FIXED POINTS OF QUANTUM OPERATIONS
A. ARIAS, A. GHEONDEA, AND S. GUDDER

ABSTRACT. Quantum operations frequently occur in quantum measurement theory,
quantum probability, quantum computation and quantum information theory. If an
operator A is invariant under a quantum operation ¢ we call A a ¢-fixed point.
Physically, the ¢-fixed points are the operators that are not disturbed by the action
of ¢. Our main purpose is to answer the following question. If A is a ¢-fixed point,
is A compatible with the operation elements of ¢ ? We shall show in general that
the answer is no and we shall give some sufficient conditions under which the answer
is yes. Our results will follow from some general theorems concerning completely
positive maps and injectivity of operator systems and von Neumann algebras.

1. INTRODUCTION

Let H be a Hilbert space and let B(H) be the set of bounded linear operators on H.
We use the notation

BHY" ={AeB(H): A>0}, EM)={AcB(H):0<A<I},

that is, B(H)" is the positive cone for B(H) and E(H) is the set of quantum effects
[2, 6, 8, 10]. Quantum effects correspond to yes-no quantum measurements that may
be unsharp. Denoting the set of trace class operators on H by 7 (H), the set of states
(or density operators) of a quantum system is described by

D(H)={peT(H)*: tr(p) =1}.

The probability that an effect A occurs (has a yes answer) in the state p is given by
P,(A4) = tr(pA).

General quantum measurements that have more than two values (not just yes-no)
are described by effect-valued measures. In this paper we shall only consider discrete
effect-valued measures. These are described by a sequence E; € E(H), 1 = 1,2,...,
satisfying >  F; = I where the sum converges in the strong operator topology. In
this case the probability that outcome ¢ occurs in the state p is P,(E;) and the post-

measurement state given that ¢ occurs is EZ-I/ 2pEi1 /2 /tr(pE;). Moreover, the resulting
state after the measurement is executed but no observation is performed is given by

op) = X EoEY

Notice that ¢ is an affine map from D(H) into D(H). Also, ¢ extends to a unital,
trace preserving, completely positive map on B(H). (Detailed definitions will be given
subsequently.) An important physical question is whether the measurement disturbs
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the state p. The fact that the measurement does not disturb p is given mathematically
by the equation ¢(p) = p. It is shown in [3] that ¢(p) = p if and only if p commutes
with every E;, 1 = 1,2,.... We then say that p is compatible with F;, i = 1,2,...,
and this result is called the generalized Liiders theorem.

In the dual picture, the probability that an effect A occurs in the state p given that
the measurement was performed is

Pyp)(A) = tr [AZ B! 2pEj/2} — tr (Z EY2A E;/zp) '

If A is not disturbed by the measurement in any state we have
(11) S EMAEY = A
Again, defining ¢(A) = ZE;/QAE;N, Eqn. (1.1) reduces to ¢(A) = A. But now A

may not be in 7 (H)" and the previous proof of the generalized Liiders theorem does
not go through. In fact, we shall show that ¢(A) = A does not necessarily imply that
A is compatible with E;, ¢ = 1,2,.... (This solves an open problem posed in [3, 8].)
Another way that (1.1) comes about is from the law of total probability which is given
by

12 1/2
(pA) = P(A) = 3" PUBNB(A| B = 3 ta(pizy EPEA)

tr(pE;)
= tr <pz Eil/QAEjﬂ) ,

If this law holds for every p € D(H) we again obtain ¢(A) = A.

An application of our result can be found in axiomatic quantum field theory. Suppose
a measurement {£;: i =1,2,...} is performed in a bounded spacetime region X and
A € E(H) is a measurement performed in another spacetime region Y that is spacelike
separated from X. According to Einstein causality, the measurement in X should not
disturb A so that ¢(A) = A. But applying our result, A may not be compatible with
E;;i=1,2,.... Thus, the axiom of local commutativity does not follow from Einstein
causality. We conclude that this axiom may be too strong and it should be replaced
by a weaker axiom.

