COMPLETELY BOUNDED ISOMORPHISMS
OF OPERATOR ALGEBRAS

ALVARO ARIAS

ABSTRACT. In this paper the author proves that any two elements from one of the

following classes of operators are completely isomorphic to each other.

1. {VN(Fyr) : n > 2}. The II; factors generated by the left regular representation
of the free group on n-generators.

2. {C}(Fn):n > 2}. The reduced C'*-algebras of the free group on n-generators.

3. Some “non-commutative” analytic spaces introduced by G. Popescu [Po].

The paper ends with some applications to Popescu’s version of Von Neumann’s in-

equality.

1. INTRODUCTION AND PRELIMINARIES

E. Christensen and A. M. Sinclair [CS] showed that any non-elementary injective
von Neumann algebra on a separable Hilbert space is completely isomorphic to
B(H), and A. G. Robertson and S. Wassemann [RW] generalized the work on [CS]
and proved that an infinite dimensional injective operator system on a separable
Hilbert space is completely isomorphic to either B(H) or {o.

The techniques on those papers depend on the injectivity of the spaces and do
not extend to interesting non-injective von Neumann algebras or operator algebras.
In the present note we address some of these examples. For instance, we prove
that all the von Neumann factors of the free group on n generators, n > 2, are
completely isomorphic to each other. We prove the same result for the reduced
(C*-algebras of the free group on n-generators, n > 2; and for some non-selfadjoint
operator algebras introduced by G. Popescu [Po].

Let H be a Hilbert space and B(H) the set of bounded linear operators on H.
If we identify M, (B(H)), the set of n x n matrices with entries from B(H), with
B({5(H)), we have a natural norm on M, (B(H)). (Here ¢5(H) means H ® H &
-+ @ H, n-times).

An operator space X is a closed subspace of B(H). Then considering M, (X)
as a subspace of M, (B(H)) = B({3(H)), we have norms for M,(X), n > 1. (See
[BP] and [EF] for more on the development of this recent theory).

Let XY be operator spaces and v : X — Y be a linear map. Define u, :

Mp(X) = My (Y) by
un [ (2ij)] = [(ul2i))]-
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We say that u is completely bounded (cb in short) if

[[uller = sup [fun] < oo
n>1

If uy, 1s an isometry for every n > 1, then u is a complete isometry. Finally, X and
Y are completely isomorphic if there exists u : X — Y such that u and ™! are
completely bounded.

Let X C B(H), Y C B(K) be two operator spaces. The spatial tensor product
of X and Y, X ® Y, is the completion of the algebraic tensor product of X and Y
with the norm induced by B(H ®2 K). With this notation, M, (X) = M, ® X.

One of the main features of operator spaces is that the scalars are replaced by
matrices (see [E]). To see this concretely consider X a finite dimensional operator
space with basis {e1, - ,e,}. A canonical element in X looks like >"7 | a;e; for
some a; € C; whereas a canonical element in M, (X) = M, ®X looks like Y "" | A;®
e;, for some A; € M,,.

Two of the most important operator spaces are the row and column Hilbert
spaces. In B({3) define C' = span{e;; : i € N}, the column Hilbert space, and R =
Span{ey; : 1 € N}, the row Hilbert space. Both spaces are Banach space isometric
to fo, but have very different operator space structure. If . e;; @ T} € C' @ B(H),
then

1
2

me@Ti = ZTZ*TZ ;

7

and if ", e1; ® T; € R® B(H), then

Yo en T = ||>_TT7

7

S5

In this paper we will prove that several operator algebras are completely isomor-
phic to each other. The tool that we use is Pelczynski’s decomposition method.
This one says that if X and Y are Banach spaces such that X embeds comple-
mentably into Y, ¥ embeds complementably into X and X and Y satisfy one of
the following conditions:
1. X XpXandY =Y DY, or
2. X = (02 X)p, 1 < p< oo,
then X and Y are isomorphic. Moreover, if the embeddings and projections are
completely bounded, the isomorphism is a complete isomorphism and then X and
Y are completely 1somorphic.
We will also use a variant of condition 2.

The main examples in this paper will be the C*-algebras generated by the left
regular representation of the free group on n-generators, A : F, = B({2(F,)).

