Bp)+ 1

18 completely 1sometric, w*-continuous, and onto. Therefore, by Theorem 3.2,

W(Bi,...,By)/I is completely isometric to W(Dq,...,Dy).

Proof. It is easy to see that ® is a well defined w*-continuous operator.
Define Q : F>®(wy)/J — F®(wa)/T and 7 : W(By,...,B,) — W(By,...,B,)/I
by Q¢ +J) = ¢ + I and 7(¢(By,...,By,)) = ¢(Bi,...,B,) + I. Consider the
following commutative diagram

Fowa)/d —Ys  W(BL,....By) Y F®(wa))J

‘| g ‘|

Fowa)/T —2 W(B.,....B)/T 2 F(w)/T.

Since () and 7 are completely contractive, and ¥ and ¥ ™! are completely isometric,

it follows that ® and ®~! are completely contractive. H

Now, let us consider some consequences of Theorem 3.2. When n = 1 and
wo = 1 for every a € Ft, F%(w,) is the classical Hardy space H? and F™>(w,) is
the analytic Toeplitz algebra H>. In this case W) is the unilateral shift on H?2.

Corollary 3.6. [S] Let J C H®™ be a w*-closed ideal of H*. Then the map
U : H>®/J — B(N;) defined by ¥(o + J) = Par,o(Wh)|n, 15 a w*-continuous

completely 1sometric representation.

When n > 2 and w, = 1 for every a € Ff | F?(w,) is the full Fock space F? and
F>(wy) is the non-commutative analytic Toeplitz algebra F*° (see [Po4]). The

operators Wy,... W, are now the left creation operators on the full Fock space

F
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Corollary 3.7. ([APo2] and [DP3]) Let J C F™ be a w*-closed ideal of F*°. Then
the map U : F*/J — B(Nj) defined by ¥(o + J) = Pyn,o(Wi,...,Wo)|n, is a

w*-continuous completely isometric representation.

When n = 1 and w, = |a| + 1 for every a € F} | F?(w,) is the reproducing
kernel Hilbert space with kernel on D given by

— 1 1 1
I,r — = Tlfn:_]- .
U(z,w) nz:%wnz w o og<1_2w>

F>°(wy) is the Dirichlet algebra D, which is the space of multipliers of K.

Corollary 3.8. Let J C D be a w*-closed ideal of the Dirichlet algebra D. Then
the map W : D/J — B(Nj) defined by V(p+.J) = Py, o(W1)|n, s a w*-continuous

completely 1sometric representation.

We shall consider now the particular case when w, = Wla|- Let J4 C F>(wy)
be the w*-closed, 2-sided ideal of F*°(w,,) generated by {W,W; — W,; W, : ¢ # j}.
It is not hard to check that A, is the symmetric Fock space F3. For j < n, let
B; = Pfin|fi be the compression of W; to FZ, and let W(By,...,B,) be the
w*-closure of the algebra generated by By, ..., B, and the identity. It follows from
Proposition 3.3 that W(By, ..., By) can be identified with F*(w,)/J4.

Let B,, be the unit ball of C*. The weighted Hardy space H?(B, ,ws), where
wp = wq if |a] = k, is the Hilbert space with complete orthogonal system
{z7:~v €Z" ~v >0} and weights
7’

Yo\ — I
<Z ) % >_w|7||7|,7

where, as usual, if v = (v1,...,7,) € Z"and~v; > 0foreachi < n, |y| =1+ +7n,
vl = ml-oal and 27 = 2.z The space of multipliers on H?*(B,,,wy) is

denoted by M(wyg). It consists of all functions f € H*(B,,wy) such that

[ £llee = sup{llfgllz : g € H*(Bu,wi), [lgll2 < 1} < oo

Notice that || f||leo coincides with the norm of My in B(H?*(B,,wy)), where My is
the operator on H?(B,,,w;) defined by My(g) := fg. For more information on
M(wy) we refer to [Aro] and [CM]. A standard argument shows that the space
of multipliers M(wy,) of H?(B,,ws) is unitarily equivalent to W(By,..., By) (see
[Ar2] and [DP3]).

By Proposition 3.3 and Proposition 3.5 we obtain the following.
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Corollary 3.9. Let I C M(wg) be a w*-closed ideal of M(wy) and let N; C
H?(B,,,wy) be the orthogonal complement of the image of I in H*(B,,,wy). Then the
map ¥ : M(wi)/I — B(NT) defined by U(f(z1,....2n) + 1) = PnyMy(ey e v

18 a w*-continuous completely 1sometric representation.

Remark 3.10. The techniques used to prove Theorem 3.2 apply to other algebras.
The same proof gives that if A is a unital w*-closed subalgebra of B(H), with the
property that for every semi invariant subspace &€ C H @ (5 under A ® I, there
exists an isometry V : &€ = H ® (5 such that

V¥ (a® ;) = Pe(a®I,)PeV*  for every a € A,

then Uy : A/J — B(N) is completely isometric. It follows from arguments in
[Mcl] and [Mc2] that some singly generated finite dimensional subalgebras of My
satisfy this property.