More general measurements are frequently considered in quantum dynamics, quan-
tum computation and quantum information theory [2, 6, 11]. Let A; € B(H), i =
1,2,...,and let A= {A;, A7:i=1,2,...}. Assume for now that ) A'A; = I (trace
preserving) and that ) A;AY = I (unitality). (The unitality condition is sometimes
omitted and the trace preserving condition is sometimes relaxed to > AfA; < I.) For
B € B(H), define ¢p4(B) = >, A;BA?. Tt can be shown that ¢4: B(H) — B(H) is a
normal completely positive map. Moreover, ¢ 4(I) = I (unital) and tr [p4(B)] = tr(B)
for all B € T(H) (trace preserving). In fact, if H is separable, then any map satisfying
these conditions has the form ¢4 for some A [6]. There are various interpretations for
¢4. For example, ¢4 can describe a quantum measurement, an interaction of a quan-
tum system with an environment followed by a unitary evolution, a noisy quantum
channel or a quantum error correction map. We call ¢ 4 a quantum operation and
we call A the set of operation elements for ¢4. Note that our previous examples

are a special type of quantum operations. This can be seen by letting A; = E; 12
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We say that B € B(H) is a ¢4 fixed point if ¢p4(B) = B and denote the set of
¢ 4 fixed points by B(H)?4. Tt is clear that the commutant A’ C B(H)?4. The main
purpose of this paper is to study B(H)?4 and the question whether B(H)?4 = A’. We
shall show that in general B(H)?4 # A’ and shall give sufficient conditions under which
equality holds. For example, in quantum computation it is assumed that dimH < oo.
For this case we shall show that B(H)?4 = A’. Thus, a noisy quantum channel does
not disturb a state p if and only if p is compatible with the operation elements A;,
i=1,2,.... Related results and methods may be found in [1].

2. COMPLETELY POSITIVE MAPS

This section studies completely positive maps on von Neumann algebras. Such maps
give a unifying generalization of quantum operations and many of our results will follow
from these general considerations.

An operator system is a linear subspace of B(H) that is closed under the involution
and contains the identity operator. Let Mj be the C*-algebra of k£ x k complex
matrices which we identify with B(C*). For an operator system S C B(H) we consider
S ® My, embedded in the C*-algebra B(H) ® Mj. Then § ® My carries the natural
operator norm and the natural operator order. Given operator systems ¥V and W
and a linear map ¢: V — W, for any integer k£ > 1, there is defined a linear map
O VM — W My given by

ok(v) = [@(vij)] where v = [v;] € VO My, i,5=1,... k.
We then have a nondecreasing sequence of operator norms

18]l = lIo1]] < llg2ll < lldsl < -+
The map ¢ is called completely bounded if

*

|9l = sup || x| < oc.
k>1

It follows that || - ||ep is & norm on the linear space CB(V, W) of completely bounded
maps from V into W. If ||¢||c, < 1, then ¢ is called completely contractive. If ¢
is positive for all k, then ¢ is called completely positive. Any completely positive
map ¢ is completely bounded and

[l = lloll = [[®le-

In particular, if ¢(I) = I then ¢ is completely contractive [12].

Now let V C B(H) be an operator system. A map ¢:V — V is idempotent if
o1 =1. A completely contractive idempotent map 1 from B(H) onto V is called a
projection onto V. If there exists a projection from B(H) onto V then V is injective.
A linear map 1 from a C*-subalgebra M into itself is a conditional expectation if
1 is a positive idempotent, its range is a C*-subalgebra N of M and ¥(CB) = ¢(C)B
and (BC) = By(C) for every B € N and C € M. A C*-algebra M C B(H) is
injective if and only if there exists a conditional expectation on B(H) with range M
[15]. A von Neumann algebra M is injective if and only if M’ is injective [9, 17]. A
state on a C*-algebra M is a positive linear functional w: M — C with norm [jw|| = 1.
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(If M has a unit I, the condition |w|| = 1 is equivalent to w(/) = 1.) We say that w
is faithful if w(A*A) = 0 implies A = 0.

In the sequel we shall need the following theorem of M.-D. Choi [4].

Theorem 2.1. Suppose that ¢ is a completely contractive and completely positive map
from a unital C*-algebra C into B(H). Then ¢(C)*¢(C) < ¢(C*C') for every C € C.
Moreover, if ¢(C)*¢(C) = ¢(C*C) for some C € C, then for all B € C we have

¢(BC) = ¢(B)¢(C), ¢(CB) = ¢(C)p(B).

If : M — M is a unital completely positive map and w is a state on M, then wo ¢
is again a state on M. We say that w is ¢-invariant of wo¢p = w. We say that A € M
is a fixed point of ¢ if ¢(A) = A and denote the set of fixed points of ¢ by M? [1].
Notice that M? is an operator system. In general, M? is not an algebra [1]. It is easy
to check that

Z(p) ={A e M: ¢(AB) = Ap(B),p(BA) = ¢(B)A for every B € M}

is a C*-algebra in M and Z(¢) C M?. Moreover, if ¢ is weakly continuous, then Z(¢)
is a von Neumann subalgebra of M and M? is a weakly closed operator system.