Let F,, be the free group on n-generators, ¢2(F,) the Hilbert space with or-
thonormal basis {e; : « € Fj,}, and L (or £,, to avoid confusion) the linear span of
the basis; i.e.,

k
L= {Zaiem cke€Nya; € C uy; EFH}.

i=1
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L is an algebra if we multiply the elements in the natural way: i.e., ezey = egy.
We think of £ as the Laurent polynomials on n non-commutative coordinates. We
use two norms on £: The || - [|2-norm, induced by ¢2(G), and the || - ||-norm defined
as

Ipll = sup{llpgll2 : ¢ € £, lqll2 < 1}.
Notice that p € £ induces a left multiplication map on £2(F,) and ||p|| equals
the operator norm of that map. C%(F,) is the closure of £ in the norm topology
of B(£2(F,)), and VN(F,) the closure of £ in the strong operator topology of
B(la(Fy)).

The following fact is well known (see [FP], Chapter 1). We sketch the proof to
emphasize an argument that appears repeatedly in the paper.

Proposition 1. Letn,m =2,3,---,00. Then C}(F,) is contained completely iso-
metrically in C5(Fp,) and there is a completely contractive projection onto C5(Fy).

The same is true for VN(F,) and VN (Fy,).

Proof. If n < m then the formal identity from C}(F,) into C¥(Fy,) is a complete
isometry. We claim that the orthogonal projection onto £2(Fy,) is a complete con-
traction from C3(F,,) onto C5(F,). Let p € L,, and decompose it as p = r + s
where r € £, and s € (£,)*. If ¢ € L,, then rq € £, and sq € (£,)*. Therefore,

7l = sup |lrgll < sup [Ipglla < ||l
Nalla<1 Nalla<1
The completely bounded part is very similar.

To complete the circle we need to show that C§(Fs) embeds completely comple-
mented into C}(F3). Assume that F5 is generated by a, b and let G be the subgroup
generated by aba™', a®ba=?, a®ba=3,---. It is easy to see that G is isomorphic to
Foo, CX(G) is completely isometric to C5(Fu) and the orthogonal projection onto
£5(@) is a complete contraction from C5(F>) onto C5(G).

The proof for the VN(F,)’s is very similar. H

2. IsoMoORPHISMS OF C3(F,), n > 2.

In this section we will prove that
Theorem 2. C5(Fy) is completely isomorphic to C5(Fs) whenn =2,34,---.
Theorem 3. VN(F,) is completely isomorphic to VN (Feo) when n=2,3,4,---.

Remark. It is known that the C5(F,)’s are not x-isomorphic for different n’s (see
[PV]); however, it is still not known if the VN (Fy,)’s are x-isomorphic to each other
forn > 2 (see [S], Problem {.4.44)

The proof of Theorem 2 follows from Propositions 5 and 6. It is simple to go
from there to Theorem 3.

We need some notation. Divide the generators of Fi, into a1, as ;e 69, -,
and denote by F, the subgroup generated by the a’s. F, is isomorphic to F, of
course.

Let K = U;OIO e;Fo. Denote Lx = span{e; : ¢ € K}, and let ¢2(K) be the
closure of Lx in the || - ||2-norm of £2(Fs), C5(K) the closure of Lx in the || - |}
norm of C}(F ), and VN (K) the closure of Lx in the strong operator topology of

B(ls(Fos))-
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Proposition 4. C5(K) is 2-cb-complemented in C5(Foo). Moreover, the orthogo-
nal projection onto £5(K) is completely bounded from C}(F.) onto C5(K).

We will present the proof of Proposition 4 after the proof of Theorem 2.

Proposition 5. C}(K) ~ C5(Fs) & C;(Feo) ® C5(Fso). Moreover, the isomor-
phisms are completely bounded.

Proof. Decompose K = K; | J K3 where K; = U;OIO e9;Fo, and Ky = U;O:O e95+1Fa.
It is clear that C%(K7) and C}(K3) are completely isometric to C(K). Moreover,
Proposition 4 applied to K7 and Ky implies that they are cb-complemented in
C3(Fo) by the orthogonal projection. Therefore they are complemented in C3 (K)
and we have
CI(K) = C5(Ky) & CY(K2) = CL(K) & C3(K).

Similarly, decompose K = K3 |J K4, where K3 = e1F, and K4 = U;ozz e; Fa,
and apply the previous argument to conclude that C3(K) & C}(Fu) = C5(K).

