NONCOMMUTATIVE INTERPOLATION
AND POISSON TRANSFORMS

ALVARO ARIAS AND GELU POPESCU

ABSTRACT. General results of interpolation (eg. Nevanlinna-Pick) by elements in the
noncommutative analytic Toeplitz algebra F'*° (resp. noncommutative disc algebra
Ap) with consequences to the interpolation by bounded operator-valued analytic
functions in the unit ball of C* are obtained.

Non-commutative Poisson transforms are used to provide new von Neumann type
inequalities. Completely isometric representations of the quotient algebra F°°/.J on
Hilbert spaces, where J is any w*-closed, 2-sided ideal of F'°°, are obtained and used
to construct a w*-continuous, F'*° /J—functional calculus associated to row contrac-
tions T = [T4,...,Tx] when f(T1,...,Tn) = O for any f € J. Other properties of
the dual algebra F'°° /.J are considered.

In [Pob], the second author proved the following version of von Neumann’s in-
equality for row contractions: if 71,...,7, € B(H) (the algebra of all bounded
linear operators on the Hilbert space #) and 7' = [T1,...,T,] is a contraction, i.e.,

Yor  TiTy < Iy, then for every polynomial p(Xi,...,X,) on n noncommuting

indeterminates,
(1) ||p(T1a ey Tn) ||B('H) S ||p(Sla ey Sn) ||B(.7'-2)’
where Sp,...,S, are the left creation operators on the full Fock space

F? = F2(M,) (we refer to Section 1 for notation and background material).

As in [Pob], the noncommutative disc algebra A,, is the norm closed subalgebra
in B(F?) generated by S1,...,S, and the identity, and the Hardy (noncommuta-
tive analytic Toeplitz) algebra F'*° is the WOT-closed algebra generated by A, in
B(F?).

It was proved in [Po8] that if T'= [T, ...,T,] is a contraction, then the map

Sr : C*(S1,...,58,) = B(H); ®p(Siy---S:i,85, ---S:)=T5, - T;, T T,

ik J1 Jp ik Ji Jp
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1 <i1,...,%,j1,.-.,Jp < n,is a completely contractive linear map, and ®r|4, is
a homomorphism. An elementary proof of this as well as an extension to a more
general setting was obtained in [Po9], by the second author, using noncommutative
Poisson transforms on C*-algebras generated by isometries (we refer to Section 3
for a sketch of the proof).

Let J be a closed, 2-sided ideal of A, with J C Ker ®p and let A; be the
orthogonal of the image of J in F2. For each i = 1,...,n, let B; := Py, Si|n;-
Using noncommutative Poisson transforms [Po9], we will prove in Section 3 that,
for a large class of row contractions 7' = [T, ..., T,] (including Cy-contractions),
there is a unital, completely contractive, linear map ® : C*(By, ..., B,) — B(H)
such that

®(Bi, -+ By, B}, -+ B} ) =T, - T, T}, - T},
1<d, ot J1, - Jp S 1

The noncommutative dilation theory for n-tuples of operators [Fr], [Bu], [Pol],
[Po2] was used in [Po6] to obtain an F'*°-functional calculus associated to any
completely non-coisometric contraction (in short cn.c.) 7 = [T1,...,T,]. More

precisely, it was shown that the map Wy : F*° — B(H) defined by
Ur(f) = f(Th,...,T,) :== SOT- lirq FrTy, ... rTy)
r—

1s a WOT-continuous and completely contractive homomorphism. We will show

that if J is a WOT-closed, 2-sided ideal of F'*° with J C Ker ¥p, then the map
p(Bl, .. ,Bn) '—)p(Tl, .. ,Tn)

can be extended to a WOT-continuous, completely contractive homomorphism from
W(B1,...,By), the WOT-closed algebra generated by the compressions
B; := Pn,Siln,, i=1,...,n, to B(H).

Let us recall that F'*° has A (1) property (see [DP1]), therefore the w* and WOT
topologies coincide on F*°. An important step in proving the above-mentioned
results is an extention of Sarason’s result [S] to F'*°. More precisely, we will show

that if J is a WOT-closed, 2-sided ideal of F°°, then the map
U F*®/]—= B(Ny), Y(f+J)= Py, fln,

1s a w*-continuous, completely isometric representation. In particular, for every
fer,
dist(f, J) = [|1Pa FING -



INTERPOLATION AND POISSON TRANSFORMS 3

We present in this paper two proofs of this result: one is based on the noncom-
mutative commutant lifting theorem [Po3] (see [SzF] and [FFr] for the classical case)
and the characterization of the commutant of Sy, ..., .S, from [Po7], and the other
is based on noncommutative Poisson transforms [Po9] and representations of quo-
tient algebras. This is a key result which leads to the noncommutative interpolation
theorems of Caratheodory (obtained previously in [Po7]) and of Nevanlinna-Pick
in the noncommutative analytic Toeplitz algebra F'*°. Let us mention just one
consequence of our results to the interpolation by bounded analytic functions in
the unit ball of C*. We will show that if A;,... Ay are k distinct points in [, , the
open unit ball of C*, W1,..., W, € B(K) (K is a Hilbert space), and the operator
matrix

Iie = Wiy
[ 1 - </\ja Ai) :|z',j:1,...,k
1s positive definite, then there is an operator-valued analytic function

F : B, — B(K) such that

sup [|[F(Q)]| <1 and F(N\) =W;
CEBR
forany j=1,...,k.

In fact, we obtain more general results of interpolation by elements in F'*° (resp.
Ap) with consequences to the interpolation by bounded analytic functions in the
unit ball of C*.

We take this opportunity to thank Gilles Pisier for useful comments on this
paper.

After this paper was submitted for publication, we received a preprint from
Davidson and Pitts [DP3], which has significant overlap with Section 2 of our paper.
The principal overlapping parts are Theorem 2.4, Theorem 2.8, and Corollary 2.10.

However, our proofs are quite different.

1. Notation and preliminary results
Unless explicitly stated, n stands for a cardinal number between 1 < n < Ny.

Let H, be an n-dimensional Hilbert space with orthonormal basis e1,e9,... €,.

We consider the Full Fock space [E] of H,,

F=FMn) = PHI,

E>0
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where HZ® = C1 and HE* is the (Hilbert) tensor product of k copies of H,. We
shall denote by P the set of all p € F?(H,) of the form

p=ap+ Z Ajyip€iy €, @ Re,, meEN,

where ag, a;,...;, € C. The set P may be viewed as the algebra of the polynomials
in n noncommuting indeterminates, with p® ¢, p, ¢ € P, as multiplication. For any

bounded operators 17, ...,7T,, on a Hilbert space H, define
p(Lr, . Th) = aly + Y aiy i, 1Ty - T,

Let ' be the unital free semigroup on n generators g1, ..., g, and the identity

e. For each o € F¥ | define

1

e ._{6i1®6i2®"'®6m if o= g, 9iz - i
“ if a=e.

bl

It is easy to see that {e, : a € F;f '} is an orthonormal basis of F?. We also use [}

to denote arbitrary products of operators. If T1,..., T, € B(H), define

{ 5T, Ty, fa=g0, i,
Ty =

Iy, ifa=ce.
The length of o € F} is defined by |a| = k, if @ = g;,9i, - - gi,, and |a| = 0, if

a =e. For each 7 = 1,...,n, the left creation operator
S;: F? = F? s defined by Sitp =e; @1, W € F.

It is easy to see that Sy, ..., S, are isometries with orthogonal ranges. As in [Pob],
A, is the norm closure of the algebra generated by Sy, ..., S, and Ir2, and '™ is
the weak operator topology closure of A,,. Alternatively, we let F°° be the set of
those ¢ € F? such that

lelles :=sup{lle @ pll2 : p € P, ||pll2 < 1} < 0.

For ¢ € F define ¢(S1,...,5,) : F2 — F2 by ¢(S1,...,5:)¢ = ¢@¢. The norm
[l¢|leo coincides with the operator norm of ¢(Sy,...,S,). Tt will be useful later to
view ¢ € F°° as being an element in F'*° and conversely. With this identification,

A, is the closure of P in the || - ||oo-norm.
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We need to recall from [Po7] the characterization of the commutant of S, ..., .S,.

