FOCK SPACE TECHNIQUES IN TENSOR ALGEBRAS OF DIRECTED
GRAPHS

ALVARO ARIAS

ABSTRACT. In [MS1], Muhly and Solel developed a theory of tensor algebras over C*-
correspondences that extends the model theory of contractions in B (H) . The main exam-
ples are generated by Fock spaces, directed graphs, and analytic cross products. In this
paper we show that many results of tensor algebras of directed graphs, including dilations
and commutant lifting theorems for C.o completely contractive representations, can be
deduced from results on Fock spaces. One of the main tools we use is the Poisson kernels,
which we define for arbitrary C™*-correspondences. The Fock space approach allows us
to consider “weighted” graphs, where the dilation and commutant lifting theorems hold.
Additionally we prove a rigidity result for submodules of the induced representations of
directed graphs and we obtain projective resolutions of graph deformations.

1. INTRODUCTION

In the last thirty years there have been many attempts to generalize the model theory
for contractions in B (H), particularly the Nagy-Foias dilation theory and the Commutant
Lifting Theorem. For example, Douglas and Paulsen proposed the Hilbert module lan-
guage to extend these results to multivariate function theory. Popescu extended them to
a noncommutative multivariate setting. And Muhly and Solel extended them to tensor al-
gebras over C*-Correspondences (Hilbert bimodules over a C*-algebra A). The language of
Muhly and Solel is very general and it includes as special cases all of the previous examples.
Additionally, it includes the tensor algebras generated by directed graphs, analytic cross
products, and others.

Many aspects of the Nagy-Foias theory are reduced to the study of the unilateral shift
in the Hardy space H?, which has orthonormal basis {z" : n > 0}. Likewise, many aspects
of Popescu’s noncommutative theory are reduced to the study of the left creation operators
on the Full Fock space, which are isometries with orthogonal ranges. The Full Fock space
of £} is

F)=cled o @) e (@)% e @) e,
but we identify it with ¢5(Fy ), the Hilbert space with orthonormal basis {5a ra € IFTV}
indexed by the free semigroup on N-generators g1, go,...,gn. The left creation operators
L; : l5(FY) — (2(F}) are defined by L; (64) = 84,0, for i < N.

One interesting feature of Popescu’s approach is that many results, including dilation
and commutant lifting theorems, pass from f5(F) with L1,..., Ly, to subspaces M that
are invariant under the adjoint of the left creation operators. We call these spaces -
invariant. For example, the compression of the left creation operators to the symmetric
Fock space gives rise to Arveson’s d—shifts, and the dilation result of Theorem 4.5 of [Arv]
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follows immediately. In this paper we will show that an induced representation of a tensor
algebra of a directed graph is associated with a subspace of l3(F}) ® H invariant under
(Li®Ig)",(Le®Ig)*,...,(Ly ® Ig)". This allows us to apply Fock space techniques to
these algebras.

Non-selfadjoint algebras of directed graphs have been studied recently by Muhly, Solel,
Kribs, Power, Jury, and Katsoulis (see [MS1], [MS2], [KP], [JK1], [JK2|,[KK1], [KK2]).
Kribs and Power [KP] introduced a generalized Fock space to study these algebras, but we
will use the C*-correspondence language of Muhly and Solel [MS1], [MS2]. The Full Fock
space techniques seem to adapt better to this language.

In Section 2 we review background material and define the Poisson kernels for C*-
correspondences. These are explicit dilations that are modeled after Popescu’s Poisson
kernel of the full Fock space.

In Section 3 we study non selfadjoint algebras generated by finite directed graphs. We
assume that the directed graph G has N edges g1,92,...,9n and n vertices. The formal
span of the edges is the Cuntz-Krieger bimodule E = X (G) over ¢ . And the Fock module

F(E)=(" dE®E*®?oE®®oE* ...

is the orthogonal sum of the E®*’s, where E®* is spanned by the elements of the form
9i, @ giy, ® -+ - ® g4, such that g, ¢;, - - - gi, is an allowable path in G. Each edge generates a
left creation operator L (g;) : F' (E) — F (F) defined by

R0 Q- ®¢;, if ¢;9i, gi, - - i, 1s an allowable path in G
L(gz‘)(gz‘1®-~®gik):{gl 9ia 0 ik otﬁ;grzvlv?;i. i, p

The tensor algebra generated by G is the norm closure of the algebra generated by L (g1),
..., L(gn) and n orthogonal projections Q1,...,Q, that add up to the identity and that
satisfy the relation L (g;) = Q,;)L (9i) Qs(;)- The function r (i) is the range of the ith edge
and s () is the source of the ith edge. Notice that we multiply from right to left.

A completely contractive covariant representation of E = X (G) on B (H) consists of N
bounded linear operators 11,7, ..., TN in B (H) that satisfy Zfil T;TF < I, and n non-
zero orthogonal projections Py, Ps, ..., P, in B (H) that add up to the identity and that
satisfy

(1.1) T; = Poiy Ti Py sy

More abstractly, a completely contractive covariant representation of £ = X (G) on B (H)
consists of an ordered pair (7,0) such that T : E — B(H) is completely contractive,
o : 0, — B(H) a faithful x-representation, and 7" and o satisfy an algebraic condition
that is equivalent to (1.1). Moreover, the faithful %-representation o : (2 — B (H) in-
duces the Hilbert space F (E) ®, H and an isometric covariant representation of E =
X (G) on F(F) ®, H with left creation operators L, (¢1),...,Ls (gn) and projections
Ind (o) (e1),...,Ind (o) (en).

The connection with the full Fock spaces lies in the fact that we can identify F' (E) ®, H
with a -invariant subspace of £2(F};) ® H in such a way that the L, (g;)’s are compressions
of the left creation operators L; ® Ig’s on the full Fock space £ (IF}) ® H. We actually have
that

Lo’ (gz)* — (L’L ®IH)TF(E)®0H fOI‘ Z S N
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If the graph G has no sinks, the projections Ind (o) (e;)’s belong to the double commutant
of the L, (g;)’s. This implies for example that the module maps of the two Hilbert modules

(F(E)®, H; Ly (91),---,Ls (gn);Ind (o) (e1),...,Ind (o) (ey)) and
(F'(E) ®s H; Lo (91) 5 - - -, Lo (gn))

are equal. As a result, in many problems we ignore the projections and study only the left
creation operators.

In this paper we work with C.¢ completely contractive representations (7, o) of E = X (QG)
on B (H). These are completely contractive representations with an extra condition that for
example allows us to define the Poisson kernel K : H — F' (E)®, H. This map is an isometry
and its adjoint satisfies K* Ly (¢9;) = T;K* for ¢ < N, and K* [Ind (o) (ej)] = o (e;) K* for
J < n. This means that

K*:F(F)®, H— H
is a surjective coisometric module map.

In principle there are two possible Poisson kernels associated to the C.g completely con-
tractive representation (7',0) of E = X (G) on B (H). One is the Poisson kernel of the
C*-correspondence that we define in Section 2: Ky : H — F (F) ®, H, and the other one
is the full Fock Poisson kernel Ky : H — 62(15'}) ® H associated to the maps T1,...,TxN. It
turns out that when we identify F (F) ®, H with a subspace of £2(F}) ® H, the two maps
are equal. This makes the connection with Full Fock spaces even stronger. For example,
we show that there exist partial isometric module maps ®; and @5 such that the following
is the a short exact sequence

(1.2) 0 — FE)osHy 22 FE)9,H 2% H — 0.
The existence of (1.2) can be deduced from the dilation theorem of C*-correspondences
[MS1]. However, in this case, we deduce the existence of (1.2) easily from Poisson kernels
on Fock spaces.

If (T1,0) is a C,¢ completely contractive representation of £ = X (G) on B (H), (I3, 7)
is a Cp completely contractive representation of £ = X (G) on B(H), and f: H — H
is a module map, then there exist module maps f; : F(E) ®, Hi — F(F) ®, H; and
fo: F(E)®; Hy — F (F) ®= Ha such that || fa|| < ||f1]| < ||f]| and such that the following
diagram commutes:

0 — F(Go)®sHy 22 F(G)®.Hi ~% H — 0

L f2 LA L

0 — F(G)@Hy 22 F(G)®-Hi 2% H  — 0
This can be deduced from the general commutant lifting theorem of C*-correspondences of
[MS1], but we deduce it from the the commutant lifting theorem of Fock spaces. We obtain
precise information about the module maps f; and f». Like in the classical case, they are
associated to certain analytic “symbols”. We use this to obtain the following rigidity result:
Suppose that M; and My are submodules of F (E) ®, Hy and F (E) ®, Hy and that Mi
is isomorphic to M3 :

0 — My — F(E)®, H — M{ — 0
0 — My — F(E)®,Hy — My — 0.
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We prove that if the inclusions M;- C F (E) ®,, H;,i = 1,2, are “minimal”, then M; is
isomorphic to Ma. We use this to show that the map @2 : F (F) ®; Ha—F (E) ®, H;
of (1.2) determines (H;Th,...,Tn;P1,...,P,) up to unitary equivalence. Following the
classical case, we say that ®s is the characteristic function of H.

The directed graph G4 is a deformation of G, or G; < G5 in symbols, if G2 can be
obtained by identifying some vertices in GG;. Katsoulis and Kribs [KK1] proved that the left
creation operators of Go “dominate” the left creation operators of G;. We strengthen this
result by proving that if G; < G2 < G3 < --- | then there exist partial isometric module
maps ®; : F' (Gi—i-l) Qi1 Hi1 - F (GZ) Ro,; H; such that

B3, F(G3) ®py Hy —2 F(Ga) ®py Hy —5 F(G1)®g, Hi — 0
is an exact sequence. We also prove a stronger version of the commutant lifting theorem
that allows us to conclude that if f; : F'(G1) ®y, Hi — F (G1) ®,, Hy is a module map,
then there exist module maps f; : F'(G;) ®y, Hi — F (Gi) ®4, H; such that || f;|| < || f]l and
such that the following diagram commutes:

P P

& F(Gg) Qo Hj =2 F(Gz) Qo Hy - F(Gl) Roq H — 0
1 f3 1 f2 L f
B3 F(G3) @0y Hy —2 F(G) ®py Hy —% F(G1)®g Hi — 0.

In Section 4 we look at the weighted Fock spaces F2 (w,) ® H studied in [AP2] and [A].
Given a faithful representation o : ¢y — B (H) we define F,,, (G) ®, H to be a natural
*-invariant subspace of F2 (wq)® H. The left creation operators L, (g;) are the compression
of the left creation operators of F? (wq) ® H to F,, (G) ®, H, and we look at the Hilbert
module

(Fuo (G) @5 H; Lo (91) -+, Lo (gn) 5 [Ind() (e1)], .. ., [Ind (o) (en)]) ,

where [Ind (o) (e;)]’s are orthogonal projections that add up to the identity. The left cre-
ation operators are no longer partial isometries, but the main results of Section 3 are true.
The proof of these results is almost identical, and we only indicate the differences. We
decided to give the complete proof for the Full Fock spaces case. The addition of weights
causes no difficulties. The main difference is that the projective resolutions of (1.2) are no
longer finite.

2. PRELIMINARIES AND POISSON KERNELS

A Hilbert C*-module E over the C*-algebra A is a right A-module with an A-valued
inner product (-,-) : E x E — A with the following properties: (i) (z,-) is linear for every
x € E, (x,y)* = (y,z) for every z,y € E, (ii) (z,y - a) = (x,y)a for every x,y € E and
a € A, and (iii) (x,z) > 0 for every = € E (moreover, (z,z) = 0 iff x = 0). We assume that
E is a complete normed space with the norm ||z| = \/(x, z).

If E and F are Hilbert modules over the C*-algebra A, a map T : F — F' is adjointable
if there exists a map S : F — FE such that for every z € F and y € F,

(T,y) = (z,5Yy).
The map S is denoted by T™*, and one easily checks that 7" is a bounded, linear and A-linear
map (i.e., if z € E and a € A, then T (z-a) = T (z) - a). The set of adjointable maps from
E to F is denoted by L (E, F'), and the set of adjointable maps from E to E is denoted by
L (F). One can check that £ (F) is a C*-algebra.



TENSOR ALGEBRAS OF DIRECTED GRAPHS 5

Example 1. If A = C, then any Hilbert space H is a Hilbert C-module with the usual inner
product. It is easy to check that L (H) is the usual B (H).