Proposition 4 tells us that C§(Foo) = C3(K) @ Z for some Z. Then

Ci(Foo) m CLK) @ Z m CL(K) & CL(K) & Z m CL(K) @ C5(Fo) % CL(K). W

Proposition 6. C5(Fy) = C5(Fr) ® C5(Fi), fork=2,3,---.

Proof. Divide the generators of F, into 1, -, 8k;e1,e2, -, and denote by Fj
the subgroup generated by the 3’s; Fs is isomorphic to Fj. Let Kg = U;O:O e; Fg.

The proof of Proposition 4 works and we get that C}(Kg) is 2-cb complemented
in C5(Fs); hence, by Proposition 1, it is 2-cb-complemented in C%(F) also. Tt
is clear that C}(Kg) = C5(Kg) @ C5(Kp) and that C5(Kg) & C5(Fi) = C5(Kjg).
Hence the proof of Proposition 5 applies and we get the result. H

We will present the proof of Theorem 2 for completeness. This i1s a standard
version of Pelczynski’s decomposition method.

Proof of Theorem 2. Proposition 1 tells that C§(Fy) = C5(Fe) @Y for some
Y, and that C}(Fc) = C5(Fx) @ Z, for some Z. Then Propositions 5 and 6 give

CiIR)m CilFe) B Y m Ci(Fe) B CX(Foo) B Y m CX(Foo) ® C(Fi).
On the other hand
Ci(Foo) m CX(Fr) B Z m C5(Fi) & CX(Fi) & Z = C5(Fr) & C3(Fo). N
The first step for the proof of Proposition 4 is to understand how to norm the
elements in M, (C}(K)). The typical element in Lx looks like: >, ., e;p;, where
pi € Lojle,pp = Zj ajjey;, for some x; € F,. When we consider operator spaces,
we replace the scalars by matrices, so the canonical element of M, (C5(K)) looks

like

(1) Z(I ® e;)A;,  for some A; € Mp(La),
i<k
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I is the identity in M,, and

(2) A = ZAU @ ey, forsome A;; € My, and z; € F,.
)

We use the fact (see [HP]) that, as elements of B({2(Fw)),
e; = Pre; +e; P,

where P; is the orthogonal projection onto the set of reduced words starting from
a positive power of e; and P_; is the orthogonal projection onto the set of reduced
words starting from a negative power of ;. To simplify the notation we set (e;)~! =
€_j;.

We also use that > . (Pie;)(Piei)* = >, Piese_; Py = >, P; < I, the identity on
B(to(F)), and i T, 5; € B(£s) then |3, Tisil| < | 5 BB 5, 57 Sil1

We need the following technical Lemma.

Lemma 7. Let x1, 29 € Fy, 71,22 € Foo and suppose that (as elements of €3(Fus))
ex, P_je_jes, = ez, P_je_je,,. Then either they are equal to zero, ori = j, 1 = x2,
21 =29 and ez, P_je_je,, = ez e_je,,.

Proof. If z; starts from e;, P_;e_je,, = 0, so we assume that the reduced words
of z; and z2 do not start from e; or e; respectively. Then we have that z,e_;e;, =
Tae_je,,. Since we have no cancellation on the z’s and e_; and e_; are the first
non-f, elements of the words, then ¢; = ¢;, 1 = z2and z; = 2. M

Proposition 8. Let T € M,(Lx). Then
max{ sup ||T'q||2, sup ||T*b®eo||2} <|ITII < sup  ||Tql|2+ sup ||T"b®egl|2-
bel; qel;(ﬁa) bt

a2 (Ca)
lella<1 el <1 lella<1 el <1

Proof. The left inequality is trivially true. For the other one take T' € M, (Lk) as
in (1)
T = Z(I ® 62)142 = Z(I ® PZeZ)AZ + Z(I ® eiP_i)Ai.

i<k i<k i<k
Then
i<k i<k i<k
< | DoAra
i<k

= Suwp )MZHAHJH%
€L (Ly .
Nlafo<s V i<k

= sup Z(I@ei)Aiq
L (Lo .
“lafaet i<k ’
= sup ||Tq|2
9€s%(Ca)

llalla<1
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On the other hand, || 3, (1 ® e;P_i)Ail| = || X2;<p A7 (1 @ P—je_;)||. To norm
the latter one, take ¢ € €2({2(Fx)), |lg]l2 < 1 and decompose it as