Define the flipping operator U : F2 — F? by
Ule;; @€, @ ®e5,) =€, @@ e, @ e,

and let ¢ := Up. It is easy to see that U is a unitary operator, which satisfies
Ulpoy) = Y@@, and U2 = I. An operator A € B(F?) commutes with Sy, ..., S,
if and only if there exists ¢ € F* such that Ah = h® (;NS, h € F?. Notice that
A=U*¢(Sy,...,5,)U.

In [Po2], the second author defined ¢ € F* to be inner if ¢(S1,...,S,) is an
isometry, and outer if ¢(S1, ..., Sy) has dense range. A complete description of the
invariant subspace structure of F°° was obtained in [Po2] (even in a more general
setting), using a noncommutative version of the Wold decomposition (see [Pol]).
A family of inner operators {¢; : i € I} is called orthogonal, if whenever i # j,
F? @ @; is orthogonal to F? @ @;; or equivalently, ¢; @ F? is orthogonal to ¢; @ F2.
It follows from [Po2; Theorem 2.2] that a subspace M of F? is invariant under
Si,..., Sy if and only if M = ;¢ F? ® @;, for some family of orthogonal inner
operators.

The second author obtained in [Po4] an inner-outer factorization which implies
that any n € F° can be factored as n = ¢ ® 9, where ¢ is inner and % is outer.
The same factorization result was proved for elements of F? in [APo], where n € F?
was said to be outer if there exists a sequence of polynomials p, € P such that
Y @ pn, — 1 in the norm of F? (this last result was also obtained recently in [DP1]).
Let us mention that we proved in [APo] that the noncommutative analytic Toeplitz
algebra in n noncommuting variables F°° is reflexive. Recently, Davidson and Pitts
[DP1] proved that this algebra is hyper-reflexive. They also studied in [DP2] the
algebraic structure of F°° (in their notation £,).

Now let us recall some general facts about duality in Banach spaces. Let X be
a Banach space with predual X, and dual X* and let § C X. The preannihilator
of Sin X, is the set 1S = {f € X, : (f,z) = 0 for all z € S}, and the annihilator
of § in X* is the set St = {f € X* : (z,f) =0 for all x € S}. If S is w*-closed,
it is well known that (+9)* = X/S, (18)t =8, (X./18)* =8, and (+8)* = St
(see [Ru]).

The predual of B(#) is the space of trace class operators ¢1(H), under the trace
duality. That is, if T € ¢;(H) and A € B(H), then (T, A) = tr(TA). A w*-

closed subspace S of B(H) has property A; if for every w*-continuous linear map
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f:8 — C there exists h, k € H such that for all T € S, f(T) = (Th, k). Moreover,
if for every € > 0, h and k can be chosen so that ||h]|[|k]] < (1 + €)]|f|], S has
property Aj (1) (we refer to [BFP] for more information). If n > 2, Davidson and
Pitts [DP1] proved that F°° C B(F?) has property A; (1), and Bercovici [B] proved
that My (F>°) has property A; (1) for each k > 1 (i.e., F'*™ has property Ay, (1)).
We refer to [Arl], [P], and [Pi] for results on completely bounded maps and

operator spaces.

Let J be a WOT-closed, 2-sided ideal of F*° and define

My=lp@ . pe e fz}'l'lh, and
Ny =2 o Mjy.
Recall from [S] that a subspace A* C # is semi-invariant under a semigroup of
operators ¥ C B(H) if for every T1,Ts € ¥, PyT1 Py To Py = PyTiTo Py Tt is well
known that if A7, o are invariant subspaces under ¥ and Ny C N then N7 © N>

1s semi-lnvariant under X.

Lemma 1.1. If J is a WOT-closed, 2-sided ideal of F'>°, then the subspaces N

and UN are invariant under S, i =1,2,...,n.
Proof. Since J is a left ideal, M is invariant under Si, ..., S, and, hence, Ny is in-
variant under ST, ..., Srk. Moreover, since J 1s a right ideal, the set

{p : p(51,...,5,) € J} is dense in M. Similarly, one can prove that UN is

invariant to each S7, ¢ =1,2,...,n. &

Proposition 1.2. Let J be a w*-closed, 2-sided ideal of F> and g € +.J C (F*)..
For each € > 0, there exist 1,¥2 € Ny satisfying ||¥1]|2]¥z]l2 < (1 + €)]|g|] such

that for every n € F™, g(n) = (n ® ¢¥1,¢2). Conversely, if ¥1,¢2 € Ny and
g(n) = (N @ 1, 4a) for any € F™, then g€ +J.

Proof. Let ¢ € 1J C (F™). and let ¢ > 0. Since F'™ has the A;(1) property,
find @1, 02 € F? satisfying ||¢1|]2]|¢2(l2 < (14 €)[lg]| such that for every & € F°°,
(9,€) = (£ @1, pa2). Factor p1 = 11 ® 2, where 77 is outer and 72 is inner. Hence,
there exist a sequence of polynomials p,, € P such that p, ® 71 — 1 in the norm of
F2 and F? @1 is a closed subspace of F%. Let P,, be the orthogonal projection

onto F2 @1, and write Py, s = ¢2 @1 for some ¢» € F2. Then for each £ € F>,

9(&) = €@ w1, p2) = (@M @ N2, p2) = (P (E D m @1m2), 02)
= (@M @ N2, Pyy(p2)) = (€@ m @ 12, Y2 @ n2) = (€ @ m1, ).
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The last equality follows because the operator on F? that multiplies from the right
by 72 is an isometry (this is the equivalent to 7, inner).

We will show that ¢s € Ny. Let £ € J. Since J is a right ideal, £ @ p, € J for
each n. Hence, 0 = g(£ @ pn) = (£ @ pn @ m1,¥2) = (£, ¢2). Therefore, (&, 19) = 0.
Since {¢ € F? : p(S1,...,5,) € J} is dense in M we conclude that 15 € Nj.

Recall that Ay is invariant under S* and let ¥; = Py, (11). For each a € F|

glea) = (ea @ n1,¥2) = (1, S5 (Y2))
= (m, Pn; S5 (¢2)) = (P, (m), S5, (¢2))
= (Y1, 9, (¥2)) = (ea @ 1, 12).

The converse is straightforward. This completes the proof. B
As a consequence of Proposition 1.2, we obtain the following.

Proposition 1.3. For every ¢ € F™ dist(p, J) = ||Pxv,¢(S1, ..., Sn)|ay |- Con-
sequently, the map ® : F*°/J — B(N;) defined by ®(o+J) = Prr,0(S1, ..., Sn)|w,

15 an isometric homomorphism.

Proof. Tt 4 € J it is clear that Par,¢(S1,...,Sy)|n, = 0. Hence, for every ¢ € F*°,
1Pars (S - -5 S) L || < dist(, J).

Suppose now that ¢ € J. Since (+J)* = F*°/J, for every ¢ > 0 there exists
feLJ,||fll < 1such that |f(p)| > dist(y, J) — €. By Proposition 1.2, there exist
£1,&2 € Ny such that ||€1]]2]|€2]l2 < 1 and f(¢) = {©(S1,...,5n)&1,&2). Hence,

[|Par,0(S1y .-y Sn)|aryl] = dist(p, J) — €. Since € > 0 is arbitrary, we finish the
proof. B

It should be noted that Proposition 1.3 is all one really needs to obtain the scalar

version of Caratheodory or Nevanlinna-Pick interpolation in F°°.

We know from [Pob], [Po6] that the set P of all polynomials in Sy, ..., S, is
WOT-dense in F°°. Indeed, if f = Zae]ﬁ"f{ @n€q 1sin F and f, := Zae]ﬁ’j{ rlela e,
for any 0 < r < 1 then SOT-lim, 1 fr = f and || f;]]cc < [|fllec (see [Po6]). On the
other hand, f. € A,. Indeed, since || Zlalzk aeSel| = (Zlalzk |aa|2)1/2, we have

oQ oQ

ZrkH Z aoSel| :Zrk( Z |aa|2)1/2
|

k=0 || =k k=0 a|=k

= O ™M)l

k=0
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Therefore, Zae]ﬁ"f{ rlolg, S, converges in norm, so that f, € A,. Taking into ac-
count that P is norm dense in A, the result follows.