Example 2 (Sums). Suppose that E; is a Hilbert A-module for i € I. Define @ E; to be
el
the set of (x);c; such that ), (xs,x;) converges in A. Then @ E; is a Hilbert A-module
i€l
with inner product given by ((z;), (yi)) = > {(zi, yi)-
el

A Hilbert module E over a C*-algebra A has a natural operator space structure induced
by the Linking Algebra £ (we refer to [BMP] for details). For example, if A = C any Hilbert
C-module F is a Hilbert space at the Banach space level, and a column Hilbert space at
the operator space level. That is, £ = Cy if E is N-dimensional or £ = C' if F is separable
and infinite dimensional. We also mention that an adjointable map 7' between A-Hilbert
modules is completely bounded and |||, = ||T’|| . We refer to [L] for additional information
about Hilbert C*-modules.

2.1. Tensor Products and C*-Correspondences over A. Suppose that E is a Hilbert
A-module and that F' is a Hilbert B-module. For every s-representation o : A — L (F)
one can construct the “balanced” tensor product F ®, F' (if there is no confusion about o,
the tensor product is also denoted E ® 4 F') which is a Hilbert B-module that satisfies the
following properties:

(1) If x € B,y € F,and a € A, then (z-a) ® y =z ® (0 (a)y) (the tensor product is
balanced over A).
(2) If 1,22 € E and y1,y2 € F, then (1 ®@ y1, 22 @ y2) = (y1,0({x1,x2))Yy2).

Notice that if E is a Hilbert A-module and o : A — B (H) is a x-representation, then
FE ®, H is a Hilbert space. Indeed, H is a Hilbert C-module and B (H) = L (H). Then
E ®, H is a Hilbert C-module, which makes it a Hilbert space.

A C*-Correspondence over A, or a Hilbert Bimodule over A, is a Hilbert A-module E
with a s-representation ¢ : A — L (FE). The map ¢ induces a “left” action of A on E given
by a-x = ¢ (a) z. If E is a C*-Correspondence over A we can construct the Hilbert A-module
E ®4 F, and more generally, for every n > 1, we can construct the Hilbert A-module

E®"=E®sE®4--®aFE.

n times

Each of these Hilbert A-modules becomes a C*-Correspondence if (™ : A — L (E®") is
defined by

™ (a) (21 @22 ® - xp) = [p(a) T1] @22 @ -+ - .

The following example is due to Pimsner [Pim]

Example 3 (Fock Module). Suppose that E is a C*-correspondence over A. The Fock
module of E is the Hilbert A-module defined by

F(E)y=A®E®E®*QE®®.- o E® ¢ ...

F (E) is a C*-Correspondence over A if ¢ : A — L(F(F)) is defined by ¢ (a) =
D2op™ (a).
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2.2. Representations and Tensor Algebras: 7, (E). Let E be a C*-Correspondence
over the C*-algebra A. Muhly and Solel [MS1] defined a Covariant representation of E to
be an ordered pair (T, 0) such that

(1) T: E — B(H) is a bounded linear map,
(2) 0 : A— B(H) is an injective *-representation, and
(3) For every z € E and a € A,

T(x-a)=T(z)o (a) and T(p(a)x)=0(a)T (a).
The covariant representation is

(1) Completely bounded if |1, < oc.
(2) Completely contractive if ||T'||, < 1, and
(3) Isometric if T (x)* T (y) = o ({x,y)) for every z,y € E.
Fowler and Raeburn [FR| considered isometric covariant representation but they did not
require o to be faithful. They called such representations Toepliz representations.

Example 4 (Fock Representation). Suppose that E is a C*-Correspondence over A, and
let F(E) be the Fock module of Example 5. Define

L:E— L(F(E)) by L(z)(n) =z®n.
It is easy to check that (L, @) is an isometric covariant representation into L (F (E)).

The Tensor Algebra of the C*-correspondence F is denoted by 75 (F) and it is the normed
closed subalgebra of £ (F(FE)) generated by L (z) for x € E and ¢, (a) for a € A. This
is the nonselfadjoint part of an algebra introduced by Pimsner (see [Pim]): The Toepliz
algebra 7f is the C*-algebra generated by L (z) for z € E and ¢, (a) for a € A. Pimsner
also defined Of (the Cuntz-Pimsner algebra) as a quotient of of 7. These algebras have
been the object of much study recently.

Muhly and Solel proved that every completely contractive covariant representation of F
induces a completely contractive representation on 7, (E) and it is easy to see that every
completely contractive representation on 7, (E) induces a completely contractive covariant
representation on F. Moreover, they proved that every completely contractive covariant
representation has a unique minimal isometric covariant dilation [MS1].

The Fock representation is an isometric covariant representation of E into an abstract
C*-algebra. Every s-representation o : A — B (H) induces an isometric covariant repre-
sentation into a concrete Hilbert space:

Example 5 (Induced Representation). Suppose that E is a C*-Correspondence over A and
that 0 : A — B (H) is an injective x-representation. Define

Ly : E— B(F(E)®, H) by Le(z)(n) = L(z) @,

and

Ind(c): A— B(F(FE)®, H) by Ind (o) (a) = pu (a) @ 1.
It is easy to check that (Ly,Ind (o)) is an isometric covariant representation into the
bounded linear operators of F (F) ®, H. Notice that since F (E) is a Hilbert A-module,
F (F) ®, H is a Hilbert space.

Suppose that (7',0) is covariant representation of F into B (H). Let E ®, H be the
subspace of £ ®, H spanned by the vectors of the form z ® h, where x € E and h € H and
define B _

T:EFEG, H—H by T(xz®h)=T (x)h.
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The following Lemma of Muhly and Solel is fundamental:

Lemma 1 ([MS1)). T is completely bounded iff T is bounded. And more precisely, 1T =
|T: E®; H— HJ. Moreover, (T, o) is isometric iff T : E ®, H — H 1is an isometry.

2.3. Poisson Kernels. In this section we define the Poisson kernels for Hilbert bimodules,
by adapting the definition of Poisson kernels for Fock spaces. These were introduced by
Popescu in [Po4], were he used them to prove several versions of von Neumann inequalities.
In [AP1] we used them to obtain non-commutative multivariable interpolation results, and
in this paper, we use them to study C*-correspondences of directed graphs.

Let (T, o) be a completely contractive covariant representation. For every k£ > 1 define

Tk E%% @, H — H by TF (11 @22 ® -+ @ ap ® h) = T (w1) T (x2) - T (2x) h.
Since THH (THH)* = Tk (Ipes ® T) (Igsr @ (T)7) (TF)" < TH(TH), it follows that
T(T)" =THTY) > T2(T2)" > - > TH(TF)" > 0.
The representation is called Clg if SOT — limy_,oo T%(T*)" = 0 (see [MS4]).

~ o~ n\1/2
Let A: H — Hbe A= (I-T(T)") " and define

o0
(2.1) K:H— F(E)®, Hby K(h) = (Iger ® A)(T*)"h.
k=0

Since

| (zer @A) (TF)° Iper @A) (TF)"h, (Igex @ A) (T%) 1)

((Igor © A) (TR, (T7)"h)
(2.2) = ((Iger @ [z T(T)"]) (7%) ", (T%)"R)
() b, (T5)"h) = ((TF¥1)"h, (TF)"h)
< [Tk Tk+1 (Tk+1) ] h, h> ,
we obtain the following proposition:
Proposition 1. Suppose that (T,0) is a completely contractive covariant representation.
Then
(1) K: H— F(E)®q H is a bounded map.
(2) K: H — F(E) ®y H is an isometry if and only if SOT — limy_.oo T*(T*)* = 0 iff
(T, o) is a C.o representation.
B) K*(z1®22® - @, ®@h) =T (1) T (x2) - T (z1) Ah for every 11 @ x2 @ -+ ®
Tp ®h E E®* @, H. Consequently,

(a) K*Ly (x) =T (z) K* for every x € E, and
(b) K* [Ind(a)( )] = o (a) K* for every a € A.

Proof. Parts (1 ) and (2) follow from (2.2) and (3 a) and (3.b) follow easily from the formula
K(21®@22® - Q@ ®h) = T (21)T (z2)---T (x) Ah. So we only need to verify the
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formula. Let h' € H, then
(K*(z1®@22® - @, ®h), 1) = (21Q220 - @1, @ h, K(I))
x1®x2®_..®xk®h,(I®A)(ﬁ> (h’)>

<

= <x1 QT ® -+ @ xp @ Ah, (ﬁ)* (h’)>
<Tk(a:1 QT2 ® - @z ® Ah), h’>

= (T(z1)T(x2) - T(z)Ah,K).

This proves the Proposition. O

2.4. W*-Correspondences and H* (E). A Hilbert C*-module E over the von Neumann
algebra M is a W*-module if F is self dual. This means that for every M-linear bounded
map f : E — M, there exists a € E such that f(z) = (a,z). Paschke [Pa] proved that
if £ is a W*-module, then E is a dual space and that £ (F) is a abstract W*-algebra. A
W*-Correspondence over the von Neumann algebra M is a W*-module F over M and a
w*-continuous injective homomorphism ¢ : M — L (E).

If (E,p) is a W*-Correspondence, then so is (F (E),¢,,). Muhly and Solel defined
H®> (E) to be the WOT closed subalgebra of L (F(FE)) generated by L(z) for x € E
and ¢ (a) fora € A.If 0 : A — B (H) is a faithful normal *-representation, then H* (E)
is isomorphic to the WOT closed subalgebra of B (F (E) ®, H) generated by the induced
representation (see [MS3]). We call this algebra HX° (E) .

A Covariant representation of F in B (H) is an ordered pair (7),0) such that T : E —
B (E) is a w*-continuous bounded linear map, o : M — B (H) is a w*-continuous injec-
tive homomorphism, and T (z-a) = T (z)o (a) and T (¢ (a)x) = o(a)T (a) for x € E
and a € M. As before, the covariant representation is completely bounded if T is com-
pletely bounded, completely contractive if T is completely contractive, and isometric if
T (2)*T (y) = o ({z,y)) for every z,y € E.

It is useful to note that a completely contractive C.g-representation (7',0), induces a
representation in H* (F). Indeed, the map ® : B(F (F)®, H) — B (H) defined by
® (B) = KBK* is WOT-continuous. Identify H* (E) with the WOT closed subalgebra of
B(F (F) ®, H) mention above, and notice that the restriction of ® to this algebra is an
isometric representation that is continuous with respect of the w*-topologies.

2.5. Non Commutative Algebras on Fock Spaces. One of the most important exam-
ples of C*-correspondences is given by Popescu’s noncommutative analytic algebras [Pol].
Let A =C and E = (), or E = Cy if we look at the operator space structure of E.
The left action is trivial and then Eé\] Rc Zév Qc -+ Q¢ ﬁév (k-times) is the usual tensor
product of Hilbert spaces. Then F (E) is identified with the Full Fock space f3(F}), the
Hilbert space with orthonormal basis {5a fa € IFX,} indexed by the free semigroup on N-
generators g¢i,gs,...,gn. The left creation operators L; : EQ(FE) — EQ(FE) are defined
by L; (§a) = 0g,a, for i < N. The norm closure of the algebra generated by the L;’s and
the identity is a noncommutative analogue of the disc algebra A (D), and it was denoted by
Popescu by Ax. The WOT closure of Ay is a noncommutative analogue of the Hardy space
H®°, and it was denoted by Popescu by F*°. It can be checked easily that 7 (F) = Ay
and that H*® (E) = F™.
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In [Po3], Popescu proved that the commutant of F**° is generated by the right creation
operators R; (which are defined by R; (0n) = dag,) and the identity. (In [DP], the WOT
closed subalgebra generated by the R;’s and the identity was denoted by R and the WOT
closed subalgebra generated by the L;’s and the identity was denoted by Ly).