(3) q= Zbl ® e, where by € 05 2z € P

Using (2) and (3) we have

ZA* (I ® P_se_i)qg = ZZZA”IH @ e_g, P_je_je,.

i<k i<k J

Lemma 7 tells us that all those terms are orthogonal to each other or zero. Hence,

< ZZZHA b3

S AT(I@ Pojey)

i<k i<k j
2
= IIbzII2
S| S5 e
< mp YA
IolaZr 1Sk

= sup [|[T"b@eol2 m
bt
ll6ll2<1

Proof of Proposition 4. Let T € M,(Lo). Write it as T = Ty + T3, where
Ty € Mp(Lk) and Ty € M, ((Lx)1). Notice that if ¢ € €3(L,), then

Tiq €03(Lx), and Tuq € 5((Lr)Y).

Hence,
sup ||Taglla < sup || Tql]z < [|T1].
a€e2 (La) 4€e (£a)
lallz<1 llallz <1

Moreover, it is clear that given b € 7, we have that
1176 @ eoll2 < [[T76 @ eolls < |T7[] = [IT]-

Therefore, by Proposition 8, ||T1]| < 2[|7]]. |

Propositions 5 and 8 give a representation of C}(Feo) in terms of row and column
Hilbert spaces.

Let T'= ", (I ® e))A; € Mp(Li), A € Mp(Ls). Use (2) to write T' =
Y oi<k Zj Ai; @ giexj, for some A;; € M,,. Then we have

sup )||TQ||2= doArA
€L (Lo .
“lalla<a i<k

3
sup ||T7b @ egll2 = ZZAUA
e i<k ]

lIollz <1
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We see that the first term is the norm of 7" in M, (C'® C5(Ly) ), and the second one
is the norm of T'in M, (R ® R(Fy)). Here R(Fy) is £2(F,) with the row operator
space structure.

Using the notation of interpolation theory of operator spaces (see [P]) we con-
clude

Proposition 9. C5(F.) w [CoCi(Fx)] N[R®R(Fx)].
Remark. If we are interested only in the Banach space structure, we have that
C3(Fu) ts isomorphic (but probably not completely isomorphic) to C @ C§(Fx).

3. ISOMORPHISMS OF NON-COMMUTATIVE ANALYTIC ALGEBRAS.

In this section we will consider only the words consisting of positive powers of
the generators of Fj, and the identity. We denote this set by P, C Fj, and let
£5(Py) be the Hilbert space with orthonormal basis {e; : © € Py}. This Hilbert
space is also denoted by F?(Hy), the full Fock space on k-generators, see [Po]. Let
P (or Py to avoid confusion) be the linear span of the basic elements, and consider
two norms on P: The || - ||o-norm, induced by ¢3(Py), and the || - ||co-norm, defined
as

IPllec = supillpgllz : ¢ € P, [lqll2 < 1}

Notice that p € Py, induces a left multiplication operator on £3(Py) and ||p||ec equals
the operator norm of that map.

Remark. If p € Py, then the ||p||lco-norm does not coincide with the ||p||-norm as
an element of CY(Fy). In fact, if () is the orthogonal projection onto {5(Py) then
[I7llee = ||QPQI|. We always have that ||p||leo < ||p]] and sometimes the inequality is
strict (see Proposition 17).

Let A(k) be the closure of Py in the norm topology of B({2(Fx)), and F* (k) the
closure in the strong operator topology. These spaces are studied in [Po], where he
calls them non-commutative analogues of the disk algebra and H*. When k£ =1
they coincide with the classical definitions.

The main results of this section are.

Theorem 10. A(k) is completely isomorphic to A(co) whenn=2,3,4,---.
Theorem 11. F*® (k) is completely isomorphic to T (co) when n =2,3,4,---.

As in the previous section we will only present the proof of the first one, the other
one is essentially the same. The proof of Theorem 10 will follows from Propositions

12, 13 and 14.

Proposition 12. Let n < m, and let ® : A(n) — A(m) be the formal identity.
Then ® is a complete isometry. Moreover, the orthogonal projection onto la(Py) is
completely contractive from A(m) onto A(n).