Lemma 2.2. The following statements are equivalent. (a) M? = Z(¢). (b) M? is a
C*-algebra. (c) If A € M?, then A*A € M°.

Proof. (a)=(b)=(c) is clear. To prove that (c) implies (a) suppose (c) holds and
A€ M?. Then A*A € M? so that

B(AY'6(A) = A"A = §(A" ).
It follows from Theorem 2.1 that for every B € M we have
P(AB) = ¢(A)9(B) = A¢(B)
and
6(BA) = 6(B)o(A) = 6(B)A.
Hence, A € Z(¢). O
Theorem 2.3. If ¢ admits a faithful invariant state w, then M? = Z(9).

Proof. Suppose that A € M?. By Theorem 2.1 we have
ATA = ¢(A) d(A) < §(A"A)
so that ¢(A*A) — A*A € M™. Since
wlp(A"A) — A"Al =wo p(A*A) —w(A*A) =0

we conclude that ¢(A*A) = A*A. Hence, A*A € M?. Applying Lemma 2.2 we have
that M? = Z(¢). O

For ¢: M — M we denote the map obtained by composing ¢ with itself n times by
o". If p: M — M we denote the composition ¢ o ¢ by 1¢.
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Theorem 2.4. Let ¢p: M — M be a weakly continuous, unital, completely positive
map. (a) There exists an idempotent, unital, completely positive map ¥: M — M
with range ran(y) = M?. (b) M? = Z(¢) if and only if ¢ is a conditional expectation.
(c) If M = B(H) and M? = Z(¢), then Z(p) is an injective von Neumann algebra.

Proof. (a) Let ¢,: M — M be the sequence of Cesaro means

1~

Then v, n = 1,2,..., are unital completely positive (and hence completely contrac-
tive) maps. Since M has a predual, it follows from the Alaoglu theorem that the closed
unit ball of M is compact in the weak * topology. Hence, the closed unit ball of CB(M)
is compact in the point-weak topology. It follows that there exists a subsequence ),
and a unital completely positive map ¥ : M — M such that

21) w- lim o, (4) = ¥(A)
for every A € M. For any integer n > 1 we have
1 2
(2.2) [0 — @l = ~ 6 — 6" < =
n n

and hence v, — ¢, converges uniformly to 0. For any £ > 1 we have

Note that the point-weak limit of the expression of the right side is 0 as ny — oc.
Indeed, 1, — 1 — 0 by the definition of ¢, ¥, — ¢, — 0 by (2.2) and

P = b, = G(Y = ¢Pn,) — 0

because ¢ is weakly continuous. In a similar way we have ¢ = 1 and thus,

(2.3) oY = =1,
By induction we see that ¢*i¢ = 1¢* =1 for all kK > 1 and hence
(2.4) Uy, (V(A)) = (A)

for all A € M. Taking the weak limit in (2.4) as & — oo we conclude that 1) is
idempotent. In particular, ran(¢)) = MY. Applying (2.3) we have ran(¢) C M?. To
prove the converse inclusion, let A € M?. Then 1),,, (A) = A for all k > 1 and by (2.1)
we have 1(A) = A. Hence, ran(y)) = M?.

(b) If M? = I(¢), then ran(y) = M? is a von Neumann subalgebra of M. For
A € ran(y)) we have

V(A)Y(A) = A"A = (A"A).
Hence, by Theorem 2.1 we obtain

(AB) = ¢(A)(B) = Ay(B)

and
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for all B € M. Thus, v is a conditional expectation. Conversely, if ¢ is a conditional
expectation, then M? = ran(v)) is a C*-subalgebra of M so applying Lemma 2.2, we
conclude that M? = Z(¢).

(c) If M? = Z(¢), then by (b), v is a conditional expectation with ran(y) = Z(¢) so
Z(¢) is an injective von Neumann algebra. O

Corollary 2.5. Let ¢: B(H) — B(H) be a weakly continuous, unital, completely pos-
itive map. If Z(¢) is not injective, then B(H)® # Z(¢).