Since A = C, a completely contractive representation (7',0) has trivial o and it is en-
tirely determined by the completely contractive map 7' : Cy — B (H). Let §;, 7 < N, be the
canonical basis of Cl, and let T; = T'(¢;) for i« < N. It follows that (7', o) is completely con-
tractive iff ) 737 < I, which is equivalent to T' = (17,75, ...,Tn) being row contractive.
And (T,0) is Co contractive iff WOT — limy_, Zadﬁ‘}ﬁ,,m\:k T,T} = 0 (We use the free
semigroup on N generators FE to represent arbitrary products: if a = ¢;,9, - - i, € IFJJ(,,
then T, = T3, T;, - - - T3, ). Popescu called this condition Cp, and he showed that whenever
T = (T1,T>,...,Ty) is a Cy row contraction, there exists an isometry K : H — KQ(IFE) QH
that satisfies K* (L; ® Iy) = T; K* for ¢ < N. This is the construction that motivated the
definition of Poisson kernels for C*-correspondences.

The *-invariant subspaces play an important role in Fock spaces. Consider /5 (F}) ®H
with the ampliation of the left creation operators: L1 ® Iy,...,Ly ® Iy. A subspace
M C 4y (F};) ® H is called s-invariant if for every i < N, (L; ® Iy,)* M C M. Define
Vi = Pp (Li ® I, ) pq for i < N, and notice that

VisVig -+ Vi = Ppa (Liy @ Iny) (Liy ® Inr) - -+ (Liy ® Ti) g = P (Liy Liy - <+ Liy, ® I pq -

This implies that for every i < N, Py (L; ® Iz) = V;Pyp. In the notation of next section,
one says that (M;Vi,...,V,) a s-submodule of (62 (IF'?\',) QH; 11 ®If,...,LN® IH) and
that Py is a module map (see [A] for related results).

The following summarizes some of the most important tools of F'*.

Theorem 1 ([Po2], [Po3]). Suppose that M C 3 (FY) ® H is a subspace invariant under
(Li ® Iy)* fori < N, and that N' C Uy (F};) ® H is invariant under (L; @ In)" fori < N. If
f: M — N is a bounded linear module map, then there exists g : {2 (FE) QH — {9 (]F}) QH
such that ||g|l = |fIl, f = Pnvgm, and g (Li ® Iy) = (Li ® Iy) g for every i < N. Such a
map g is of the form g = Zaeth Ry ® A, for some Ay : H — H. Furthermore, if M is
invariant under (R; @ Ig)" fori < N, and N is invariant under (R; ® Iy)* for i < N, any
map of the form Py (Ra @ Aa)jpg: M — N is a module map.

2.6. Hilbert modules. A Hilbert module over an index I is a Hilbert space H and a
family of bounded linear maps {T, : H — H} ;. If (H,{Ta},c;) and (K,{Sa}.c;) are
two Hilbert modules, a module map f : H — K is a bounded linear map that intertwines
the T,’s with the S,’s. That is, f1, = Saf for every a € I. The Hilbert modules are
isomorphic if there exists a isometric surjective modulo map between them.

For example, if F is a C*-correspondence and (T, o) is a completely contractive covariant
representation on B (H), H is the Hilbert module with maps {T'(z)},. and {0 (a)}
The adjoint of the Poisson kernel is an example of a module map.

a€A "

Proposition 2. Suppose that (T, o) is a C.o-completely contractive covariant representation
of the C*-correspondence E on B(H), and let K : H — F (E) ®, H be the Poisson kernel.

Then (f, o) is a Cyo-completely contractive covariant representation of E in B (K (H)),
where T : E'— B(K (H)) is T'(x) = P (ryLo (%)) and 7 : A — B (K (H)) is 0 (a) =
Pre(ay [Ind(o) ()] g gy - Moreover, the Hilbert modules (H;T (z),x € E;0 (a),a € A) and
(K (H):T (z),2 € E;5(a),a € A) are isomorphic.
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Proof. From Proposition 1 it follows that Ind(o) (A) leaves K (H) invariant and therefore
0:A— B(K(H)) is a representation. Let x € E and a € A, then

T(x-a) = Pxnlo(z-a)xm = PrnLle (@) [Ind(o) ()] k)
= P Lo (a) Pr(my Ind(0) (a)) ey = T () 5 (a) .

To check the other direction, start from T (¢ (a) z) = Py [Ind(0) (a)] Lo (2) g (gr) - Then

T @] = Prgn Lo @) [Ind(o) @)

Hence we obtain that (f, 0) is a completely contractive covariant representation of E in
B (K (H)) . The isomorphism is implemented by (K™), ) and the module map properties
follow from (3.a) and (3.b) of Proposition 1 O

Since H and K (H) C F(E) ®, H are unitarily equivalent, the Poisson kernel can be
used to show that a completely contractive C.g covariant representation can be dilated to
an isometric induced representation. This is a result of [MS1].

A completely contractive covariant representation of the C*-correspondence E on B (H)
induces two natural Hilbert modules:

(H’ {T (x)}mGE ; {U (a)}aeA) and (H’ {T (x)}mGE) :
We will study Hilbert modules H that satisfy
(2.3) {he H:T(x)h =0 for every x € E} = (0).

Proposition 3. Suppose that for i = 1,2, (T;,0;) is a completely contractive covariant
representation of E in B (H;) . Suppose also that Hy satisfies (2.3). If f : Hy — Hy satisfies
fTy (x) =Ty (x) f for every x € E, then for every a € A, we have foq (a) = o2 (a) f.

Proof. Fix a € A and x € E. Then

Ty (z)[for(a) —o2(a) f] = Ta(x)fo1(a)—T2(x)o2(a) f
= [Ti(z)o1(a) —Ta(x)o2(a) f
= fhi(z-a)—To(z-a)f =Tif(x-a) —Ta(z-a)f =0.
Since x € E is arbitrary, it follows from (2.3) that foi (a) = 02 (a) f. O

If the completely contractive covariant representation (7',0) in B (H) does not satisfy
(2.3), we can find a largest H C H such that the compression of (T,0) to H satisfies
(2.3) . Define Hy = {h € H : T'(x) h = 0 for every z € E'}. Notice that Hy is invariant under
T (z) for x € E and under o (a) for a € A. The first statement is clear. The second
is easy: If h € Hp, a € A, and © € E, then T (z)[o(a)h] = T (z-a)h = 0 because
x-a € E. Since z € E is arbitrary, it follows that o (a) h € Hy. Define T:E—B (HOL) by
T (z) = PHOLT(.’E)‘HOL and define 5 : A — B (Hg) by & (a) = PHOLO'<G,)‘HOL . We can check

easily check that (f, 8) is a completely contractive covariant representation that satisfies

property (2.3).
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Property (2.3) is satisfied if (7, 0) is an isometric covariant representation, F is a Full
Hilbert A-module, and A is unital. This simplifies a little bit the proof of the commutant
lifting theorem of [MS1], because one does not have to pay attention to the algebra A. We
illustrate this in Section 3.3.

3. C*~-CORRESPONDENCE OF DIRECTED GRAPHS

Let G = (GO,Gl,T, S) be a directed graph with vertex set G°, edge set G', and range
and source maps 7,5 : G* — G°. For simplicity assume that G® and G' are finite, say

G = {v1,...,v,} and G' = {e1,...,en}. We view each edge ¢; as an arrow from s (g;) to
r (€;) . We multiply from right to left and we say that €, ;. , - --€i,€;, is an allowable path
in the graph G iff r (g;,) = s(ei,), 7 (€iy) = s(g43), ..., and 7 (5,_,) = s(ei,). The set

of allowable paths of G is denoted by I'g, and it can be thought of as a subset of F]J(, We
extend the definitions of 7, s : [¢ — G in the obvious way: s (é‘z‘kfz’k,l e siQEil) = s(eq)
and r (Eiké‘z’k71 . Eigeil) =r(e;,) -

Let A = (o (G°) = £2 and define the Hilbert {7 -module E = X (G) to be the set of
functions z : G — C with module action over (7 given by

z-a(e) = x(e)a(s(e)) for 2 € E,a € A,and ¢ € G*, and
(x,y) (v) = Z z(e)y (¢) for 2,y € E and v € G
{c€GLis(e) =0}
Let e; € €2, be the canonical projection (e; (vj) = 0if i # j and e; (v;) = 1if i = j) and
define g; : G — C by g; (¢j) = d;;. Notice that E = X (G) is the span of the g;’s and that
T
In the future, we will write s (g;) or s (7) instead of s (¢;) and we will assume that the range

of r and s is {1,2,...,n} instead of G°.
The range function r : G! — {1,...,n} defines the *-representation ¢ : £, — L (E) by
Y= {0 () £
v (€;) (9:) = { gi if 7(g)=j.
With the left action, the Hilbert ¢ -module F = X (G) is a C*-Correspondence and it is
called a Cuntz-Krieger bimodule.
For k > 1, we construct E®F = F Ry E®y - @, E (k times) and then we define the

Fock module of Example 3: F (E) = (% & E® E®? @ --- . To understand the structure of
F (E) it is instructive to look at a simple example. Let g; ® g; € E®? and notice that

%0 — [0 . N 0 if 7(g;) #s(9)
9i ® g5 = [9i - €s(gn)] @ 95 = 9 @ ¢ (es(q)) (95) = { gi®g if r(g)=s(g).

Similarly, gi;; ® gi, ® --- ® g;), € E®F is non-zero iff 9i1Gis -+ 9i, = 7y 1s an allowable path in
I'c. We denote g, := g;; ® gi, ® -+ ® g5, Moreover, we can check that

_ 0 if y#a«
<g'y;ga>_{ 68(87) lf v = a.

This implies that {g, :v € I'¢ and |y| = k} is a basis of E®*. If ¢ : {2 — B(H) is a
*-representation, then g, ®, H is orthogonal to g, ®, H if a # 1.



12 ALVARO ARIAS

3.1. Full Fock Space Representations. In this section, we study the induced represen-
tations of the of the Cuntz-Krieger bimodule of Example 5. We will prove that they are
associated to x-invariant subspaces of Full Fock spaces. Consider a faithful x-representation
o: Ll — B(H). This decomposes H = Hi ® Hy® - - - ® H,,, where H; = o (e;) H for j < n.
Notice that if g; ® x € £ ®, H, then

9i ®T = gie5(g) ®T =g D0 (e5(g,)) (7).

Hence we can assume that @ € H(,,). Similarly, if g, ® z € E®k @, H is non-zero, then
v € T'g and since g, ® * = g, - €5(y) ® T = gy ® 0 (ey) (¥) , we can assume that © € Hy(.).
It follows that F' (F) ®, H is spanned by the vectors of the form g, ® z for v € I'¢ and
r € Hy) and by vectors of the form 1 ® z for z € Hj;, j < n. Consequently, we identify

F (E) ®, H with the closed subspace M, of {5 (F}) ® H spanned by the vectors of the
form

(3.1) {6y@z:v€lg,x € Hyp U{do@z:xec H}.

Proposition 4. There exists a *-invariant subspace M, of £ (F}) ® H, such that the
Hilbert module (F (E) ®s H; Ly (91) 5 - -+, Lo (gn)) is unitarily equivalent to the Hilbert mod-
ule <MU§PM(, (L1 X I)|MU S .,PMG (LN X I)|M0> .

Proof. Let M, be the subspace of F(E) ®, H spanned by the vectors of the form (3.1). If
Y = 9i19is " gip, € g and x € Hy(,), then

) * _ 691’ g, @ if T(V):r(gil):i
(£:® In) “”M)_{ 0T r(gy) £

And naturally, (L; ® Ig)" (6o @ ) = 0 for every x € H. Thus it follows that M, is *-
invariant in ¢5 (F};) ® H. Define u : F (E) ®, H — {3 (F§) @ H by u(gy ®z) = 6, @ z if
v €T'gand x € Hy() and by u (1 ® x) = do®x if z € H. The map u is unitary and we easily
check that u (Ls (9i)) = Pam, (Li ® I)| 54, u for every i < N. This proves the result. O

For j <n, Ind (o) (ej) corresponds to the projection P; : M, — M, defined by

by@x it r(y)=j
(3.2) Pj(0y®z) = { 70 it or(y) £ for vy € ' and = € Hy(,)

J if j=kF
Pj(o®x) = { O?x ;f j#k for x € Hy,.

As a result we simply identify F' (F) ®, H with M, and we assume that
F(E)®, H C l3 (F};) ® H is *-invariant,
(3.3) Lo (9;) = Prgyo,u (Li @ I)|p(p)e, n for i <N, and that

Ind (o) (ej) = Pj is given by the formula (3.2).
Notice that for every ¢ < N,
Lo (9i) = Pr(g,) Lo (9i) Ps(g,)-

Definition 1. A directed graph G has no sinks if every vertez is the source of a directed
edge.