We will use the same notation as above if J is a closed, 2-sided ideal in A,,.

Lemma 1.4. Let J C A, be a 2-sided ideal of A,, and let J, be the WOT-closed,
2-sided ideal generated by J in F>. Then J, = JWVOT and Ny, = Ny.

Proof. We mneed to show that JWOT is a 2-sided ideal in F°. Consider
Vo€ F, feJWOT and let {g;} C J be anet WOT-convergent to f.

Since J is a 2-sided ideal of A, ¢,g;¢ € J for any r,r’ € (0,1) and any <.
Using the remarks preceding this lemma, it is easy to see, by taking appropriate
limits, that ¢fv € JYOT. Now let us show that Ny, = Nj. Since J C Jy, it is
clear that Ny D Ny,. Let f € JWOT 4 € F? and choose {g;} C J such that
WOT-lim; g; = f. If x € N; we have

(e, F © 6) = lim{z, (1., S)) = 0.

Therefore, x € Ny, which proves that Ay C A, . This completes the proof. B

2. Non-commutative interpolation in F*°

Let H, K be Hilbert spaces and [ be a set of indices with dimX = card I = ~.
Denote © H = ®ierH; where H; := H, and notice that, under the canonical
identification &, = H @ K (Hilbert tensor product), each operator X € B(H @
K) can be seen as a matriz of operators in B(H), e, X = [Xaplaper with
Xaop € B(H). For any U C B(H), we denote

My (U) = {[uap] € B(ByH) : uap €Us, f €T}

It is clear now that {u ® Ix; u e U} = M, (U') (where ' stands for commutant).
Let us recall from [Pol] that T = [T3,...,T,] is called Cy-contraction if T' is a

contraction and

2.1 T- L T, T =0.

(2.1) SO Jim Z =0

— 00
a€lf |a|=k

For example, if >_"_, ;17 < ply for some 0 < p < 1, then [T1,...,T,] is a Cop-
contraction.

The following result is an extension of Sarason’s result [S] and a consequence of
the noncommutative commutant lifting theorem [Po3] and the characterization of

the commutant of {S7,...,5,} from [PoT].
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Theorem 2.1. Let K be a Hilbert space with dimK = 5 and let N C F? be
an invariant subspace for St,...,St. If T € B(N ® K) commutes with each
Xi = PySiln®@Ic, 1=1,2,...,n, then thereis ®(S1,...,S,) := [¢pa,s(S1, ..., Sn)]
in M, (F°) such that ||®(S1,...,5)| = ||T| and

PN®K[U*¢045(51’ .. aSn)U] = TPN(X)Ka

where Pyxgx is the orthogonal projection of F? @ K onto N @ K, and U is the
flipping operator on F?2.

Proof. Since Sf|y = B, i=1,2,... n,itis clear that [PyS1|n, ..., ParSnln] is a
Cy-contraction and, according to [Pol], its minimal isometric dilation is [Sy, .. ., Sy].
Therefore, the minimal isometric dilation of [Xy,..., X,] is [S1 @ Ix,..., 5, @
Ic]. According to the noncommutative commutant lifting theorem [Po3], there is
Ae{S;®Ix;i=1,2,...,n} such that ||A|| = ||T]| and A*|argxc = T*. Therefore,
there exists aqn g € {S1,...,5:.} such that A = [ang] € M,({S1,...,5.}) C
B(®4F?). Using the characterization of the commutant of {Si,...,S,} from
[Po7], we find ¢op € F™ such that anp = U*¢ap(Si,...,5:)U, where U is
the flipping operator on F2?.  Therefore A = [U*¢as(St,...,S,)U] and
T =[PvU*¢ap(S1,...,5)U|x]. W

Notice that if n = 1 we find again Sarason’s result [S].

Lemma 2.2. Let T; € B(H) be such that T := [T1,...,T,] is a Cy-contraction
and let fo5(S1,...,5) € F® a,8 € I, be such that [fap(S1,...,Sn)]a,per is in
B(®+F?) (y=-cardl). Then [fo5(Ti,...,T,)] € B(ByH) and

s (T1, - T < N[ fap (St - -5 Sl

Proof. According to [Pol], the minimal isometric dilation of T = [T},...,T,] is
[S1® Iz,..., 8, @ Iz] for some Hilbert space £. According to Theorem 3.6 from
[Pob], for any fag € F™, fag(Th,...,Tn) = Pu(fas(S1,...,Sn) @ Iz)|n. The rest
of the proof is straightforward. B

If ¢ = (&1,...,¢) € € s such that [¢] = (|G + -+ &G)H)Y? < 1, and
F(S1,...,5,) € F®, then, according to the F*-functional calculus [Po6], we in-
fer that |f(C1,...,Ca)l < ||F(S1,...,S0)||. Therefore, f(¢1,...,¢{,) is an analytic

function in B, . Moreover, we deduce the following.
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Corollary 2.3. If fop € F™, o, 8 €I, card] ==, and [fap(S1, ..., 5)]ager is
in B(®F?), then ®(C) := [fap(C)] s an operator-valued analytic function in B, .
Moreover, sup¢cp, RO < N fap(S1,---, Sa)ll-

A consequence of Theorem 2.1 is the following extension of the Nevanlinna-Pick

problem to the noncommutative Toeplitz algebra F*°.

Theorem 2.4. Let Ay, ... Ay be k district points in B, and let Wq,..., Wy be in
B(K), where K is a Hilbert space withdim K = . Then there exists ®(S1,...,S,) =
[ (51, .-, 50)] in My (F*), such that ||®(S1,...,5,)|| < 1 and ®(A;) = W;
j=1,2,...k, if and only if the operator matriz

(2.2) [M

- </\ja /\i> :|z',j:1,2,...,k
15 positive definite.
Proof. Foreachi=1,..., k let X; := (Ain, ..., Nip) € C* and, for o = g;,95, - - - 9.
in 5 let Ao = Aij1 Aijs - Aij,, and Ae = 1. Define
Zy; = Z Xinta, =12 ... n,
aEFi

and notice that, for any ¢ = Zaem"j{ aabo in F2 {d, 20,) = o(N).
If ¢ € F* then (¢, zx,) = (1,0(S1,...,50)%2x,), where Sq,..., S, are the left
creation operators on the full Fock space F2. It is clear that S} ;= inzxj for

anyi=1,...,n; j=1,..., k. Denote
No=span{zy; : j=1,... k}

and define X; € B(N ® K) by X; = PaxSi|a ® Ix. Since zy,,...,zx, are linearly
independent, we can define T' € B(N © K) by setting

(2.3) T (2x; @ h) = z2x; @ WSh
forany h € H, j=1,..., k. Notice that foreach ¢ = 1,...,k, TX; = X;T. Indeed,
XiT(on; @ h) = X7 (on; @ W/h) = STax, @ WA
= ini»\j @ W;h

and

T*X7 (2x, @ h) = T*(Njiza, @ h) = Njiza, © W h.
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Since A is invariant under S7, i = 1,..., n, according to Theorem 2.1, there exists
[fa,5(S1, ..., Sn)] € My(F>) such that Pyvgi [U*6a,s(S1,--.,Sn)U] = TPrnex,

and

(2.4) 16 p(Sr. . S = I

Let us show that ®(S1,...,5,) := [¢a (51, .., Sn)] satisfies ®(N;) = W, for any
j=1,...,k, if and only if

(25) [PNU*¢a,ﬁ(SlaaSn)U|N]:T

To prove this, notice first that U(zy,) = zx,, j=1,...,k, and

<¢oc,ﬁ(51a cey Sﬂ)’z)\j’ZAj> = ¢O¢,ﬁ(/\j)<z>\jaz>\j>'

Due to these relations, (2.3), and (2.5), it is easy to see that, for any j = 1,... k
and h, h' € K, we have

<[U*¢>a7@(51, .. .,Sn)U](Z)\j ® h), Z)\j ® h/> = <Z)\j,Z)\j><<I>(/\j)h, h/>
= <T(Z>\j ® h),Z)\j ® h/> = <Z)\j ® h,Z)\j ® W;h/>
= <z>\j,z>\j><W;‘h,h/>.
Now, it is clear that ®(A;) = W, for any j = 1,..., k if and only if (2.5) holds.
On the other hand, (2.4) shows that ||®(S1,...,S,)|| < 1if and only if ||T]| < 1.