Proof. Let F C P,, be the set of all y € P,,, whose first letter does not start from
e1, -+ ,en. It is easy to see that {P,y : y € E} forms a partition of P,,. Then
ls(Pp) = Z;ozl &l (Ppy;), where E = {y; : j € N}
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Let p € Py and ¢ € Py, ||¢]|2 < 1. Use the previous partition to decompose ¢ as
g =), rjey,, for some r; € P, and y; € E. Then

2 2

<|lpllZ-
2

Ti

17l

p

oo
=0

(o)
palls = llprillz =
7=0 1=

2 T
rills <sup ||p
Il <sw o

This tells us that ||p||acn) = [|pllagm). Moreover, if p € A(n) C A(m), we norm it
with elements from P,,.

This is the fact that we use for the complementation. Given p € P,,, write it as
p = p1+p2, where py € P,, and ps € (P,)L. Then if ¢ € Py, we have that p1g € P,
and pag € (P,)L. Hence,

Ip1llee = sup [Ip1gll2 < sup [Ipgllz < ||pl|eo-
g€Pn g€Pn
llall2 llall2

The completely bounded part is very similar. W

Proposition 13. There exists a subspace of A(2) completely isometric to A(oo)
and completely complemented by the orthogonal projection.

Proof. Let a,b be the generators of P;. Let P, be the set of all words generated
by ab,a’b,a®b,a’,---. P, is clearly isomorphic to P.. Let £ C P be the set
of all words in P» such that no initial segment belongs to P,. Then it is easy to
see that {P,y : y € E} forms a partition of Ps, and the proof is like that of the
previous proposition. W

Proposition 14. A(co) is completely isomorphic to C @ A(co), where C' is the
column Hilbert space.

Proof. Divide the generators of Py, into aj,as--+; ey, es, -+, and let P, be the
set of words generated by the a’s. Let K = U;ozl e; Po C Po, and let P(K) be the
span of the basic elements in K. Denote the closure of P(K) in the f2-norm by
£5(K), and in the || - ||oo-norm by A(K).

The canonical element of P(K') looks like )", ., e;p;, for some k € N and p, € P,.
Given any q € P the e;p;¢’s are orthogonal. Then we have,

Zeipi Zeipiq = sup ZHW]H%:
2 llgll=<1 i<k

i<k i<k
Since A(Py) is isometric to A(oo) we conclude that A(K) is isometric to C'® A(0o).
Moreover, the elements in A(k) are normed by elements in £2(P,).

We will now see that A(K) is complemented in A(co). Let p € Py and decom-
pose it as p = py + pa, where p; € P(K) and py € (P(K))t. If ¢ € Py, then
p1g € P(K) and paq € (P(K))*. Hence, [Iprgl2 < |pll, and [|p1lce < [|plloo-

As in the proof of Proposition 5 it is clear that A(K) is isomorphic to its square,
and then isomorphic to A(oo).

The completely bounded part follows in the same way after we replace the scalars
by matrices. W

= sup
00 llgll2<1

1
2
00

> pips

i<k




COMPLETELY BOUNDED ISOMORPHISMS OF OPERATOR ALGEBRAS 9

Proof of Theorem 10. By Proposition 12 and 13 we have that A(k) = A(co) Y
for some Y. Since A(oo) & A(co) @ A(c0), we have

Alk) = Alo0) B Y a A(c0) & A(oo) & Y & A(co) & A(k).

On the other hand, A(oco) = A(k) & Z, for some Z. If Q : A(oco) — A(k) is that
projection and [ : C' — (' is the identity on C, I @ @ decomposes C' ® A(oo) =
[C® A(k)] @ [C ® Z] because @ is completely bounded. Hence,

Al0) & C @ A(oo)
=[CeAk)]a[Co 7]
rAk)[CoRAK]®[Co 7]
~ AR) @ [C @ A(oo)] = Alk) ® Alco). W

4. APPLICATIONS TO YON NEUMANN’S INEQUALITY

Fix k for this section and let Py be the positive words generated by ey, - ex.
As in the previous section, F?(Hy) = €2(Py) is the full Fock space on Hy, a k-
dimensional Hilbert space; A(k) and F* (k) have the same meaning.

In [Po] G. Popescu proved that if T3, - - - , T}, € B({3) are such that || >, ., ;T <
1 (e, J[Th - - Tx]|| £ 1) then any p(ey,- -, ex) € A(k) satisfies N

(4) Ip(Th, - Tl < lpllagk)

When k = 1, this is the classical Von Neumann’s inequality.