3. QUANTUM OPERATIONS

Let A be a set of operators A = {A;, Af:i=1,2,...} where A; € B(H) satisfy
SAAF < I. A map ¢: B(H) — B(H) of the form ¢4(B) = Y. A;BA} is called
a quantum operation. If B > 0 then this series gives an increasing sequence of
positive operators that is bounded above by || B||] so it converges in the strong operator
topology. It follows that the series converges in the strong operator topology for any
B € B(H). It is easy to see that a quantum operation is completely positive. If
oA(I) = I or equivalently if >~ A;AF = I, then ¢4 is unital. If >~ A*A; = I then ¢4
is trace preserving. If the A; are self-adjoint then ¢ 4 is self-adjoint. An important
example of a self-adjoint quantum operation is Liiders operation

Lo(B)= Y Al BaY
where A; > 0 and > A; = I. A quantum operation ¢4 is faithful if ¢4(B*B) = 0
implies that B = 0.

Theorem 3.1. Let ¢4 be a quantum operation. (a) ¢4 is a weakly continuous com-
pletely positive map. (b) If ¢4 is trace preserving then ¢ 4 is faithful and tr (p4(B)) =
tr(B) for every B € T(H).

Proof. (a) Let ¢ denote the Hilbert space of square summable complex sequences and
let l5(H) = 2 ® H be the Hilbert space of square summable sequences with elements
in H. Let V: H — (5(H) be the linear operator defined by

Vh=(Alh, Ash,...).
Now V' € B(H, ¢3(H)) because

VR =" (Aih, Ath) = 3 (A ATh, ) <ZA A%h, h> < |In|2.
The adjoint V* € B (¢2(H), H) is given by
Vi(hy g, o) =) Aih.

It follows that ¢p4(B) = V*(I ® B)V for all B € B(H). Since the map B — [ ® B from
B(H) to B (¢2(H)) is weakly continuous [5] and completely positive, it follows that ¢4
is weakly continuous and completely positive.

(b) Suppose that ¢ 4 is trace preserving. To show ¢ 4 is faithful, suppose ¢ 4(B*B) = 0.
Then for every h € H we have

0 = (¢.(B*B)h, h) <ZA B*BAh, h> S (BA;h, BA:D).
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Hence, BA’h = 0 for every h € 'H so that BA; = 0. But then
B=DBY AA; =0.
Finally, let B € 7(H)*. Then the operators A; BA; and AfA;B are trace class and

tr (i AiBA;*> = tr (i A;“AZ-B> < iA;‘Ai
=1 i=1 i=1

Since Y, A; BA? is a nondecreasing sequence of positive operators converging strongly
to ¢ 4(B) and since the trace is continuous with respect to such sequences, we have

tr(B) < tr(B).

tr (pa(B)) = lim tr (i A,BAZ-‘) < tr(B).

n—oo -
=1

Hence, ¢p4(B) € 7(H)*. Again by the continuity of trace on bounded nondecreasing
sequences we have

tr (p4(B)) = lim tr (Z A;‘AiB> = tr (Z A;‘AZB) = tr(B).
i=1 i=1
The result for arbitrary B € 7 (H) now follows. O

Let ¢4 be a unital quantum operation and define the fixed point set B(H)%4 as
before. We then have the von Neumann algebras Z(¢4) and A" as well as the weakly
closed operator system B(H)%4 and it is clear that

A" C I(¢a) C B(H)*™.

We are now interested in when these sets coincide; that is, when B(H)%* C A’. The
next theorem generalizes a result in [3] and has essentially the same proof.

Theorem 3.2. Let ¢4 be a self-adjoint quantum operation. If B € B(H)%A is positive
and has pure point spectrum which can be totally ordered in decreasing order, then

BeA.

Proof. Let h be a unit eigenvector of B corresponding to the largest eigenvalue A\ =
||B]|. Then ¢4(B) = B implies that

M =Y (BAR,Ah) < ||BIDY IARIT =M (AZh h) < Ay
Since (BA;h, A;h) < A {A%h, L), it follows that
(\MI — B)A;h, A;h) = 0.

Hence, (A1 — B)A;h = 0 for every eigenvector h corresponding to A;. Thus, A;
leaves the Aj-eigenspace invariant. Letting P; be the corresponding spectral projection
of B we have P A;P, = A; P, which implies that A;,P, = PiA;, 1 = 1,2,.... Now
B =\ P, + B; where B is a positive operator with a largest eigenvalue. Since

MPL+ By =B =¢a(B) = Moa(P1) + ¢a(B1) = M P+ da(By)
we have ¢ 4(B1) = Bj. Proceeding by induction, B € A'. O
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We shall show later that Theorem 3.2 cannot be extended to an arbitrary positive
B € B(H)?4. Moreover, it cannot be extended to a non-self-adjoint ¢ 4 even in the case
where B is positive with finite spectrum and A contains only two operation elements.
The next result follows from Lemmas 3.1 and 3.3 of [1]. However, we present a simpler
and more algebraic proof.