The later condition is equivalent to
(9,9)— (179, 77g) > 0

for any g = Zle zx; ® hj in N @ K. This inequality is equivalent to

(2.6) Zk: (axis 2, (= WiW7)hi, hy) > 0,

i,7=1

for any h; € K. Since

<Z>\mz>\j> = ZA,(A]') = Z XiocAjoc

a€Fy
=14+ (A, ) + (g, 00)2 +
B 1
L=, A)

inequality (2.6) holds if and only if the matrix (2.2) is positive definite. This
completes the proof. W
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Corollary 2.5. Ifn = 1 we find again the Nevanlinna-Pick interpolation theorem
(see [Pic], [N]).

Notice that the proof of Theorem 2.1 works also for arbitrary families {A;};er
of distinct elements in B, , the open unit ball of C*.

Theorem 2.6. Let {A;};cs be distinet elements in B, and let {W;};e5 C B(K),
where K is a Hilbert space of dimension . Then there exists ®(S1,...,S,) in
M, (F®) such that ||®(S1,...,5)|| <1 and ®(X;) =W, for all j € J if and only

if
I — W;Wr >
S ) > 0
m?EJ< L= (A, M)

for any {h;}jeq C K such that {j : h; # 0} is finite.

Combining Theorem 2.4 with Corollary 2.3, we obtain the following sufficient

condition for interpolation in the open unit ball of C*.

Corollary 2.7. Let A1, ... A\; be k distinct points in B, and let W1, ..., Wy be in
B(K). If the matrix

1-W, W
(2.7) L= A o

15 positive definite, then there 1is an operator-valued analytic function
F: B, — B(K) such that

sup [|[F(Ol| <1 and F(N)=W;

forany 3 =1,... k.

Arveson [Ar2] showed that there are functions F' in H® (BB, ) for which there are
no f € F'* such that f(A) = F(A) for each A € B,,. The next result characterizes

those functions in H(IB,) which are the image of elements in the unit ball of F.

Theorem 2.8. Let F' be a complex-valued function defined on B,, such that
[F(Q)] < 1 for all || < 1. Then there is f € F*, ||flle < 1 such that
f(&) = F(C), ¢ € By, if and only if for each k > 1 and each k-tuple of points
AL, .., Ar €EB,, the matrix

(2.8)
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is positive definite. In particular, if (2.8) holds, then F is analytic on 1B, .

Proof. The necessity of (2.8) follows immediately from Theorem 2.4. Conversely,
suppose that I satisfies (2.8). Let {A;}52, be a countable dense set in I3, . Accord-
ing to Theorem 2.4, for each k, there is fi € F'™ with || fx||cc < 1 and

(2.9) k(X)) =F();) forany j=1,... k.

Since {f }72, is bounded and F'* is a dual space, according to Alaoglu’s theorem,
there is a subsequence {fx,, }72,; such that fi, converges in the w*- topology to an
element f € F*°, ||fllcc < 1. Since w* and WOT topologies coincide on F*° and

the F'*°- functional calculus for Cy-contractions is WOT-continuous, we infer that
mh—I>Ic1>o fkm(/\jla ceey /\]n) = f(/\jla ceey /\jn), where /\j = (/\jla ceey /\]n)

Using (2.9), we have limy,yo0 fr,. (Aj1, .-, Ajn) = F(Aj1,...,Ajn).  Therefore,
f(A;)=F(\) forany j =1,2,....

We claim that f({) = F(¢) for any ¢ € B,. Let A be an arbitrary point in B,,. By
repeating the preceding argument, there is ¢ € F*°, [|g|| < 1 so that ¢(¢) = F(¢)
on the set {A;}32, U {A}. Since the maps ¢ = ¢(() and ¢ = f(() are analytic in
B, and coincide on {A; };?o:l, which is dense in B, , we infer that they coincide on
B, . In particular, we obtain f(A) = F'(A). Since A was an arbitrary point in in
By, we deduce that f and F' coincide on B, . In particular, ¢ = F(() is a bounded

analytic function in IB,. This completes the proof. W

Condition (2.7) is necessary and sufficient for interpolation in F'*° but only suf-
ficient for interpolation in H*(IB,). One can use the classical Cauchy formula for
B, to obtain a necessary condition for Nevanlinna-Pick interpolation in H (BB, ).

Recall that for every f € H®(B,) and A € B,

w
0=, T et
where o is the rotation invariant probability measure on dB,,. Using this formula,
and a standard argument (eg. like the one used in Section 3 of [CW]) we can check
that if there exists f € H®(B,), ||f|loc < 1, such that f(A;) = w; for j=1,... k,
then

1 — w;w;
0 T
(1= (A5, A0)) ij=1,...k
1s positive definite. Now, one can easily check that the scalar version of condition

(2.7) is stronger than condition (2.10) (see for example Lemma 4.1 of [CW]).
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Let J be a w*-closed, 2-sided ideal of F'*°. For any cardinal «, the algebra
My (F*) is w*-closed in B(®,F?) and M,(J) is a w*-closed, 2-sided ideal of
M, (F*). Recently, Bercovici [B] proved that if the commutant of a w*-closed
subspace of B(H) contains two isometries with orthogonal ranges, then the sub-
space has property Xy 1, which is stronger than property Ay, (1). One can use this
result to show that M, (F*) has property A; (1).

Another consequence of Theorem 2.1 is the following.

Theorem 2.9. For any cardinal ~, the map ® : M, (F>°)/M,(J) - M,(B(Ny))
defined by

([fap] + My () = [Pns faplns]

15 an isometry.

Proof. 1t 1s enough to show that

dist([fapl, My (J)) = lPow, U™ fij (S1, - Sa)Uloas I,

where U : F? — F? is the flipping operator. For each [gns] € M~ (J), we have

1o + gaslll = U7 (fap + 9op) Ul 2 [[Pon; U (fap + 9ap)Uluas Il

Since gap € J, according to Proposition 1.3, we have Py, gag|a; = 0. Since U is
an unitary operator with U = U*, it is easy to see that Py, U*gapUlvn, = 0.

Combining this with the above inequality, we obtain

(2.11) dist ([fag], My () 2 [[[Pra; U™ fapUloa -

It remains to prove the converse inequality. Since U* f,gU commutes with 51, ..., .Sy,
and UNj is invariant to ST, ..., S5, (U* fapU)*, it is clear that [Py, U™ fapUluar,]

commutes with Py, Silova, © Iy for each ¢ = 1,2,...,n. We can apply Theo-

rem 2.1 to find [¢ag] € My (F) such that ||[ap]l| = |[Poa,U* fapUlvn,]|| and

[Poa;U*apgUlow,] = [Pun, U™ fasUlua;]. According to Proposition 1.3, we infer

that [¢ap] := [Yap — fap] € My (J). Therefore,

10Pon, U fapUlows | = lfap + daplll = dist([fapl, My ().

Combining this with (2.11), we complete the proof. B

Recall that for each k& > 1, My (F*=/J) = Mi(F*)/M(J) (see [R]). Hence, as

an immediate consequence of Theorem 2.9, we obtain the following.
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Corollary 2.10. The map ® : F*/J — Pu, F'™|x, defined by ®(f) = Py, flw,

1s a completely isometric representation.
Let P,, be the set of all polynomials in F? of degree < m, and denote
FL, = F® N (F? & Pp). Setting J = F°, in Corollary 2.10, we can deduce

the Carathéodory interpolation theorem on Fock spaces [Po7].