4. Interpolation problems
In this section we present some consequences of Section 3 to interpolation. We
will use Theorem 3.2 to deduce Carathéodory’s and Nevanlinna-Pick’s interpolation

theorems on the weighted noncommutative analytic Toeplitz algebra F*°(w,).

We need some preliminaries. For each A = (Aq,...,\,) € B, define
> =
Zy\ = afa-
aE]Ft Wa
According to the condition (ws) from Section 1, one can see that Eaeﬂﬁ— wix\aea

is in F?. Since Zaeﬂ?i Aa€a € F?, it is clear that zy € F? for any A € B,. For any
(Wi, ..., W,) = Zaeﬂ?i boWy in F>®(wy) and every A = (A1,...,\,) € B, we
have

(4.1) (p(Wr,...,Wh)eo, zx) Z bo — ea, Z
aE]F+ aE]F+

o(\).

\/_

aE]F+

On the other hand, according to (1.8), we infer that Wzy = A2y, and hence,

(4.2) (Wi, ..., Wo) za = ©(N)za

for every A € B, and o(W1,...,W,) € F®(wq,).
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Given A € B,, a scalar matrix A € M(C), and an operator matrix
O = [pi;(Wh,...,Wy)] in Mp(F®(wq)) = F®(wa) @min My, one can use (4.2)
to show that ®(\) := [¢;;(A)] = A if and only if

(4.3) P (zy @) = 2\ @ A*z  for any z € (5.

Let us remark that, according to (4.1), for every A € B,, the linear map
Dy : F¥(wy) — C, defined by ®x(p(Wi,...,W,)) = ¢(N), is w*-continuous and
multiplicative. Notice that if puq,...,un € B, are distinct points, then

Ji={o(Wi,...,Wa) € F¥(wa) : p(p1) = ¢(p2) = -+ = ¢(un) = 0}

is a w*-closed, 2-sided ideal of F*°(w,). Using (2.6) and (4.1), we deduce that
Ny =span{zu,. .., 2upn |-
We shall prove now the Nevanlinna-Pick interpolation theorem on weighted non-

commutative analytic Toeplitz algebras.

Theorem 4.1. Let p1,...,un € B, be N-distinct points, and let Ay,..., Any € My
be k x k matrices. Then there exists ® = [p;;(Wr,...,Wy)] in Mp(F>(wa)) such
that [|®|| < 1 and ®(u;) = A; for « < N if and only if the matriz

[(2pis 20y ) (e — AGAT)]i <

18 positive semidefinite.

Proof. Suppose that there exists ® = [p;;(Wq,... ., Wy)] € Mp(F>(wq)) such that
[®]] < 1and ®(p;) = A fori < N. Let T'= (Pn, @145 )® |, 05 be the compression
of ® to Ny @ (5. Hence, (T*h,T*h) < (h,h) for every h = 3. .y 24, @a; in Nj@ (5.
According to (4.3), we obtain )

Z <Zﬂi7zﬂj><Ajiji7xj> < Z <Zﬂi7zﬂj><xi7xj>7
i <N i <N
and conclude that [(z,;, z,; )(Ir — A;AT)]i j<n is positive semidefinite.

Conversely, suppose now that [(z,,, z,; )({x — A} Ai)]i j<n is positive semidefinite.
Then, the operator T on Nj @ (5, defined by T*(z,, ® z) = 2z,, @ Atz for i < N
and x € (% satisfies |T|| < 1. Similarly to Lemma 5.4 of [APo2], we can find
U = [0y (Wh,...., W) € Mp(F*(wa)) such that T = (Pn;, @ I )¥|nr, 00 By
Theorem 3.2, there exists ® € M (F>(wq)) such that (Pa;, @ L )®|nr, 0 = T and
||| = |T|| < 1. Using (4.3), we obtain ®(u;) = A; for every t < N. W
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Remark 4.2. Since every operator in B(H) can be approzimated in the w*-topology
by matrices, Theorem 4.1 remains true for Ay,..., Ay € B(H).

Notice that Theorem 4.1 implies Nevanlinna-Pick interpolation theorems in H >
(see [N] and [Pic]), in F*> (see [APo2] and [DP3]), in the Dirichlet algebra D (see
[Q]), and in the space of multipliers M (wy,) of the weighted Hardy space H? (B, ,wy)

(see [Q])-

Now we shall deduce from Theorem 3.2 the Carathéodory interpolation theorem
on F>®(wy). For each N > 1, let Jn be the w*-closed, 2-sided ideal of F™(w,)
generated by W, |a| = N. It is easy to see that N, = span{e, : |a| < N}.

Theorem 4.3. Let p € P, with deg(p) < N. Then
dist(p(Wh, ..., Wa), Jn) = || Prny, p(Wi, oo W) s |-

Let us remark that Theorem 4.3 recovers the classical Carathéodory’s interpola-
tion theorem on H* (see for example [S]), and on F*° (see [Po6]). It also implies
Carathéodory interpolation theorems in the Dirichlet algebra and in the space of

multipliers M (wg) of the weighted Hardy space H*(B,,,wy) (see [Mcl] for n = 1).
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