In this section we prove that A(k) and F* (k) contain many complemented
Hilbertian subspaces. Hence we can easily compute ||p||sx) whenever p belongs
to one of those subspaces, and use [|p[|4x) in Popescu’s inequality (4). (See [AP]
for more examples and connections with inner functions).

We start with the following elementary lemma.

Lemma 15. Let p = ) aiex,,q = ) ;bjey, € P be such that x;y; = xpy; if
and only if ©; = x; and y; = y;r, (that is, we cannot have any cancellation), then
lIpallz = llpll2llql]2-

Proof. We have that pg =5, Zj a;bjeg,y,;. Since all the z;y;-terms are different,
the e;,y;’s are orthogonal. Hence,

lpalla = [ laibj|? = ¢Z Iailz¢z 101 = [Ipllllgllo. =
7 7 7 7

Remark. The lemma extends to the My-case just as easily. If T = 5 . A; ®
x, € Mp(P) and ¢ = 3, b; @ ey, € (5(P), then Tq = >, 5 Aibj ©® eq,y, and

1Tqlla = /32 325 11Asbs15-
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Proposition 16. Let W, C Py be the set of all words in Py having n-letters,
and let X, = span{ey : © € Wy} C A(k). Then X, is completely isometric to
C,x, the column Hilbert space of the same dimension. Moreover, X,, is completely
complemented in A(k).

Proof. Let p € X,, and ¢ € Py, ||g||2 < 1. Since F*(Hy) = Y o"_, ®Xp, we write
qgasq= Zm Tm, Where 7, € X,,. Notice that pr,, € X, and hence all of them
are orthogonal. Moreover, if 1,22 € X, y1,y2 € Xy, and z1y1 = T2y2, then it is
necessary that x; = x5 and y; = y». This implies that there is no cancellation in
prm and hence, by the previous lemma, [|[prm ||z = ||pll2]]7m||2. Therefore,

%] %]
lIpallz = | D= lprall3 = 4| D plBllrnll3 = lpll-llgll2,
m=0 m=0

and [llloe = [l

The completely bounded case is very similar. A canonical element of M, (X,)
looks like T" = ZKk A; ® ey, where A; € M, and e, € X,,. A canonical element
of £3°(Xp) looks like ¢ = Zj bj @ ey,;, where b; € £3° and ey, € X,,. Then
Tg=>5, Zj Aib; @ ez ey, € £5°(Xpnqm) and all of those terms are orthogonal to
each other. Then the proof proceeds as those of section 2. The complementation
part is very easy: If p € X, then ||p||cc = ||pen]]2. M

Multiplication from the left by any one of the e;’s in A(k) or F*° (k) is an isometry;
(i.e., ||Plloc = ll€sPlloo). However, multiplication from the right does not have to be
like that.

Proposition 17. Let p € Ak — 1) C A(k). Then ||pek|loo = l|Per|l2 = ||p||2-
Proof. Let p € Px_1, p = >, aiey, where 2; € Py_1, and ¢ € Py, ¢ = Zj bjey,

where y; € Pi. Then
perq = Z Z aibjes, epey,.
i

Since egepey;, = €g, €rey, iff z; = x5 and y; = y;+, then Lemma 15 applies and
we have that (|pexqllz = |pll2llerqllz = l|pll2llgll2. ™

We conclude with the following two applications of the previous propositions.

1. Let p(er, ez, -+ ,ex) € P be a non-commutative homogeneous polynomial of
degree n; i.e., p(Aer, -+, Aex) = A"pler, -+ ,ex), (or p € X, with the notation of
Proposition 16). If || . .. T37T7]] < 1, then

Ip(Ty, To, -+ Tl < Hlpll2-

2. Let Ty, T € B(f2) be such that [|[T1 T2]|| < 1 (i.e., ||TATY + 1275 < 1) and
let p(t) be a polynomial in one variable. The classical Von Neumann’s inequality
states that ||p(T1)|| < ||p|lec- Therefore, using the Banach algebra properties of
B(f3) we get that

lp(T1) 12| < sup [p(t)],
teT
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but if we apply Proposition 17 to Popescu’s inequality we get

(1) 12| <

Acknowledgment. The author thanks Gelu Popescu for useful discussions.
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