Corollary 2.11. Let p € P,, be fired. Then

dist(p, F,) = [|Pp,.p(St, -+, Sa)lpo .

Let us remark that Theorem 2.9 is no longer true if we replace F'*° by the
noncommutative disk algebra A, and J is a closed, 2-sided ideal of A,,. To see this,
let A € € be of norm one and let J := {¢p € Ay : ¥(A1,..., A\n) = 0and (¢, 1) =
0}. It is easy to see that Ay is the span of 1 and so is A, (see also Example 3.6).
Then Jy, = {¢ € F* : (¢p,1) = 0}. If one takes a polynomial p € P such that
(p, 1) = 0 but p(A1, ..., An) # 0, then dist(p, J) > 0 but dist(p, Jiy) = 0. Therefore,

dist(p, J) # dist(p, Ju) = [|Pars,, flavs, | = [1Pxs s

However, we will show that A, /J is completely isometrically isomorphic to

Prr, Anlny, for certain closed ideals J of A,,.
Proposition 2.12. Let Aq,..., \; € B, and define
J={p €A, (X)) =0 forevery j =1,2,...,k}, and
Ju ={p € F® 1 ¢(X;) =0 for every j = 1,2,..., k}.

Then the map ¥ : A,/J — Py, Ap|n, defined by ¥(f + J) = P, fln, is a

completely 1sometric representation.

Proof. According to Corollary 2.10 and Lemma 1.4, for any f € A,,

diSt(f’ Jw) = H PNJw-ﬂNJwH = HPNJ-ﬂNJH

Therefore, it is enough to prove that dist(f, J,,) = dist(f, J). Let us define ® :
An/J = F*/Jy by ®(p + J) = ¢ + Jy. Notice that ® is contractive. We shall
prove that for every ¢ € F'*° with || + Jy|| = 1, there exists ¢ € A, such that
o+ J||=1and ®(+J) = o+ Ju.

Assume that ||¢|| = |l¢ + Juw|| = 1 and find ¢, € A, such that |J¢g|] < 1 and
¢k — ¢ in the WOT. Since A, /J is finite dimensional, we assume (after passing to
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a subsequence) that ¢ +.J converges to ¢+ J in the norm of A, /.J for some ¢y € A,.
Then ||¢y 4+ J|| < 1 and there exists a sequence n;, € J such that ¢, + 1, — ¢ in the
norm topology of A,. Then i = (9x +¢r) — v = ¢ — in the WOT of F*. Since
ng € J C Jy for each k and since J,, is WOT-closed, we have that ¥ — ¢ € J,.
Therefore, o+ Jy = ¥+ Jyy = (¥ +J). Since dim A, /J = dim F*/.J,, it is clear
now that & is isometric. The argument works also when passing to matrices, so the

map ® is completely isometric. B

Combining Theorem 2.4 with Proposition 2.12, we infer the following Nevanlinna-
Pick interpolation theorem for the noncommutative disc algebra A,,. For simplicity,

we consider only the scalar case.

Corollary 2.13. Let A1,... . Ay €B,, and wq,...,w; € C. Then the matriz
1 —w;w;
[1 — (A /\i>]z’,j:1,...,k
is positive definite if and only if for any € > 0 there exists f € Ay, ||fllc < 1+¢,
such that f(A;) =w; for every j=1,... k.

3. Poisson Transforms and von Neumann Inequalities

In [Po9], the second author found an elementary proof of the inequality (1)
based on noncommutative Poisson transforms associated to row contractions. In
this section, we will recall this construction (see [Po9, Section 8]) in a particular
case and use 1t to obtain new results.

Asin [Pol], T = [T1,...,T,] is called Cy-contraction if T is a contraction and

(3.1) SOT- lim > TLTI=0.
a€lf |a|=k
Recall that the sequence {Elalzk T.T: : k > 0} of positive operators is non-
increasing, and that (3.1) holds if and only if Zlalzk |[Txh]|? — 0 for every h € H.
Suppose that 7' = [T}, ..., T,] is a Cy-contraction and let A := (Iy—) ©_, TZTZ*)%

Since
DNTTLAMTE = TR — Y TLTE,
|

|| =k a|=k |a|=k+1
it is clear that ) cp+ ToA2TH = Iy — limg 00 Z|a|:k+1 T, Tr = 1Iy.
The Poisson Kernel K = K(T) associated to T'=[T1, ..., Ty] is the linear map

K:H—F©H"  definedby  Kh= > e, ATih.

aEFi
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Since )", ToAT: = Iy, K is an isometry. It is easy to check that, for each o € [F}}
(S: @ I)Kh = KTxh. Hence, for every o, 3 € F |

(3.2) K*[SaSh @ I K = T,Tj.

The map ¥ : B(F?) — B(H) defined by ¥(A) = K*[A @ I]K is clearly unital,
completely contractive (hence, completely positive), and w*-continuous. Moreover,
for each a, B8 € FF, \P(SQS;) = T, Tj. The restriction of ¥ to F'*°, which is denoted
by ¥r, provides a WOT-continuous F*°-functional calculus for the Cy-contractions

T =[Ti,...,T,], which is a particular case of [Po6]. That is,
(3.3) Uy F° — B(H) satisfies Up(p(S1,...,5)) =¢(T1,...,T)
for every ¢ € F*°.

Suppose now that 7' = [T}, ...,T,] is a row contraction. For each 0 < r < 1,
let K, = K,(T) be the Poisson Kernel associated to [r71,...7T,], which is clearly
a Cy-contraction. Let C*(Sy,...,S,) be the C*-algebra generated by Si,..., Sy,
the extension through compacts of the Cuntz algebra O, (see [Cu]). The Poisson

Transform associated to T = [T}, ..., T,] is the linear map
(34) @7 :C*(Sy,...,S,) = B(H) defined by @7 (f) = lirq K!'[f o I|K,
r—
(in the uniform topology of B(H)). It is easy to see that @7 is unital, completely

contractive, and for every o, 3 € IFf @T(SQSZ;) = 1.1} Inequality (1) from the

introduction follows by restricting ®p to A,.

A simple consequence of the noncommutative Poisson transform is the following

result which turns out to be crucial for the rest of this paper.

Proposition 3.1. Let T = [T1,...,T,] be a Cy-contraction with its Poisson Kernel
K, and let N be a subspace of F? invariant under S5,...,S%. If K takes values
in N @ H, then there exists a unital, completely contractive, w*-continuous map
® : B(N) — B(H) such that for every o, € Ft, ®(ByBj) = T,Tj, where
By = Py Skly forany k=1,... n.
Proof. Since N' C F? is an invariant subspace of St,... S, for every o, € Ff,
PNSQS;|N = BoBj. By hypothesis, K = (Py ® INK. Hence, and according to
(3.2), for each a, B € Ft, we have

ToT; = K*[SeS; @ IIK = K™ (Py @ I)[SaS; @ IJ(Py @ 1)K

= K*[PySaS5 Py @ [|K = K*[Bo B @ I]K.

To complete the proof, define ® : B(N) — B(H) by ®(4) = K*[A@ I]K. &

(3.5)
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Remark 3.2. If T =[T1,...,T,] is a contraction and its Poisson kernel K, lakes
values in N @ H for every 0 < r < 1, then there is a unital, completely contractive

map ® : C*(B1,..., By) — B(H) satisfying ®(BoBj) = ToT; for all o, B € Ft.

Proof. Tt follows from (3.5) that
: 7k Y & || |8l *
}1_1;1% K} [BaBs @ I|K, _}gr}r Tor'?'T5 =TT

Hence, the map BocBZa — T, 1%, defined on span{BaBZ; ca, B €T} is completely
contractive. By [Arl], it can be extended to a unital, completely contractive map

$:C*(By,...,B,) > B(H) satisfying @(BQB;) =TT} for all a, B € Fr. o

To illustrate Proposition 3.1 and Remark 3.2, we will consider a row contraction

T =[T1,...,T,] satisfying the following commutation relations
(3.6) 1T = X 1Ty forevery 1<i<j<n,

where A;; e Cfor 1 <i<j < n.