TENSOR ALGEBRAS OF DIRECTED GRAPHS 13

The following simple observation tells us that the two natural Hilbert modules associated
to a directed graph are equivalent if the graph has no sinks.

Lemma 2. Suppose that G has no sinks and that o : (% — B(H) is a faithful x-
representation. Then F (E) ®, H satisfies property (2.3). That is, if Ly (gi)z = 0 for
i <N, then z=0 in F (F)®, H.

Proof. 1t is enough to look at vectors of the form (3.1). First take v € I'¢ and a non-
zero ¥ € H,(,). Since G has no sinks, there exists j < N such that s(g;) = 7 (7). Then
Ly (gj) (04 @ ¥) = g, ® x is non-zero. Now take a non-zero x € Hy. Since G has no sinks,
there exists j < IV such that s (g;) = k. Then L, (g;) (60 ® ) = d4, ® x is non-zero. O

From Proposition 3 we obtain

Corollary 1. Suppose that G has no sinks and let o : {3y — B(H) and 7 : {2, — B (H) be
injective x-representations. If T : F (E) ®, H — F (F) ®; H 1is a bounded linear map that
satisfies T Ly (9;) = Ly (9i) T for i < N, then T'[Ind (o) (e;)] = [Ind () (e;)] T for j < n.

The condition that G' has no sinks is necessary

11

0 O] . Label the
vertices {a,b} and the edges {gi1, g2}, where g1 goes from a to a, and ga goes from a to b.
Define T : F (E) ®, (3 — F (E) ®, {3 by the formula

T (60 ®&a) = 0g, @ &4, T (00 © &) = 0, and T (6, @ h) = 0 for v € T'g.

We can easily check that TLy (g;) = Ly (g:))T = 0 for i = 1,2, and this implies that T
intertwines the Ly (g;)’s. However, T does not intertwine the projections. If P, is the
projection induced by the vertex a, then TP, (00 ® {,) =T (do ® &,) = 94, ® &,. But since
r(g92) =0, P, (60 ®&,) = Pu(dg, ®&,) = 0. Therefore the condition that G has no sinks is
necessary.

Example 6. Suppose that G is a directed graph with incidence matrix {

3.2. Poisson Kernels and von Neumann Inequalities. Suppose that (7,0) is a C -
completely contractive representation of £ = X (G) in a Hilbert space H. We start by
giving the explicit form of the Poisson kernel of (T',0). Notice that the representation is
characterized by the bounded linear maps 7' (g1),...,7 (gn) and by the orthogonal pro-
jections o (e1),...,0 (en). For simplicity, we will denote T (g;) = T; for i < N. Recall
that Tk : E&F ®, H — H is given by Tk (9 ® Giy @+ ® ¢, @h) = T3, Ty, --- T;, (h). If
Y = gi1Gis - Gif, € Fy, We can write this as Tk (04 ® h) =T, (h), where Ty = T;, T}, - - - T, .
Lemma 3. If (T,0) is a completely bounded covariant representation of E = X (G) in a
Hilbert space H, then for every k > 1, (ﬁ)* (h) =3 verg 04 @ (1) (h). If k =0, then Tk
lv|=k

is the identity from H to H.

Proof. Let h € H. Then (ﬂ)* (h) = > yerg 0y ® wy for some z, € Hy(,y. To see that
[y|=k
To = (To)" (k) for a € T'g with |a| = k, take h' € Hy,) arbitrary and compute

(%) ()80 @ 1) = (AT (60 @ 1) ) = (b Tal!) = ((Ta)" b, 1)
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On the other hand,

(%) (h), a0 1) = < S 6, @y, ®h’> = (30, ).

vel'a

IvI=k
Since h' is arbitrary we conclude that z, = (T,)" h. O
It is well known that if (T, 0) is completely contractive, then T' = (T1,...,Tx) is a row

contraction. You can see this from Lemma 3: A%h = (I — Tf*) h=h-— Zf\il T;T;h and
hence A2 =1 — SN 1,1 > 0.

Proposition 5. The Poisson kernel of the Cg-completely contractive representation of
E = X (G) in a Hilbert space H is the isometry K : H — F (E) ®, H given by the formula

o0
K(h)=60@Ah+Y > 6,0A(T,)" h.
k=1~€el'g
IvI=k
Proof. The formula follows from (2.1). We only need to comment on the k = 0 case. Since
A is unital, we identify A ®, H with H in the natural way: 1 ® h — h. Recall that we

identify 1 ® h with dg ® h when we see 1 ® h as an element of the *-invariant subspace of
0 (F5) o . 0

Suppose that (T, o) is a C p-completely contractive covariant representation of £ = X (G)
in a Hilbert space H. This representation induces two natural Poisson kernels on H. The
first one is the Poisson kernel of the C*-correspondence of Section 2.3. This is the isometry

o0
K¢« H — F(E) ®, H defined by K¢ (h) =0 ® Ah+>_ >~ 6, @ A(T))" h.
k=1~€el'qg
=k
We use the subscript K¢ to indicate this is the Poisson kernel of the C*-correspondence.
On the other hand, we can look only at the row contraction T' = (11,75, ...,Tn) . Since
this is a Cy-row contraction, we have the Fock space Poisson kernel associated to T'. This
is the isometry

Kp:H — (5 (F§) ® H defined by Kp (h) = Y 60 @ A(Ta)" b,
aeF}
where A and T}, have the same meaning as in the Poisson kernel of the C*-correspondence.

We used the subscript K to indicate this is the Poisson kernel of T and that it takes values
in the Fock space.

Proposition 6. If we use (3.3) to identify F(E) ®, H with a *-invariant subspace of
12 (IF]J(]) ® H, the Poisson kernel of the Cg-completely contractive covariant representation
of E = X (G) in a Hilbert space H is exactly the Poisson kernel of the Cy-row contraction
T=(T1,...,Tn). In particular, Kp(H) C F (F) ®, H.

Proof. The proof of this result is simple. We only need to show that if « ¢ Iy, then T, = 0.
Recall that for every i < N, T; = P,y T; Py)- If a = gi,9i, - - - giy,, We have
To =Ty Tiy - - - Tiy, = Priiy) Tiy Ps(iy) Pr(in) Tia Ps(ia) = Priy_1) Tin -1 Ps(i_1) Pr(in) Tin Ps(

i)
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Then it follows that T, # 0 only if s (i1) = r (i2), s (i2) = r(i3), ..., and s (ix—1) = 7 (ix) -
But this means that a € I'g. Therefore the two maps are equal and they have the same
range. We just note that A commutes with the projections. O

In [KK1], Katsoulis and Kribs proved the following von Neumann inequality associated
to directed graphs: Suppose that T7,T5,...,Tn are bounded linear operators in B (H)
such that T' = (T1,T5,--- ,Tx) is a row contraction and that Pj, Py, ..., P, is a family of
orthogonal projections on H that add up to the identity and that stabilize 7" in the following
way:

T;P;, P,T; € {T;,0} for i <N and j < n.
They noted that this relation determines a directed graph with n vertices and N edges,
whose source and range maps are determined by the relation

T = PryTiPssy-
They proved that if p (21, 22, ..., 2yx) is a non-commutative polynomial in N variables then

(3.4) Ip (11,1, ..., IN)|| < [lp (Lo (91) s Lo (92) 5 - -+ Lo (gn))

where o : (3, — B(H) is the x-representation generated by the P;’s. They denoted
1Pllg.oo = I (Los (91) s Loy (92) 5 - - - Loy (94))|| (notice that this has the same value for any
faithful «-representation o : 2, — B (H)).

We will show that this inequality can be deduced from the usual von Neumann inequality
on Fock spaces. Assume first that the norm of [117% - - - Tv] is smaller than one, and hence
that T1,...,Tx is a Cy contraction (if this is not the case, replace T; with 7T} for 0 < r < 1.
Obtain inequality (3.4) for this 7 and then let r — 1). Then construct the Fock space Poisson
kernel K : H — /5 (IFTV) ® H of the Cy row contraction T. The map K has the property
K*(L; ® I) = T; K* for i < N, which implies that for every a € IFJJ(,, K* (Lo ®Ig)K =T,.
Popescu’s non commutative von Neumann inequality follows from this. Indeed, since

p(T1,Ta,....,TN) = K'p(L1 ® Ig,Le ® Iy,...,.Ly ® In) K,

Ip (11, T, ..., TN)|| < llp (L1 @ I, Le @ Iy, .., Ly @ Iy)|| = |lp (L1, Lo, .., L) -
We can strengthen this result because K takes values in F' (E) ®, H. Indeed,

T, =K~ (La (%9 IH) K= K*PF(E)(X)GH (La & IH) PF(E)®UHK =K*L, (ga) K.
Hence we have that

p(T].aT27"'7TN) :K*p(LO' (gl)aLO' (92)7"‘7LU (gl))K’
and this implies that ||p (T1,Ts,...,T~)| < |lp(Ls (91) , Lo (92) - -, Lo (gn))]| -

Kribs and Katsoulis defined an order of directed graphs. Suppose that G; is a graph
with N edges and ny vertices and G4 is a graph with IV vertices and no vertices. Gs is a
deformation of G1, or G1 < G5 in symbols, if we can obtain G5 from G by identifying some
vertices in GG1. For example, the graph with one vertex and N edges — which corresponds
to the usual Full Fock space — is the largest graph of N edges.

They proved that if G; < Ga, then the left creation operators of Go dominate the left
creation operators of Gy. That is, if p (21, 22,...,2nN) is a non-commutative polynomial in
N variables then

1Pl 00 < PNl 00 -
The following Proposition gives an alternative proof of this result. In Section 3.4 we will
strengthen this result using homological language.
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Proposition 7. Suppose that G1 < Gy and let o1 : (22 — B(H) be a faithful representa-
tion. Then there ezists a faithful representation o2 : {22 — B (H) such that F (G1) ®q,
H C F(G3) ®qy H C {3 (FY) ® H. This implies that F (G1) ®,, H is a *-invariant
subspace of F (Ga) ®4, H. Consequently, Lo, (9:)" = Loy (9i){rp)g, i for i < N and

p (LU1 (gl) s Loy (92) soesLigy (gl)) = PMalp(Loz (91) s Loy (92) soovs Loy (gi))\/\/t(,l :

Proof. Assume that the equivalent edges of G; and G are indexed by the same i €
{1,...,n}. Let 01 : {22 — B(H) be a faithful representation. This decomposes H =
Hi® - - ® H,. The equivalence relation that identifies vertices in G1 to obtain G5 induces
a partition on {1,2,...,n}. Let Ay, Ag, ..., Ay, be the set of equivalent vertices and define
o9 : {22 — B(H) by o2 (ej), where o3 (e;) is the orthogonal projection onto H; = @ H;.
i€A,
Clearly I'g, C I'g, and if v € I'g, we have H, (,) C H,,(). Therefore, every element in
F (G1) ®4, H is an element in F (G2) ®4, H. O

G. Popescu pointed out to us that the Wold decomposition of Jury and Kribs [JK1]
is a consequence of the Wold decomposition for isometries with orthogonal ranges. The
argument goes like this: Let 17,75, ..., Tx be partial isometries on B (H) satisfying (1.1).
Let V1, Vs, ..., VN be the minimal isometric dilation on the Hilbert space K D H. Take the
Wold decomposition of the V;’s on K and decompose K = Ky ® K,.. Denote H, = H N K
and H. = HNK_,. It is easy to check that Hs; and H. are invariant under the 7T;’s. Moreover,
the restriction of the T;’s to H, is a Cyp-contraction of partial isometries that satisfies (1.1),
and the restriction of the 7;’s to H. is a Cuntz contraction. The Poisson kernels can
be used to prove that that the restriction of the T;’s to Hy is a direct sum of the shifts

LU(91)7L0 (92>7"'7LU (QN)'

3.3. Intertwining Spaces and Commutant Lifting Theorems. Muhly and Solel [MS3]
developed a general duality theory for W*-correspondences that says HX° (F) is its double
commutant. This was also proved by Kribs and Power [KP] for free semigroupoid algebras.
We will use Fock space techniques to characterize the maps that intertwine the left creation
operators of two induced representations. We will obtain the specific form of this maps.
This is useful in Section 3.4. Furthermore, the methods of this section generalize to the
weighted graphs that we study in Section 4.