Example 3.3. There exists a subspace N' = N({\i;}) of F?, invariant under
S¥,..., 8%, such that the operators Br = PaxSkla, & = 1,...,n, satisfy (3.6)
and for every row contraction T = [T1,...,T,] satisfying (3.6), there exists a
unital completely contractive linear map ® : C*(By,...,By) — B(H) such that

@(BQB;) =T.1; forany o, B € Ft.

Proof. Fix k € N, and consider « = g;,¢i, - - - gi, € F' satisfying i; <is < -+ < iy,
and a permutation 7 € Il on {1,2,...,k}. Then, from (3.6),

Tr(a) = €x(a)Ta, where €r(q) = H Ai iy

i<t
() >m(4)
and m(a) := GiwyPinizy " Fingey - Lt N ({Xi;}) be the subspace of F? defined by
N({/\U}) = Span{ Z E71'(04)671'(04) =g, Gy € F;I;ail << Zkak € N}
Telly

Tt is easy to see that if T'= [T, -, T,] is a Cy-contraction and satisfies (3.6), then
its Poisson kernel takes values in N'({X;;}) ® H. Indeed,

Kh= i Z Z ex(a) @ ATy = i Z Vo @ ATh,

k=0 @=9; 9, 7Tl k=0 =iy " 9iy
1< Sy 1< Sy



INTERPOLATION AND POISSON TRANSFORMS 19

where vy = ) cp, €n(a)en(a) € N({Aij}). One can verify directly, from the defini-
tion of N'({A;;}), that this space is invariant under ST, ..., S}, although it is easier
to check that N'({\;;}) = Ny, where J is the WOT-closed, 2-sided ideal in F*
generated by {e; @ e; — Ajie; ® ¢ : 1 <4 < j < n}. Then, from Proposition 1.3,
the By’s satisfy (3.6). The rest of the statement of Example 3.3 is an immediate

consequence of Remark 3.2.

The case where Aj; = 1 for 1 < i < j < n appears in [Ath] and [Ar2]. In
this situation, condition (3.6) means that the 7;’s are commuting and N ({Aj;})
is the symmetric Fock space. If A;; = —1 for 1 < ¢ < j < n, then the T}’s are

anti-commuting and N ({);;}) is the anti-symmetric Fock space.

Example 3.4. If J; is a WOT-closed, 2-sided ideal generated by some elements in
span{e, : |a| = k}, then a similar result to Example 3.3 holds for any contraction

T=[T1,...,Ty] such that ¢(T1,...,T,) = 0 for each ¢ € Jj.

In Section 4, we will consider the F*°—functional calculus associated to row
contractions satisfying (3.6), or as in Example 3.4.

Let ¢ € F*° and let J; be the WOT-closed, 2-sided ideal generated by ¢ in
F> . If Nj, # {0}, then there is a nontrivial Cy-contraction T' = [T1, ..., T,] such
that ¢(7T1,...,7,) = 0. Indeed, define T; := Py, SZ'|NJ¢. According to [Pol],
it is clear that T = [T1,...,T,] is a Cp-contraction. Since the F'*°- functional

calculus associated to Cy-contractions is WOT- continuous. It is easy to see that
é(T, ..., T,) = PNJ¢¢>(51, Cel Sn)|NJ¢ = 0 (see also Lemma 4.4).

Lemma 3.5. Suppose that T = [T1,...,T,] is a Cy-contraction with ils Poisson
Kernel K, and that J 1s a WOT-closed, 2-sided ideal of F™ such that for every
peJ, p(Th,...,T,) = 0. Then K takes values in Ny@H. Consequently, Ny # (0).

Proof. For any polynomial p € P, p =3 anen, we have

(Kk,p@h) = ok, ToAh) = </<; (Z aaTa) Ah>

(a4 (a4

= {k,p(T,...,Th)AR)

for any h,k € H. Since the F*-functional calculus for Cy-contractions is WOT-
continuous and P is WOT-dense in F'*° we deduce that for any ¢ € J and h, k € A,

(Kk, @ h) = (k, (T4, ..., Ty)AR) = 0.
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Since M is the closure of J in F?, we see that for every k € 7,
. L
Kke(My;oH) =N;oH.

This completes the proof. B

If T =[T\,...,T,] is a Cp-contraction, then
Ji={p e F*® o(Ty,...,T,) =0} =Ker ¥y
1s a WOT-closed, 2-sided ideal of F*°. Similarly,
Joi={p € An:p(Th,...,Ty) =0} = Ker &p

is a closed, 2-sided ideal of A,,. Lemma 3.5 is stated for F'°°, but it holds true also
for A,,. Therefore Ay, # {0} and Ny, # {0}. Let us remark that if [71,...,T,] is

Jjust a contraction (not necessarily Cjp), then Ay, may be zero.

Example 3.6. (Point evaluations) Let A; € C, ¢ = 1,...,n, be such that
S NP < 1. Then A = [A1,...,A\] is a Cyp-contraction, and hence, J, :=
{o € F™ : w(A1,...,Ay) = 0} is a WOT-closed, 2-sided ideal of F*°. Tt is
known that N, = span{zy} where 2y = 14+ 3,5, (Me1 + -+ Anen )@ and
WA, An) = (p, 2n) for every ¢ € F* (see [AP;], [Ar2], and [DP1]). Notice
that if 5"+, [A;|? = 1, then J = {¢p € A, : o(A1,...,Ay) = 0} is a closed, 2-sided
ideal of A,, but one can check that Ny = {0}.

Combining Proposition 3.1 and Lemma 3.5, we obtain the following.

Theorem 3.7. Let T = [T1,...,T,] be a Cy-contraction, and let J be a WOT-
closed, 2-sided ideal of F'™° such that for every ¢ € J, o(T1,...,T,,) = 0, then there

exists a unital, completely contractive, w*-continuous map ® : B(N;) — B(H) such
that for every o, 8 € FF, @(BQB;) = T,Tj, where By = Pa,Skln, k=1,... n.

One can easily see that there is an 4, -version of this theorem corresponding to
closed, 2-sided ideals in A,, J C Ker ®p with N; # {0}. Let T" = [T3,...,T,]
be a contraction, and let J C Ker ®p be a closed, 2-sided ideal of A,, such that
Ny # {0}. Notice that Remark 3.2 holds true if we take N'= N.

Given T = [Ty, ...,T,] a Co-contraction with Poisson kernel K, the best von
Neumann inequality given by Proposition 3.1 comes from the smallest subspace

Np of F? which is invariant under S%,...,S% and such that K takes values in
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Nr @ H. Tt is not hard to see that N = span {(Tk, AhYe, : h,k € H;a € FF}.
First notice that N7 is the smallest A" such that K takes values in N'® F2, and

then notice that A7y is invariant under S%,...,S%.

4. W(By, -+, By) and F*/J-functional calculus for row contractions

In this section J will be a w*-closed, 2-sided ideal of F*°. Recall that N is
the orthogonal complement of the image of J in F? and that By = Py, Sk|ar, for
k=1,...,n. Wedefine W(By,..., By) to be w*-closure of of the algebra generated
by the Bj’s and the identity.

We will prove that F*°/.J is canonically isomorphic to W(By, ..., B,). We will
describe the commutant of W(By, ..., B,) and will show that W(By,..., By) is
the double commutant of {By,..., B,}. We will show that W(By,..., B,) has
the A (1) property and hence the w* and WOT topologies agree on this algebra.
Finally, we will develop a F*°/J-functional calculus for row contractions.

A direct consequence of Proposition 1.2 and Corollary 2.10 is the following.

Theorem 4.1. The map ¥ : F*/J — B(N;) defined by

V(o +J) = Pn,e(S1,. -, Sn)lws

is a completely isometric isomorphism onto Par,F*|x,, and a homeomorphism

relative to the w*- topology on F*°/J and the WOT-topology on Par, F™| s, .

Proof. Since the fact that ¥ is a completely isometric homomorphism was already
proved in Corollary 2.10 (see also Section 5), we only have to prove that ¥ is a
w*-WOT homeomorphism.

By Proposition 1.2, ¢; +J — ¢ + J in the w* topology iff for every &;1,&; € Ny,
(p; @ &1,€2) = (p ® &1,&2). This is clearly equivalent to Py, ¢i|ar, = Paryelar, in
the weak operator topology. B

Using again the noncommutative commutant lifting theorem [Po3], we can prove

the following.

Proposition 4.2. The algebra Py, F™|xr, is the WOT-closed algebra generated
by Pur,Silary, i =1,...,n, and the identity. Morcover, we have

(4.1) Pr, Fw; = {Pn, UTFSU v, Y = {Pr, B2 s 1

Proof. We first show that Pyr, F°°| s, is weakly closed. Notice that Ay is an invari-
ant subspace of U*S7U for each i = 1,...,n, and [Py, S1|n), -+, Pa,Snla,] is a
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Co-contraction with the minimal isometric dilation [U*S1U, ..., U*S,U]. Accord-
ing to the commutant lifting theorem, X € {Pn,U*S;U|p, : i =1,...,n} if and
only if X = Py, Y|y, for some Y € {U*S1U,...,U*S, U} . Using [PoT], we get
Y = f(S1,...,5,), [ € F. Now, it isclear that Py, F*°|n, = {Pn, U*F¥U|n, }
and, hence, Py, F |y, is a WOT-closed algebra.

Since the polynomials in S1,...,5, are WOT-dense in F'*°, it is clear that
Py, F |y, is the WOT-closed algebra generated by Par,Si|a,, ¢ =1,...,n, and

the identity. The second equality in (4.1) follows in a similar manner. W

Proposition 4.3. The algebra W(By, ..., B,) has property &1 (1). Moreover,
W(B1,...,Bn) = Py, F®|n,.

Proof. Let f € W(B1,..., Bp)s satisfy ||f|]] = 1. Since
W(Bi,...,By) = ci(N5)/"W(Bi, ..., Bn),

for each ¢ > 0, find g € ¢; (V) satisfying ||g|| < 1+ecand f = g+t W(By,..., Ba).
Let ip, : Ny — F? be the inclussion and notice that (ia,)* = Par,. It is easy to
check that ixr; o go Py, € 2J C ci(F?). Then, by Proposition 1.2, there exists
o, € Ny satisfying ||¢||2]|¢]|2 < (1+¢€)||g|] < (1+¢€)? such that, for every n € F*°,
(in,; 090 Pny,m) = (n® 1, ¢2). Now, for each noncommutative polynomial p € P,

we have

(fip(Bry- s Ba)) =g, p(Bu, -, B)) = (g, Pagp(S1 - Sn) )
iny 090 Pny,p(S1, ., 5)) = (p@ ¢, )

=(p(S1, -+, Sn)p, Pay ) = (Payp(S1, -+, Sn)lws e, )
p(Bi1, ..., Ba)g, ¥).

Since f is w*-continuous, we prove the A (1) property. The last part of the theorem

follows from Proposition 4.2. W

Let J be the w*-closed, 2-sided ideal of F*° generated by Sa,53,...,5,. It is
easy to see that A is the closed span of e?k for k£ > 0, and that B, = --- = B, = 0.
Hence, W(Bi, ..., By) = W(B1), where Ble?lC = elf“. Since B; is a unilateral
shift of multiplicity one, we use Proposition 4.3 to give an alternative proof of the
well known fact that W(B;) has property A (1). Moreover, it is also known (see
[BFP, Theorem 4.16]) that W(B;) does not even satisfy property As. In that sense,
Proposition 4.3 is best possible.
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Let us recall from [Pol] that a contraction [T4,...,T,] is called completely
non-coisometric (c.n.c.) if there isno A € H, h#0 such that

STAITERIP = (|AIP, for any k€ {1,2,...}.
|| =k

Let T =[T4,...,T,] be a c.n.c. contraction and let

\IJTZFOO—>B(7'[), \IJT(f)If(Tl,...,Tn),

be the F*°-functional calculus associated to 7. In this section, we prove that if
J is a WOT-closed, 2-sided ideal of F*° with J C Ker ¥, then there is a WOT-

continuous, F*°/J-functional calculus associated to 7'

Lemma 4.4. Let B = [By,...,B,] and let Uy be the F™-functional calculus

assoctated to it. Then

W(BL,...,By) = V¥p(F®) = {f(B1,...,By) : fe&F>}.

Proof. According to Proposition 4.3, it is enough to prove that

(4.2) F(Bi,....Ba) = Py, f(S1, ... Su)lws

for any f € F*. Since B; = Py, Si|nx,, (4.2) holds for polynomials, and conse-
quently for elements in the noncommutative disc algebra A,,. Since B = [By, ..., B,]

is a Cy-contraction, according to the F'°°-functional calculus, we have

f(B1,...,By):=S0T- lirqfr(Bl,...,Bn)
r—
:SOT—}i_r}I%PNJfT(Sl,...,Sn)|NJ = Pun, f(S1, -+, Sn) |y

forany f€ F*. R

Theorem 4.5. Let T = [T4,...,T,] be a c.n.c. contraction and let
\IJTZFOO—>B(7'[), \IJT(f)If(Tl,...,Tn),

be the F™° -functional calculus associated to T'. If J is a WOT-closed, 2-sided ideal
of F*° with J C KerWUrp, then the map

(43) Wy :W(Bi,...By) = B(H): Up (f(By,...,By) = f(Th,...,Tp),
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1s a WOT-continuous, completely contractive homomorphism. In particular, for

any f € F™,

NF(To, .., Tl < F (B, ..., Bp)|| = dist(f, J).

Proof. We prove first that W7 ; is WOT-continuous. Let f;, f € F*° with
WOT-lim f;(B1,...,Bn) = f(B1,..., Bn).

According to Lemma 4.4, we infer that WOT-limy; Py, fi|x, = P, flar, . Applying

Proposition 4.1, we infer that

For each h, k € H, define ®(f) := (¥p(f)h, k). Since ¥y is WOT-continuous, & is
WOT-continuous, and hence w*-continuous. On the other hand, ¥(.J) = 0, so that
® ¢ LJ. Since (4.4) holds, we deduce that lim; ®(f;) = ®(f), which is equivalent
to

lilm<fi(T1, o TR kY = (f(Th, ..., Th)h k)

for any h, k € H.
According to the von Neumann inequality [Po5], for any ¢ € J C Ker ¥y, we

have

(T Tl = 1+ ) (T Tl < 1+ oo

Using Theorem 4.1, we infer that

IF(Lh, - Tl < dist(f, ) = (1P, £l |l
=|f(B1,..., Bl
In a similar manner, one can prove that ¥r ; is a completely contractive homo-
morphism. This completes the proof. B
The following F*°-extension is related to Example 3.3.
Corollary 4.6. Let T = [T}, ...,T,] be a c.n.c. contraction satisfying the following

commutation relations

;1 = N0y forevery 1<i<j<n,
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where A; € C for 1 < i< j <n. IfJ is the WOT-closed, 2-sided ideal generated
by {e; ® e; — Ajie; @e; : 1 <i < j<n}inF, then there is a WOT-continuous
funetional calculus given by (4.3).

5. Representations of Quotients of Dual Algebras

Recall that an operator algebra is a closed subalgebra of B(#) and that a dual
algebra is a unital w*-closed subalgebra of B(H). In the late 60’s, Cole (see [BD,
pages 270-273]) proved that quotients of uniform algebras are operator algebras.
Shortly after, Lummer and Bernard proved that quotients of operator algebras
are isometrically isomorphic to operator algebras. In [Pi, Chapter 4] Pisier noted
that these methods also show that quotients of operator algebras are completely
isometrically isomorphic to operator algebras. In this Section we will follow these
ideas closely to obtain simple representations of quotients of dual algebras. As an
application, we give an alternative proof of Corollary 2.10 that does not depend on

the commutant lifting theorem of [Po6].