Theorem 2. Suppose that G has no sinks and let o : {2, — B (H) and 7 : {2, — B (H) be
faithful x-representations. If T : F(E) ®; H — F (E) @ H satisfies TLy (g;) = Lx (g:) T
for i < N, then there exist operators A, € B(H,H) satisfying Aq = PHS(Q)AQPHT(Q) for
a € I'g, and operators A; € B (H,H) satisfying A; = Py, Aj Py, for j <n such that

T = ZI@A Mo —|—Z

acl'g

Let T : F(F)®, H— F (F)®z; H be a bounded linear map that satisfies T'L, (g;) =
L, (gl)T for ¢ < N By Theorem 1 there exists 7 : ( (F) ® H — 45 (F}) ® H such
that |7 = |T||, T (Li®I) = (Li ® I) T for every i < N, and PM,rT|M = T. Moreover,
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T = Zae]l*‘ﬁ R, ® A, for some A, € B(H,H) (recall that R, (63) = 0g4.). Hence,

(3.5) T=> Ra®Aa= Y > > Ra®PyAcPu,.

ae]Fj\', ae]F; J=1k=1

Lemma 4. Let o € FE Then P, [Ra ® PHjAaPHk] is nonzero only if a € I'g and

Mo
j = s(a). Moreover, the maps of the form [Ra ®PH$(“)AQPH*(‘*)LM for a € T'g, and

[I® PHjAaPHj]‘M for 3 < n map M, into My, intertwine Ly (g;) with Lx (g;), and
intertwine Ind (o) (a) with Ind (7) (a), even if G has sinks.

Proof. Suppose that Pay, [Ra ® Py, AaPHk] M, # 0 for || > 1. The either there exists v €
g and x € Hy(,) such that Pu, [Ra ® PHjAaPHk] M, (0y®@z) = (57(1 ® Py, AaPHkx) £ 0;
or there exists x € Hj, such that Py, [Ra ® Py, AaPHk] M, (0o®z) = 0a®Pr; Ao P,z # 0.
In either case it is clear that a € I'g and that Py, Ao Py, @ # 0, which implies that s (o) = j.

Suppose now that o € I'¢ and define W, = [Ra ® PHS(Q)AQPHT(&)} . We show first

|Mo
that W, maps M, = F (F) ®, H into M, = F (F) ®, H. We only need to check the

vectors of the form (3.1). If v € ' and x € Hy(,), then

_f 070 ® P, AaPH, v € My if s(y) =1(a)
Wa (5,02 = | 0 it () #7(a).

And if x € Hj, then

(Sa & PHs(a)AaPHT(a)m S ,/\/l7r if .7 = (CY)
0 if j#r(a).

These two formulas prove that W, M, C M. We will check now that W, intertwines L, (g;)
and L, (g;) for i < N. As before, we only check vectors of the form (3.1). Let v € I'g and z €
Hy(y). Then Wo Ly (i) (6 ®@ &) = 69,70 ® P,y AaPH, oy i 5 (9:) =7 () and 7 (@) = s (7),
and WoLs (gi) (64 ® ) = 0 otherwise. On the other hand, L (g;) Wo (04 @ ) = g;ya ®
P,y AaPh, i 7 (a) = s(v) and s(g;) = 7 (@) and Lz (g:) Wa (65 ® z) = 0 otherwise.
Now let « € Hj;. Then WoL, (gi) (o @) = g0 @ PHS(Q)AQPHT(Q):E if s(g;) = j and
r(a) = j and Wy Ly (gi) (0o ® ) = 0 otherwise. On the other hand, L (g;) Wy (00 ® z) =
090 ® Pri, o AaPr, oz if 7 () = jand (o) = s(g;) and Lz (g:) Wa (6o ® ) = 0 otherwise.
This proves that W, Ly (9;) = Lx (g;) W, for every i < N.

We will now check that W, intertwines Ind (o) (e;) and Ind (o) (e;) . As before we look
at vectors of the form (3.1). Let v € I'g and & € Hy(,). Then W, [Ind (o) (e;)] (0, @ x) =
rya @ Eg(ay if 7(7) = j and r (o) = s (7) and Wy, [Ind (o) (e;)] (04 @ x) = 0 otherwise. Now
let z € Hj. Then [Ind(7) (e;)] Wa (04 @ 7) = dya @ &5y if 7(a) = s(7) and 7(y) =
J, and [Ind(m) (e;)] Wq (0 ® ) = 0 otherwise. This proves that [Ind(7) (e;)]Wa =
W [Ind (o) (¢;)].

Now define @Q; = [I®PHjAaPHj}|MJ. A similar proof will give that Q;M, C Mg,

QLo (9i)) = Lz (gi) Qj for i < N, and Q; [Ind (0) (e;)] = [Ind (o) (¢;)] Q; for j < n. O

It follows from Lemma 4 that

Wa(50®x):{

T =T+ 15,
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where
n
I = Z Pty (Ba @ Pryo) AaPH, o )M, + Z Prte (I @ Pri; AoPr ) m,
aclq Jj=1
n
T = Y Y Prala© P AaPi e, + 30 3 Pt (1 P AoPi s,
a€lg k#r(a) j=1 k#j

An averaging argument shows that 77 and T are bounded.
Lemma 5. |71 < ||T.
Proof. Let

n

2= Y (05®0b5)+ > (So®b;) € F(E) @, H,
aclg j=1

where bg € H,() and b; € H;. Then

n
PraTim, (2) = D 0a®@ | 3 PryyAab + Pry Aabria) + 3 Prig,y Asbs
aclg k=1 7,.8€la
k#r(a) By=a

+> 00® | P, Agbi + Pr, Aob

j=1 k=1
=
Let e = (1,62, -+ ,&n) € {—1,1}" be a fixed sequence of signs. Define the unitary map

®. on F (F)®, H by

_ [ & @) if |y[=0andze H,
@5(57®$)_{ erty) (03 ®2) if | 21,v €T, and z € Hyy),

and define a similar unitary map ®. on F' (F) ®, H. Then we have
®c 0 PMﬂf\Mg o ¥ (2)
anzl (Ekgr(a)) P’HT(Q)Aabk + (Er(a)er(a)) PHT(Q)Aabr(a)

(3.6) = 50 @ k#r(a)
agl;c + Z'y,ﬁ/?;ezl;c (ET(B)ET(Q)) PHT‘('y)A’YbB
+250® Z(gkej) Py Aoby. + (g5€5) Pr; Aob;
J=1 k=1
k#j

Notice that if 8y = « then €,(3) = €,(4). This means that the signs (5ker(a)), (5r(a)5r(a)),
and (gj¢5) in (3.6) are equal to +1, and (exe, (o)) and (exe;) are sometimes equal to +1 and
sometimes equal to —1. If we look at all possible signs € = (1,2, -+ ,&,) € {—1,1}", then
half the time (€k6r(a)) and (exe;) will be equal to +1 and half the time they will be equal

to —1. When we take the average over all signs, the terms that have (5k€r(a)) and (exe;) in
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front of them disappear and (3.6) becomes

Averagesi:il [q)s o PMwﬁMg o ®, (z)}

= Z O ® PHT(Q)AabT(Q) + Z PHT(W)A’Ybﬁ + Z do ® [PHj Agbj] .
a€lg wbﬁera j=1
Y=«

Since this is equal to T3 (2), we obtain that || 73] < HPMWﬁMU

< |7]| = nr. O

Notice that it follows from Lemma 4 that 77 commutes with {L, (91),..., Lo (gn)}-

Lemma 6. For everyy € I'c and x € H(y), T5(6,®&4(,)) = 0. Consequently, if Fo (E)®,H
is the closed span of 6, ® x for v € I'q and x € Hy.) we have thal By ryE)®.y = 0.
Moreover, if G has no sinks, Ty = 0.

Proof. Let v € I'g and x € Hy(,). We will prove that T5(d, ® z) = 0 by checking that each
term in 75 annihilates 0, ® . Take first « € ' and k # 7 («) . Then

0 if s(y)#k

Pptr (Ba @ Pryoy AaPr ) m, (0 @ @) = { P, <5m ® PHS(Q)Aax> if s(y) =

Now, P, (570 ® PHS(&)Aax> # 0 only if r (o) = s(y). But this implies that r (o) = k,
which is not possible. Hence Pu, (Ra ® Py, AaPH,)|m, (04 ® 7) = 0. Fix now j,k <n
with k # j. We easily see that Pu, (I ® Py, AoPp,)im, (04 @ ) # 0 only if k = s () and
0~ ® Pp; Ao Py, v € My. But this implies that j = s (), which is not possible since k # j.
This proves the first part of Lemma.

Notice that T" and T intertwine L, (g;) and Ly (g;) , and T' = 17 +T5. Hence we have that
T; also intertwines L, (g;) and Ly (g;). That is, for each i < N, Ly (g;) To = To L, (g;) = 0.
And since G has no sinks, it follows from Lemma 2 that that F' (E) ®, H has property (2.3)
and this implies that T5 = 0. U

This completes the proof of Theorem 2.

We now obtain a particular case of the duality of [KP] and [MS3]. We will use the rank
one maps 6., : H — H that map y to z, and O, , = I ® 0, ,,.

Corollary 2. If G has no sinks, the double commutant of {Ly (g1),-..,Ls (gn)} is gener-
ated by {Lo (9:) : 1 < N} U{Ind (o) (ej) : j < n}. Consequently, {Ls(91),..., Lo (gn)} =
H (E).

Proof. Let T : M, — M, be an element of {L, (g1),..., L, (gn)}". By Theorem 2 applied
to m = o, we have that T" commutes with the maps of the form

{[Ra @A)y, @ €T and A= Py, APy}, and
{[I®A]IMU : A= Py;APy; and j < n}

Fix ¢ € Hj. Then T (o @) = TOz, (0o ®x) = O, T (6o ®x) = ¢, ® x for some
Y, € by (FY) . If 2,y € Hj, then T (6o ®y) = TOy 4 (S0 @) = O, (Jo®@2z) = ¢, ®y,



20 ALVARO ARIAS

and T (dp®@y) = ¥, ® y. This gives that ¢, = v, and since z and y are arbitrary, we
conclude that there exists ¢; € {3 (IETV) such that

(3.7) T (60 ® ) = ¢; @  for every = € Hj.

Moreover, for @ € Hj, ; ® x = 9; ® 0 (ej)x = ;- ¢; ® x and we can assume that
Y; = ;- ej. The map T is determined by (3.7). Indeed, let v € I'q,z € Hy(,) and
Yy < Hr('y)' Since Qx,y = PHs(a)0x7yPHs(o¢)’ we have that

T(6y®a) = T[Ry®0:y](60®y) =[Ry®0s4]T (50 ®y)
= [R’Y ® 91771/] (1/17@) & y) = R’Y (%(7)) X .
Fix j < n and consider T; = T [Ind (o) (e;)] : Ms — M. Since both T" and [Ind (o) (e;)]

belong to the double commutant of the Ly (g;)’s, so does T;. Moreover, T} is determined by

‘ k=
Tj((ﬂ]@l‘):{wj(()g)x 1f k‘?éi for x € Hy,.

Then it follows that Tj is the left multiplication by 1;. Using an argument similar to [KP]
we obtain that 7} is in the WOT closure of the span of {L,(g;) : @ < N}. And since
T =Ty + -+ T,, we have that T is the WOT closure of the span of {L, (g;) : i <
NYuU{Ind(o)(e;):j <n}. O

The commutant lifting theorem for Fock spaces can be used to obtain several versions
of the commutant lifting theorem for directed graphs. We use the following version in the
next section.

Theorem 3. Suppose that G is a graph with no sinks and let o,m: A — B (H) be faithful
x-representations. Suppose that (H;T1,...,Tn) is a Hilbert module satisfying

(3.8) {h € H:T;h =0 for everyi < N} = (0)

and that ® : F (E) @, H — H is a coisometric module map. Then for every module map
f:F(F)®s; H— H there exists f1 : F(E) ®, H — F (F) @, H satisfying || f|| = ||f1ll,
f=®o fi, and fiLs (x) = Lx (z) f1 for z € E.

Proof. Our goal is to define f; : F(F) ®, H — F (FE) ®, H. To do so, we first extend the
diagram to (2(F) @ H.

€2(F7\})®H
| Pm,
F(BE)®: H
| ®
LEDRH 2 F(E)o, H - H.