Proposition 5.1. Let A be a unital, w*-closed subalgebra of the bounded operators
on a separable Hilbert space H such that for each k > 1, My(A) has property
A1 (1), and let J be a w*-closed, 2-sided ideal of A. Then there exists a subspace
E C Ly @H such that the map U AJJ — B(E) defined by \T!(a—I—J) = Pe(Ip, ®a)le

1s a completely isometric representation.

Proof. Let © € My (A)/ My (J), ||| = 1. We claim that for every € > 0, there exists
a subspace E C (5(#H) such that the map

(5.1) U, :A/J— B(E) defined by ¥,(a+J)=Pr(lu, ®a)lE

is a completely contractive homomorphism which satisfies ||(I3r, @ ¥,)(2)|] > 1 —e.
If we take direct sums @y 0¥, where  runs over the unit ball of My (A)/Mg(J),
k > 1, and ¢ > 0, we get a completely isometric embedding of A/J. Tt will be
clear from the construction that it is enough to take countably maps ¥, so the
proposition follows.

Let € > 0 and write z = y + My(J), where y = (yi;) € Mi(A4). Find f €
(M (A) /My () = Mg(J)L, ||fll = 1, such that (z, f) = 1. Since (L My (J))** =
Mg ()L, we can find g € L M(J), |lg]] < 1, such that [(y,g) — (y, f)] < e
Then |(y,g)| > 1 —¢. Since My (A) has the A; (1) property, find ¢, € €5(H),
lglls = 16ll2 = 1 such that for each 5 € My(A). {g.1) = (. 0)
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Let Iy = span{ny : 1 € My(A)} C (5(H), B2 = span{lp : £ € Mx(J)} C
Fy, and F = E, & Fy. Since Fy and FEs are invariant under My (A), the map
Qg : My(A) — B(L5(H)), defined by ®g(n) = Pen|g, is a completely contractive
homomorphism that vanishes on My, (J). Hence, the map ¥, (a+J) = P (ly, @a)
of (5.1) is a well defined completely contractive representation.

Since ¢ € Ey, ¢ € Ef, and E4 is invariant under the adjoints of M(A), it is
easy to check that (g, y) = {ye, ¥) = (yPr(p), Pe(v)). Hence,

(®Ee(y)Pee, Pev)| = [(9,9)] > 1—c

For each i,j < k, let E;; = ®g(ei; @ 14). The E;;’s are matrix units on E,
which decompose F = H1 P Hs P -+ P H,. Ey; 1s the orthogonal projection onto
‘H; and F;; is a partial isometry from H; onto ;. Note that F;; commutes with the
range of \Ifx, Eij = EiiEilElejj, and <I>E(eij 03¢ yij) = q)E((eij 03¢ lA)(IMk 03¢ yij)) =
<I>E(eij 03¢ lA)CI)E(IMk ®yz’j) = Eij\Ifx(yij —I—J) Let p; = EijEQD and 1/)Z = E“PE1/)
Then

(®r(y)Pee, Pev) = > (®rlei; © i) Py, Pr)
i,j<k
> (EijVe(zij) Pre, Prt)
ij<k
Y (Walwig) Erjog, Eri)
ij<k
= (I, © ;) ()@, ),

where ¢ = (E11¢01, ..., Bigpr) € 5(E), 1/; = (Envy, ..., Bigiby) € L5(E). Since
1115 = 2 <k 1B 05113 < 32 <k 15113 = [ Peeell3 < 1, and, similarly, [[]|> < 1, we
get

(s @ W) (@) | 2 [((Te @ ¥a)(x) @, )

= (@r(y)Pry, Ped)| > 1 -,

which proves the claim. Finally, notice that the map ¥, was determined by
g € TMp(J) C (Mg(A)).. Since (Mg(A)). is separable for each k > 1, it is

enough to take only countably many maps. B

The proof of the next corollary follows easily from the proof of Proposition 5.1.
Notice that property A; (1) can be used to give more explicit representations of
quotient algebras than those appearing in Theorem 3.2 of [CW] and Theorem 0.3
of [Mc].
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Corollary 5.2. Let A be a unital, w”-closed subalgebra of B(H) with the A (1)
property and let J C A be a w*-closed 2-sided ideal. Then for every T € A,

dist(T, J) = sup{||PE¢T|E¢ HB(H) ip € 7‘[},

where B, = Spani{ay :a € A} &5pan{by :be J} CH.

Moreover, it is well known that if A C B(H) is a unital w*-closed subalgebra of
B(H), the ampliation A(®) = {I,, ®a:a € A} C B({y @ H) is a unital w*-closed
subalgebra of B({; @ H) with the A; (1) property (see e.g., [Az, Section 2]). Since
My (A = (Mk (A))(Oo), it follows that My (A(Oo)) has the A; (1) property for
every k > 1.

Applying Proposition 5.1 to A(°®) and noticing that I, ® Al*®) ig canonically

isomorphic to I, ® A, we obtain the following.

Corollary 5.3. Let A C B(H) be a unital, w*-closed subalgebra of B(H) and let
J C A be a w™-closed 2-sided ideal. Then there exists a subspace £ C €5 @ H such
that the map U AJJ — B(E) defined by \Tl(a +J) = Pe(Iy, ® a)|e is a completely

1sometric representation.

An alternative proof for Corollary 2.10, i.e., ® : F*°/J — Py, F'*|ur, defined by
O(f) = Pwr, fla, i1s a completely isometric representation, can be obtained using

Theorem 3.7 and Corollary 5.3 as follows.

Alternative Proof of Corollary 2.10. From Corollary 5.3 (or from Proposition 5.1 if
we use that F'°° has property Ay, (1)) there exists a subspace & C £»® F? such that
the map T F~/J = B(E), defined by \Tl(n) = Pene, is a completely isometric
homomorphism. Let ¢ € £ and notice that {I,, ® S; : j < n} satisfies (2.1). Then

Yo NSa+ D) el = Y (1P, @ Sl < Y e, @ S2)ell3 — 0.
|oe| =k |oe| =k |oe| =k
This shows that [\T!(Sl +J), .., \T!(S + J)] is Co—contractive.

Notice that for each ¢ € J, go(A S1+J), (Sn +J)) = \Tl(go—l—J) = 0. Then,
from Theorem 3.7, there exists a unital, completely contractive, w*-continuous map
$f : B(Nj) — B(E) satislying @k (By) = \TI(SQ—I—J) for every o € FF. Recall that
By = ®(S, + J). Hence, for each a € F}f, \T!(Sa +J)=®g o P(Se+J). Using the

w*-continuity of the three maps, we obtaing the following commutative diagram

~

e YL BE

@ N\ S ®x
B(Ny)
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Since @ and P are completely contractive, and since W is completely isometric,

we conclude that ® i1s completely isometric. B

Corollary 2.10 and the following simple lemma can be used to derive Theorem
2.4. Thus, we can prove this result without using the commutant lifting theorem of
[Po3]. Notice that, using a standard w”-continuity argument, we can assume that

the W;’s of Theorem 2.4 are N x N matrices. We leave the details to the reader.

Lemma 5.4. Let A\; = (Mj1,...,Ajn) €By, = 1,...,k, be k different points in
By. For each iy € {1,... k} there exists p;, € F* such that p;,(A;,) = 1 and
@iy (A;) = 0 whenever iy # j. Consequently, given W1 ,..., Wy € My, there exists
@ € My(F®) such that (A\;) = W, forevery j=1,... k.

Proof. Fix iy € {1,...,k}. For each j # io find ¢ € {1,...,n} such that A; 4 # A\jq
and define #; = S, — Ajgl. Then 6;(N\;,) = XAigg — Ajg # 0 and 6;(X;) = 0.
Let ¥ = ®@;2i,0;. Then ¥(X\;,) # 0 and ¢(A;) = 0 whenever j # iy. Define
iy = mﬂ) IfWy,..., Wi € My, then ¢ = Zigk W; ® ¢; € My (F°) satisfies
eN) =W fori<k. B
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