Since f o Py, is a module map and ® o Py_ is a coisometric module map, by Popescu’s
commutant lifting theorem, there exists g : l2(F}) ® H — {o(F %) ® H such that ||g| = || f]| ,



TENSOR ALGEBRAS OF DIRECTED GRAPHS 21

g(L; ®Ig) = (L; ® H) g for every i < N, and ® o Py, (9)|Mg = f. Such a function g is of

the form
g = Z Ry ® Aq = Z ZZRQ@PHéAaPHk

a€F}, aclj; 7=1 k=1
for some A, : H — H.
The compression Pu, (9)p, : F (E) ®; H — F (E) ®x H satisfies HPM“ (DM,

= [Ifl

and ® o [PMﬁ (g)MAJ = f, but it doesn’t necessarily intertwine the L, (g;)’s and the

Lz (gi)’s. (According to Theorem 1, this would be formal if F'(E) ®, H and F (F) @, H
where invariant under the (R; ® I7)* and (R; ® I3;)", but they are not).

Similarly as in Lemma 4, we have that for o € F}, P, [Ra ® PH§ AaPHk} M is nonzero

only if @ € T'¢ and j = s («) . Moreover, the maps of the form
[Ra ® Py,

AaPi, .| o, fora€Ta, and
[I ® PHJ,AQPHJ.] o, forism

intertwine L, (g;) with L (g;) and Ind (o) (a) with Ind () (a) .
Then we have that

Py gm, = i + f2,

where
n
fii = ) Pm(Ra® Pyr AP, )M, + Y Pt (I ® P AoPrr,)m,
aclg j=1
n
far= >, ) Pu(Ra® PyrAaPm)im, + YD Prm. (I ® Py AoPy)im,
a€l'g k#r(a) j=1 k#j

The maps f1 and fa are bounded and || f1|| < || f|| by Lemma 5. In general, we do not know
if fo = 0, but we will show that that ® o fo = 0. This implies that ® o f; = f . The map
fi: F(E)®s; H— F(F)®,; H satisfies all the conditions of the Theorem.

Similarly as in Lemma 6, we check that for every v € I'g and = € Hy(y, f2 (0, ® 2) =
0. This means that fom (g)g,#7 = 0. Since f and ® o fi intertwine L, (g;) with T;, we
have that ® o f also intertwines L, (g;) with T;. Let z € F (E) ®, H. For every i < N,
Tio®ofa(z) =Po faoL,(gi)(2) =0, because Ly (g;) (2) € Fy (F) ®, H. By (3.8) we have
that ® o fo (2) = 0, which is what we wanted to prove. U

The next example shows that condition (3.8) is necessary.

Example 7. Let G be a graph with no sinks, and suppose that (T, 7) is a C.y completely
contractive covariant representation of E = X (G) in B (H) that does not satisfy property
(3.8). Then there exists a nonzero h € H such that T (g;))h = 0 for every i < N. Find
J < mn such that h # 7 (ej) h and define f : F (E) ®, H — H by

rese)={ g 4 F27
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and f(0y ® §44)) = 0 for v € I'g. We easily check that f is bounded and that fL, (v) =
T (z) f =0 for every & € E. Moreover, h = f [Ind (o) (e;)] (do ®§j) but 7 (ej) f (50§j) =
m(e;) h # h.

Property (3.8) is not necessary if we include the projections in the Hilbert modules. If
(T, o) is a C.p completely contractive covariant representation of £ = X (G) in B (H), we
look at the Hilbert module: (H;Ls(91),...,Ls(g1);Ind (o) (e1),...,Ind (o) (e1)). The
following is a proof of a particular case of the general commutant lifting theorem of Muhly
and Solel [MS1].

Theorem 4. Suppose that (T1,71) and (Te,72) are C.o completely contractive covariant
representation of E = X (G) in B(H1) and B (Hs) respectively, and that ® : Hy — H;
is a coisometric module map. Then if o : A — B(H) is a faithful x-representations and
f:F(FE)®,H — Hjp is a module map, then there exists a module map f: F(E)®s;H — Hs
such that ® o f = f and Hﬂ] = ||f|l. That is, the following diagram commutes

Ho
f/ L@
FE)o, H L  H.

Proof. Let Ko : Hy — F (E) ®r, Ha be the Poisson kernel of (T5,73), and define ¥ :
F(FE) ®z, Hy — Hy by ¥ = ® o K. Following the proof of Theorem 2, we find fi, fa :
F(F)®, H— F (F) @z, Hy of the form

n
fl = Z P/\/[7r (Ra &® PHs(a)AaPHr(a))IMU =+ Z PMw ([ X PHJ-AOPHJ-)MAU
a€lg j=1
n
foo= 3 D Pry(Ra® P, AaPu)ip, + D> Paae(I € Pr; AoPr) i,
a€l'g k#r(a) J=1 k#j

such that Wo (f1 + f2) = f.

Notice that f and Wo f; are module maps, and hence Wo f5 is also a module map. We need
to prove that Wo fa = 0. Since for(p)g,m = 0, it is enough to prove that Wo fs (6o ® h) = 0
for h € Hi, and k < n. So fix k < n and take h € Hj. Then

aclg 7=1
r(a)#k J#k
= 3 [1nd (0) (erw)] (5a ® PHS@Aah) + 3" [Ind () (¢;)] (50 © Prr, Aoh) .
acl =1
o)k 4k

and

(3.9) Tofo(So@h) =Y 1 (era) ¥ (5a ® PHS(Q)Aah) +5 71 (e)) ¥ (J0 ® Pry, Aoh) .
o) T2k
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On the other hand
Vo fy (50®h) =Wo fy [ITLd(O') (ek)] (50®h) =T (ek)\I/ofg ((50®h)

Since 1 (ex) m1 (€p(a)) = 0 if r(a) # k and w1 (ep) 71 (e;) = 0 if k # j, we see from
(3.9) that m1 (ex) ¥ o fa (dp ® h) = 0, which is what we wanted to prove. To finish define
f=Kjofu. O

Suppose that we work on a category of Hilbert modules. A Hilbert module H is called
strongly orthogonally projective if whenever there exist Hilbert modules Hy, Hs, a surjective
coisometric module map ¢ : Ho — H; and a module map f : H — H1, there exists a module
map f1: H — Hs satisfying || f1]| = ||f|| and fio ® = f

Hy
h/ 1@
g L H.

This property was introduced by Douglas and Paulsen [DPa] with the name “hypoprojec-
tive”, and it was later renamed “strongly orthogonally projective” by Muhly and Solel.
Theorem 4 says that the Hilbert modules

(F(FE)®s H;Ly (91) .-, Lo (gn) ;Ind (o) (€1),...,Ind (o) (ey))

are strongly orthogonally projective in the category of C.y completely contractive covari-
ant representations of E = X (G). The following proposition characterizes the projective
elements in this category:

Proposition 8. Let G be a graph with no sinks. If (T,o0) is a C.g completely contractive
covariant representations of E = X (G) on B(H) such that H is strongly orthogonally
projective, then H is isomorphic F (E) ®, L for some L C H.

Proof. Let K : H — F (E) ®, H be the Poisson kernel of (T',¢). Since H is isomorphic to
K (H), we have that K (H) is strongly orthogonally projective too. Consider the diagram

F(E)®, H
| Pr ()

KH) % Kk#H),

where Py gy is the orthogonal projection and Id is the identity. Recall that K (H) is *-
invariant and that Pk () is a module map. Then there exists a contractive module map
®: K (H)— F(F)®; H such that Pk gy o ® = Id. The condition ||®|| = 1 forces ® to be
the identity and it follows that K (H) is a submodule of F' (F)®, H. This implies that K (H)
is invariant under the L, (g;)’s and L, (¢;)*’s for ¢ < N. In particular, K (H)is invariant

under [ — Ly (91) Lo (91)" — -+ — Lo (91) Lo (91)"] - Since [I — Yi<n Lo (9i) Lo (9i)" | s the
orthogonal projection in F' (E) ®, H onto the subspace g ® H, it follows that
[ = Lo (91) Lo (91)" =+ = Lo (91) Lo (1) K (H) = 0 ® L

for some £ C H.
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Arguing as in the proof of Theorem 7 of the next section, we see that £ is the “right
slice” of K (H). This implies that K (H) C F (E) ®, L. On the other hand we have that
F(F)®, L C K(H) because K (H) is invariant under the L, (g;)’s. Therefore, we have
proved that H is isomorphic to F'(E) ®, L. O

3.4. Hilbert Module Formulation. In this section assume that the graph G has no sinks.
Let o : {3, — B (H) be a faithful *-representation. We view F' (E)®, H as the Hilbert mod-
ule (F(E)®; H; Ly (g1) 5+, Lo (91);Ind (o) (e1) , ..., Ind (o) (e1)), but sometimes, we ig-
nore the projections and look only at the Hilbert module (F' (F) ®4 H; Ly (91) -, Lo (91)) -
Suppose that M C F (F) ®, H. We say that M is a x-submodule of F (F) ®, H if

Ly (g))M < M for every ¢ < N, and
[Ind (o) (e)]" M C M for every j < n.

And we say that M is a submodule of F (F) ®, H if

Ly(g)M C M for every ¢ < N, and
[Ind(o)(e;)] M C M for every j < n.

If M is either a submodule or *-submodule of F (E) ®, H, define T : E — B (M) by
T (z) = PmLo () o and @ : €5, — B (M) by 0 (a) = Pa [Ind(o) (a)]| o, and notice that
(T,0) is a Cp-completely contractive covariant representation.

The *-invariant submodules play a very important role. Proposition 2 can be restated to
say

Proposition 9. Suppose that (T,0) is a C.g completely contractive covariant representa-
tion of E = X (G) on B(H). Then the Hilbert module (H;T (z),x € E;0 (a),a € {%) is
isomorphic to a x-submodule of F (F) ®, H.

If M is a submodule, the representation (7',5) is isometric. Then A2 is a projection and
A? = A. The set A (M) = L is the wandering subspace. The Poisson kernel of T is an
isometry K : M — F (E) ®5 M. However, since A is the orthogonal projection onto £, we
see from (2.1) that K (M) C F (F) ®;5 L.

Proposition 10. Suppose that M is a submodule of F (E) ®, H with wandering subspace
L and Poisson kernel K : M — F (E) @5 M. Then K (M) = F (E) @5 L. Consequently,
the invariant subspaces of F'(E) ®, H are of the form F (E) ® L.

Proposition 10 was proved by Muhly and Solel in the general setting of C.y-completely
contractive covariant representations [MS2]| and by Kribs and Power for free semigroupoid
algebras in [KP]. We sketch a proof of this result using Poisson kernels. The same proof
works in the general setting of Muhly and Solel. Notice that for every i < N, (T;)* A% =
A%T; = 0. Hence it follows that if v € T'g, |y| = j, and z € £, (Ty)" 2z = 0 and AT,z = 0.
Recall that K* (64 ® z) = Tyz. Then

K(T,2) = 60@A(Ty2)+ Y (Iper © A)(TF) (T,2)
k=1
= (T9)" (Ty2) = (T9)'TV (6, 2) = 6, ® 2.
This shows that F'(F) ®5 L C K (M), which is what we wanted to show.
We can reformulate the last two Propositions in the following way:
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Theorem 5. Suppose that (T, o) is a C.g completely contractive covariant representation
of E =X (G) on B(H). Then there exist a Hilbert space L, an isometric module map ®1 :
F(E)®,L — F(E)®, H, and a surjective coisometric module map ®o: F (E)®, H — H,
such that the following is a short exact sequence

Py

0 — FE)®:;L 2% FE)2,H 2%

H — 0.

Proof. Suppose that K : H — F (E)®, H is the Poisson kernel of H and let &; = K. Since
ker ®; is a submodule of F' (F) ®, H, it is of the form F (E) ®z L for some L C F (FE)®, H.
The map that sends F' (F) ®5 L onto ker ®; is an isometric module map. O

The sequence 0 — F' (E)®s L 22 p (E)®sH 21 H — 0is called a projective resolution
of the Hilbert module H. From Proposition 8, we obtain the following Theorem:

Theorem 6. If (11,0) is a Cy completely contractive representation of E = X (G) on
B(H), (Ty,m) is a Co completely contractive representation of E = X (G) on B(H), and
f: H — H is a module map, then there exist module maps f1: F (F)®, Hi — F (E)®; H1
and fa : F(F) ®@; Hy — F (FE) ®z Ha satisfying || f2|| < [|fill < |f|l and such that the
following diagram commutes:

0 — F(Go)®sHy 22 F(G)®.H % H — 0

L fa L Lf
0 — F(G)®Ho 2 F(G)&xM1 25 H — 0
Proof. Since fo®y: F(Gy) ®y Hi — H is a module map and ¥ : F'(G1) ®, H1 — H is a
coisometric module map, it follows from Theorem 4 that there exists f1 : F' (G1) ®, Hi —
F (G1) ®x Hi that satisfies || f1]| = ||f o ®1|| = ||f]| and f o &1 = ¥y 0 fi.
We claim that f; maps ker ®; into ker ¥;. To see this take =z € ker ®; and compute
Uy (f1(x)) = f(P1(x)) =0. Then we have the diagram

D)

F (G2) ®3 Hy —> ker @4
! fl\kerfbl
F (G2) ®z Ho P, ker ®s.

Applying Theorem 4 again, we see that since fijyero, © P2 : F (G2) ® Hy — ker @3 is
a module map and Uy : F (G3) ®7 Ha — ker @, is a surjective coisometric module map,
there exists a module map fo : F (G2) ®; Hy — F (G3) @5 Ha satisfying the required
properties. O

We need the following definition:

Definition 2. If € C F (E)®, {2, the “right slice” of £ is the smallest Hilbert space H C £y
such that € C F (E) ®, H.

It is easy to see that the right slice of £ is the closed span of the vectors of the form
{zj:j<nyuU{ay:y €T} where x =377 0o @ @)+ ) cp, 0y @2y € E.

If ®: F(F)® H — H is a surjective coisometric module map, then ®* (H) is a *-
invariant submodule of F' (E) ®, H isomorphic to H. We say that ® is a minimal resolution
of H if H be the right slice map of ®* (H).

We now prove a rigidity result:
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Theorem 7. Suppose that M1 C F (F)®y H and My C F (E) ®x H are submodules such
that M7 and My are isomorphic, H is the right slice of My, and H is the right slice of
My . Then My and My are isomorphic via a map of the form I @ U, where U : H — H is
unitary, and UH; = H; for j < n. The subspaces H; and H; correspond to the decomposition
H=H & --&H, induced by o : {2, — B (H), and the decomposition H =H1 & --- & Hy,
induced by m: % — B(H).

Proof. Suppose that there exists u : M{ — /\/12l such that v and ™! are isometric module
maps. Since uPpg o F (F) ® H — Ms is a module map and Py o F (E) @x H — My
is a surjective coisometric module map, it follows from Theorem 3 that there exists a
module map f1 : F'(E) ® H — F(E) ®: W such that [[fi]| = 1 and Py f1 = uPy.
Similarly, there exists a module map f2 : F (E) ®: H — F (E) ®, H such that If2l] =1
and PMff2 = U,*lPMQL.

0 — My — F(E)®H — Mi — 0

I f1 lu
P
(3.10) 0 — My — FE)&,H -2  M: — 0
L fe lut
P

0 — My — F(E)Q,H — Mt — 0.

The maps f1 and fo are of the form

ho= ZI@A + ) R, @4,
vela
b= Yrent Y mon,
v€lq
where Aj = PHjAjPHj for j < n, AA/ = PHS('\/)A’YPHT('}/) for v € T'g, Bj = PH].BJ'PH].
for j <mn, and By = Pp, ., ByPy, ., for v € I'c. Since | fi]| = [|f2[| = 1, it follows that

|41l < 1,||Bj|l £1for j <n,and ||A,|| <1,||B,|| <1 for v € I'q. We verify that

(311)  fafi= (D> I®BjA; | + > R, ® | ByAyy) + Bypdy + Y. Badg
= vel'ag Ba=y
a,Bel g
We will check that for every z € My, fafi(z) = z. Notice that [|z]| = ||[u=luz|| =
HPMlLngM%fl (Z)H < HszM%fl (Z)H < HPM%fl (Z)H < Ifs I < |12l . Then it follows
‘ Py (Z)H = ||f1 (2)||, which implies that Py (z) = f1(z). Moreover, we have
that || fofiz]| = HPM Lo fle, and this implies that Py fofi(2) = fafi(z). Combining

these two equalities we conclude that faf; (2) = 2.

that
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Let

(3.12) 2= So@xi+ Y 0, @xy € M.

j=1 ~velg

Since H is the right slice of ./\/lf, H is the closed span of the vectors of the form x;,
Jj < n,and z,,v € I'q where x € ./\/llL However, a moment’s thought indicates that
H is the span of the vectors of the form z;, j < n, for z € ./\/lf- Indeed, if v € ', then
L, (7)" 2 = do Ty + 3001 its(y) 00 @Yi+ [higher order terms]. And since M is #-invariant,
Ly (V)" 2z € M7

We now claim that

(3.13) BjAjx =z for every j < n and every z € H;.

By the previous paragraph, it is enough to take z; € H; where z; comes from (3.12). From
(3.11) we have that fofi (2) = > 7_; do ® BjAjz; + [higher order terms] and since this is
equal to (3.12), we conclude that BjAjz; = x; for j < n.

Since A; and B; are contractions, it follows from (3.13) that A; is a partial isometry with

initial space H;. Indeed, if z € Hj, ||z|| = ||BjA;z|| < [[Ajz|| < |[z| . Similarly we obtain
that B; is a partial isometry with initial space H; and final space H;, and that A; has final
space H,;.

Now we will prove that for every a € I'er, A, = 0. Recall that A, = PHs(a)AaPHT(a) and
take z € H,(q). Then fi (6o ® ) = 0 ® Ay)® + D . cr, 07 ® Ay and hence

HZL‘H2 = HAr(a):L‘H2 = H(SO ®Ar(a)xH2 < H50 ®Ar(a)xH2 + Z H(S’Y ® A’Y:CH2
v€l'a

= |fi(Go®)| < [ldo @« = |||

This implies that A,z = 0 for every v € I'g. In particular we have that A,z = 0.
Similarly, we prove that for v € I'g, B, = 0, and we conclude that

f1:ZI®Aj:I® ZAj =I®U, and fgzZI@Bj.
j=1 j=1 j=1

The map U : H — H defined by U = A1 + As + - - - + A,, is unitary. To finish the proof, we
check that f; maps My into My and that fo maps My into My. But this follows from the
diagram (3.10). O

Remark 1. Notice that the proof of Theorem 7 gives that F (E) ®, H is isomorphic to
F(E)®:H. The map fi =1U : F(E)®, H— F (E) @, H is a unitary module map.

Two module maps ® : Hy — H; and ¥ : Hy — Hgs are unitarily equivalent if there exist
unitary module maps Uy : H] — Hs and Uy : Ho — Hy such that Uy o ® = ¥ o Us.

Definition 3. Suppose that (T',0) is a C.og completely contractive representation of E =

X (G) on B (H) with minimal resolution 0 — F (E) @5 Ho 22 p (E) ®¢ Hy 2L H 0.
The map @9 : F (E) ®5 Hy — F (E) ®, Hy is called the characteristic function of H.

The next result indicates that the characteristic function is essentially unique.
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Theorem 8. Suppose that (T, o) and (T",7) are C.o completely contractive representations
of E =X (G) on B(H) and B (H) respectively, with minimal resolutions:

0 — FE)®;H, 22 FE),H 2% H — 0

0 — F(E)@:Hy 2 F(E)@:H1 —5 H — 0.
Then H and H are isomorphic if and only if 9 : F (E) ®5 Hy — F (E) ®, Hy is unitarily
equivalent to WUy : F (E) @z Hy — F (E) @7 H.

Proof. Suppose first that there exists a unitary module map v : H — H. Since H is
isomorphic to the *-invariant submodule (®1)* (H) C F (E) ®, H; and H is isomorphic to
the *-invariant submodule (¥1)" (H) C F (E)®;Hj, it follows that (®1)* (H) and (¥1)" (H)
are isomorphic to each other. Applying Theorem 7 to these modules, we conclude that
there exists a unitary module map U; : F' (F) ®, H] — F (E) ®, H; that satisfies uo ®; =
Uy o Uy and that maps ker ®; = ((®1)" (H))L onto ker U3 = ((¥y)” (H))L. This implies
that Uj|kera, : ker @1 — ker ¥y is a unitary module map. Since @3 : F'(E) ®5 Hy — ker ®;
and Uy : F (E) ®z Ha are coisometric module maps, we can apply Theorem 7 again to
conclude that there exists a unitary module map Uy : F (F) ®5 Hy — F (E) ®, Ha that
satisfies U1|kerq,1 o0 ®y = Uy 0 Us. But this implies that Uy o &9 = U5 0 Uy, which is what we
wanted to prove.

Suppose now that there exist unitary module maps U; : F (E)®, Hi — F (E) ®, H; and
Us: F(FE)®s; Hy — F (FE) ®3 Ha such that Uy o &3 = Ug 0 Us. Since ker @1 = Im 5 and
ker U; = Im Wy, we easily check that Uy (ker ®1) = ker U1 and Uy (ker ®1)+ = (ker ¥1)*. We
need to check that Uy : (ker ®1)* — (ker ¥1)* is a module map, but this follows formally
from the next Lemma. 0

Lemma 7. Suppose that Hy, Ho are Hilbert spaces, T : Hy — Hy, S : Hy — Hy are bounded
linear maps, and E1 C Hy, Es C Ho are subspaces satisfying T*E1 C E1 and S*FEy C Fs.
Then if U : Hy — Hs is an isometry satisfying UT = SU and UE, = Es, it follows that
(PE2U|E1) (PElTlEl) = (PE2S|E2) (PE2U\E1) :

Proof. We compute T™* (U*)| B, 0 two ways:
T (U*)p, = T*Pr, (U") g, = P, T* P, (U*), = (Pe.T\g,) " (PE,Uig,) "

and
T (U*)|E2 =U" (S*)\Ez = U*PE2 (S*)\EQ = PE1U*PE2 (S*)\Eg = (PEzU\E’l)* (‘PE2S|E2)>|< :
The result follows by dualizing the two equalities. O

We will now strengthen Proposition 7.

Theorem 9. Suppose that G1 < Gy < --- < Gy, are directed graphs with N edges such
that Giy1 is a deformation of G;, and that o1 : €22 — B (Hy) is a faithful representation.
For 2 < i < m, there exist Hilbert spaces H;, faithful representations o; : (% — B (H;),
a surjective coisometric module map ®1 : F (G2) ®u, Hy — F (G1) @, H1 and partial
isometric module maps ®; : F (Gi11)®q,., Hiy1 — F (G;)®q, H; such that Im ®; = ker &;_;.
Moreover Gpy1 = Gy, and @y, is an isometry. That is, if P; = F (G;) ®o, H;, we have the
following short exact sequence:

o Dy d ¢ P
0 — Pm+1 —m> Pm Ll e —3> P3 —2> P2 —1> Pl — O
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Proof. By Proposition 7 there exists a faithful representation o9 : €12 — B (H3) such that
Hy; = Hy and F (G1) ®+, Hi C F (G2) ®4, Ha. Since F (G1) ®4, Hi is *-invariant under
the Ly, (g;)’s, define @4 : F (G2) ®y, Hy — F (G1) ®,, Hy to be orthogonal projection. ®;
is a coisometric module map and ker ®; is a submodule of F (G3) ®,, Ha. By Proposition
10, ker ®; = F (G2) ®3, L, where L is the wandering subspace of ker ®;. Let H3 = L
and by Proposition 7 again there exists a faithful representation o3 : ¢23 — B (H3) such
F(Gz) Ry Hy C F(Gg) Roy Hs. Define W, : F(Gg) Roy Hz — F(Gg) ®z, H> to be the
orthogonal projection, and let ®3 = 13 0 Uy, where 13 : F' (G2) ®5, Hy — F (G1) ®4, H1
is the inclusion. Since Wy and 1o are module maps, ®o satisfies the required properties.
Continues this way until you find a partial isometric module map ®,,_1 : F (Gp,) ®g,, Hm —
F(Gm-1) ®q,,_, Hmn—1 satistying Im ®,,,_; = ker ®,,,_2. As before, we have that ker ®,, 1
is a submodule of F' (Gy,) ®,, Hm and hence it can be written in the form F (Gy,) ®5,, £
where £ is the wandering subspace of ker ®,,_1. Let Gy+1 = G, Hne+1 = £ and define
O, F (Gp) ®5,, L — F(Gn) Ro,, Hrm to be the inclusion. This proves the result. O

Theorem 3 can be used to complete the following diagram

Theorem 10. Use the notation of Theorem 9 and suppose that f1 : F(G1) ®q, Hi —
F (G1)®g4, Hi is a module map. Then fori < m+1, there exist module maps f; : F (G;) ®q,
H; — F (G;) ®q, H; such that ||fi|| < ||fill and fi o ®; = ®; o fir1. That is, the following
diagram commutes:

&, ®3

Py 03]

0 — P — . =5 P3 — P — P — 0
b fmi1 e I fe L f1
0 - Ppyq 2. %y p P p T p o

Proof. We look at F'(G1) ®,, Hi and F (G2) ®,, Hs as the the Hilbert modules:

(F(G2) ®gy Ha; Loy (91) 5+ -+ 5 Loy (gn)) and
(F (Gl) Xy H13L01 (gl) Yoot 7L01 (gn))

Notice that fio®; : F (G2)®4, Hy — F (G1)®4, Hy is a module map, @ : F' (G2) ®y, Hy —
F (G1) ®¢, Hi is a coisometric module map, and that F' (G1) ®,, H; satisfies (3.8). Then it
follows from Theorem 3 that there exists a module map fo : F (G2) ®4, Ho — F (G2) ®4, Ho
such that ®1 0 fo = f1 0 ®y and ||f2| = ||f1 0 P2 < ||f1]l. Proceeding this way we find
f3, fay- -+, fm+1 and we prove the result. O

4. WEIGHTED GRAPHS

In [AP2], we studied a large family of weighted Fock spaces and their quotients that
includes as special cases: the full Fock space, the symmetric Fock space, the antisymmetric
Fock space, the Dirichlet algebra, and the reproducing kernel Hilbert spaces with a complete
Nevanlinna-Pick kernel. We constructed Poisson kernels for these spaces and we proved that
they satisfy commutative and non-commutative interpolation theorems. In [A], we used the
Hilbert module language to study this family. We proved a commutant lifting theorem and
then we characterized the strongly orthogonally projective objects of each family.

In this section we define weighted graphs, and then we use the techniques from [A] to
show that results from the previous section apply to weighted graphs. The proofs are
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almost identical and we only sketch their proof. We decided to give the complete proof for
the Full Fock spaces case. We felt it was more instructive. The addition of weights causes
no difficulties.

Given a family of weights (wq),, eFt, satisfying the three conditions listed below, we define
the weighted Fock space F?2 (w,) to be the Hilbert space with complete orthogonal basis
(504)016]17% satisfying (04,04) = wa. The left creation operators L; : F2 (wq) — F2 (wq) are
given by L;0q = 0g,q for ¢ < N.

We choose weights (w,,) satisfying

(w1) wa > 0 for every a € F and wg = 1,
Wgiag; _ Wgia . +
(w2) ———~ < —=—foralli,j <N and a € Fy, and
Wag; Wa
there exist scalars (aa)aelF}t, such that for every (A1,...,An) satisfying >,y INil? < 1,

-1

(ws) > 2| =Y aaale

a€F}, acFl,

The motivation for these weights comes from a paper by Quiggin [Q]. The first condition
is clear. The second one implies that the maps L; and R; are bounded. And the most useful
fact of the third condition is that ap > 0 and a, < 0 if |a| > 1. For example, if w, = || + 1,
the three conditions are satisfied. In the one dimensional case, this corresponds to the
Dirichlet algebra.

Suppose that G is a directed graph with NV edges and n vertices and that o : {2 — B (H)
is a faithful representation. As before, o decomposes H = H1 & --- & H,. We define the
weighted graph induced by o to be

Fy, (G)®e H =3pan {{0, @z :v €Tg,2 € Hy)} U{do®@z:2 € H}} C F*(wa) ® H.
For ¢ < N, define

Lo (9i) = Pr, (o, (Li © 1) g, (oo -
The proof of Proposition 4 can be applied to obtain

Proposition 11. F,, (G)®,H is invariant under (L1 @ Iy)* , (Le @ Ig)* ..., (Ln @ Ig)™.
Consequently, (F,,, (G) ®y H; Ly (g1) - -, Lo (gn)) is a *-submodule of F? (wa) @ H.

The orthogonal projections Ind (o) (e;) : Fy, (G) ® H — F,, (G) ®; H are defined
by the formula (3.2). Following the proof of Theorem 2, we characterize the maps that
intertwine the left creation operators:

Theorem 11. Suppose that G has no sinks and let o : £, — B (H) and 7 : £, — B (H) be
faithful x-representations. If T : F,,, (F)®,H — F,, (F)®:H satisfies T Ly (¢;) = Lz (9;) T
for i < N, then there exist operators A, € B(H,H) satisfying Aq = PHS(Q)AQPHT(Q) for
a € I'g, and operators A; € B (H,H) satisfying Aj = Py, Aj Py, for j <n such that

T=3 (& 4) M+ Y (Ra® Ad)us
j=1

a€cl'g
Furthermore, T [Ind (o) (e;)] = [Ind (7) (e;)]| T for j < n.



TENSOR ALGEBRAS OF DIRECTED GRAPHS 31

We start by taking T : F,_ (G) ®, H — F,_ (G) ®, H satisfying T'L, (9;) = L (g;) T
for i < N. To simplify notation, let My = Fy,, (G) ® H and M = F,, (G) ®x H. By
the Commutant Lifting Theorem of [A], there exists T : F2 (wa) ® H — F2 (wa) ® H such
that |7 = |T||, T (Li @ I) = (L; @ I) T for every i < N, and P, T, = T. Moreover,
by Corollary 3.7 of [A], T = Zaelﬁ‘; R, ® A, for some A, € B(H,H). Hence,

T=Y Ra®Aa= Y Y. Ra®Py APy,

a€F}, acl}; 7=1 k=1
The same proof as in Lemma 4 gives that Py, [Ra ® P AaPHk] is nonzero only if

Ao Pr

Mo
a € I'g and j = s(«a). Moreover, the maps of the form [Ra ® Pr, ”(“)LM
a € I'q, and [I®PH].AQPHJ,]|M for j < m map M, into M, intertwine L, (g;) with
Ly (gi), and intertwine Ind (o) (e;) with Ind () (e;) Then we write T = T + T5 where

for

n
B Y P ® P Aai i, + 3 P9 P Ao,
a€lg J=1
n
B= Y Y PulRe® P APa e, + 303 Pa 16 P Ao
a€lg k#r(a) Jj=1 k#j

The averaging argument of Lemma 5 works in weighted Fock spaces and we get that ||T1] <
|T|| . The proof of Lemma 6 applied to weighted Fock spaces gives that T = 0, and this
proves Theorem 11.

The proof of Theorem 11 with the changes we just outlined gives a Commutant Lifting
Theorem for weighted graphs.

Theorem 12. Suppose that G is a graph with no sinks and let o, 7 : A — B (H) be faithful
x-representations. Suppose that (H;T1,...,Tn) is a Hilbert module satisfying

{h € H:T;h =0 for every i < N} = (0)
and that ® : F,_, (G) ®; H — H is a coisometric module map. Then for every module
map [ : F,, (G) ®: H — H there exists f1 : F,, (G)®s H — F,_ (G) ®, H satisfying
£l = [Ifall, £ =@ o fi,and f1Ls (9iw) = Lz (i) f1 for i < N.

Suppose that £ C F,, (G) ®, H and that ®¢ : B(F,, (G) ®; H) — B (£) is the com-
pression operator ®¢ (1) = PgTjg. We look at the subspaces £ that satisfy the following
conditions

(4.1) e (Lo (9iy) Lo (9in) -+ Lo (9%))
= @¢ (Lo (9iy)) Pe (Lo (9iy)) -+ - e (Lo (93,)) for k € N, and

(42) @ ([Ind (o) (a)] [Ind (o) (b)]) = ¢ ([Ind (o) (a)]) B¢ ([Ind (o) (B)]) for a,b € L2

Condition (4.2) implies that £ is invariant under the maps of the form Ind (o) (e;), and
then we have that o : £3, — B (&) defined by & (a) = P¢ [Ind (o) (a)] ¢ is a *-representation.
For each 1 < N, define T; = Pe L, (gi)| ¢ and obtain the Hilbert module

(E5Thv . TG (1) 1,5 (en)



32 ALVARO ARIAS

Suppose that € C F,,, (G) ®, H satisfies (4.2). Then
(1) € is a submodule if L, (¢g;) £ C € for every i < N,
(2) &€ is a *-submodule if Ly (g;)* € C & for every i < N, and
(3) € is a subquotient if it satisfies property (4.1).
It is clear that submodules and *-submodules are subquotients. Sarason [S] proved that
£ is a subquotient iff there exist two submodules £ and & such that £ ® &1 = &Es.
In [AP2], we proved that if £ is a subquotient of F,,, (G) ®, H, there exists an isometry
K : & — F?(wq) ® & satisfying K* (L; ® Ig) = T;K* for i < N. The map K is defined by

Oa R
(4.3) K (x) %F; s
where
(4.4) A= alTuT;.
a€F},

We proved in [AP2] that A? > 0.

Since Ly (9;) = [Ind (o) (e,5))] T [Ind (o) (es(;))] we have that

T, = PeLo(9i)ie = Pe [Ind (o) (eri))] Lo (9:) [Ind (0) (esn)]
= P [Ind(0) (e9)] Lo (95) Pe [Ind (0) (e49)] ¢ -

Dualizing this equality, we obtain

T} = PelInd(0) (ess)]” PeLo (gi)" [Ind (o) (er(i))]rg

= P [Ind (0) (es))]” PeLo (9:)" Pe [Ind (o) (e,1)] e = 7 (es)” T77 (erp)”

and this implies that
(4.5) T; =5 (ey()) Tio (eg(s)) for i < N.

Arguing as in Proposition 5, we conclude that T, # 0 only if a € I'. Therefore we conclude
from (4.3) that K takes values in F,,_ (G) ®z H.

Proposition 12. Suppose that £ is a subquotient of F,,, (G) ®, H. Then there exists an
isometry K : € — F,,, (G) ®s & defined by

K(x)=60 @Az + Y —®AT*

IS Se] Wa
such that K*L, (g;) = T, K* for i < N and K* [Ind (o) (e;)] =7 (ej) K* for j <n.
Proof. We only need to check the last statements. For ¢ < N,

K*Ly (9:) = K'Pp, e.n (Li®In)g, e, =K (Li® )k, @e.n
= TiKI*Fm (O®H = LK™

The representation o : ¢, — B (€) decomposes € into £ =E1 & E @ -+ & &,. Suppose
now that a € I'g and = € £,y It is not hard to see from (4.3) that K™ (6o ® ) = ToA (7).
Moreover, it follows from (4.4) that Az € &y(,), and from (4.5) that TA (z) € &,(4). This
implies that K* [Ind (o) (ej)] (o @ ) = 7 () K* (o ® z) for j < n. Moreover, we also
have that K* [Ind (o) (ej)] (o @ ) = 7 (ej) K* (do ® z) for x € &, where k,j < n. Hence,
K*[Ind (o) (e;)] =7 (ej) K* for j <mn. O
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With the Poisson kernels of Proposition 12 and Theorem 12, we follow the proofs of
Theorem 5 and Theorem 6 to obtain projective resolutions for subquotients of F,,, (G)®,H :

Theorem 13. Suppose that £ is a subquotient of F,,, (G) ®, H. Then there exist a family
P, = F,, (Gi)®s, Hi and partial isometric module maps ®; such that the following sequence
18 exact:

. p 2 op Top P2op 2o

Moreover, if & and & are subquotients of F,,, (G) ®y H with projective resolutions
-—>P2&>P1&>51—>0 and "'HQQ&ngé’lHO,

and f : & — & is a module map, then there exist module maps f; : P; — Q; satisfying
| fill < || f]l for every i € N such that the following diagram commutes:

— P4 & P3 & Pg & Pl & 51 — 0
L fa I L f2 L h Lf
Wy Ws Wo A5

— Q4 — Q3 — Q2 — Q1 — & — 0.
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