Lemma 3.3. If ¢4 is a unital quantum operation, then the following statements are
equivalent. (a) B(H)?4 = A’. (b) B(H)%4 is a von Neumann algebra. (c) B(H)%4 =
Z(¢a). (d) If B € B(H)%A, then B*B € B(H)%A.

Proof. (a)=-(b) is clear, (b)=-(c) follows from Lemma 2.2 and (c¢)=-(d) is clear. To show
that (d) implies (a) assume that (d) holds and B € B(H)%4. Then B*B € B(H)%A.
Notice that

Summing over ¢ yields
0< S [B,A)[B,A]" = BB" + ¢4(BB") — $4(B)B" — Boa(B")
= ¢4(BB*) — BB* = 0.

Hence, [B, A;] = 0 for all i = 1,2,.... In a similar way we have [B, Af] = 0. Hence,
B € A’ so that B(H)%4 = A’ O

Corollary 3.4. Let ¢4 be a unital quantum operation. If B € B(H)%A then B € A’ if
and only if B*B, BB* € B(H)%A.

An operator W € T (H) is faithful if for any A € B(H), tr(W*A*AW) = 0 implies
A=0.

Theorem 3.5. Let ¢4 be a trace preserving, unital, quantum operation.

(a) If dim(H) < oo, then B(H)%A = A’. (b) If there exists a faithful operator W €
T(H)N A, then B(H)*4 = A’. (c) If B € B(H)** and B=C + D for C € A,
D e T(H), then Be A'. (d) BH)*ANT(H)=ANT(H).

Proof. (a) If dim(H) = n < oo, then w(B) = tr(B)/n is a faithful ¢-invariant state.
The result follows from Theorem 2.3 and Lemma 3.3. (b) By the proof of Lemma 3.3,
if B € B(H)%4 then

éA(B*B) — B*B > 0.

Since W € T(H) N A’, by Theorem 3.1(b) we have
tr [W*(¢4(B*B) — B*B)W] = tr [p4(W*B*BW)] — tr(W*B*BW) = 0.
Hence, ¢ 4(B*B) = B*B so that B*B € B(H)%A. Applying Lemma 3.3 gives B(H)%4 =
A’ (c) Since
C+ D =¢a(C+ D) =¢a(C) 4+ da(D) = C+ ¢a(D)

we have D € B(H)?4. Now D*D € T(H) and by the proof of Lemma 3.3,

éA(D*D) — D*D > 0.
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Since ¢4 is trace preserving, we have

tr[¢p4(D*D) — D*D] = 0.
Hence, ¢4(D*D) = D*D so that D*D € B(H)%4. Similarly, DD* € B(H)?* so by
Corollary 3.4, D € A’. Hence, B € A". (d) follows from (c). O

The next result follows from Theorem 2.4 and Lemma 3.3.

Theorem 3.6. Let ¢4 be a unital quantum operation. (a) There exists an idempo-
tent, unital, completely positive map : B(H) — B(H) with ran()) = B(H)%4. (b)
B(H)?4 = A’ if and only if 1 is a conditional expectation. (c) If B(H)?4 = A’ then A’
15 an injective von Neumann algebra.

4. EXAMPLE

It follows from Theorem 3.6(c) that if A’ is not injective then B(H)%4 # A'. We
can apply this observation to obtain examples for various conjectures. For instance,
the following counterexample shows: (a) If p4(B) = > Az/QBAilﬂ, A >0,> A =1,
is a Liiders operation, then B(H)?4 # A’ in general. (This answers a question posed
in [3, 8.) (b) If p4(B) = A1BA; + A;BA; is a trace preserving, unital, quantum
operation, then B(H)%4 # A’ in general. (It has been shown that if A; and A, are
positive, then B(H)%4 = A’ [3, §].)

Example. Let Fy be the free group on two generators g1, go with identity e. It is clear
that Iy is countable. Let H = f5(IFy) be the separable complex Hilbert space

H:@mg:{ﬁm—WLEJﬂ@P<m}
For x € Fy define 9, : F; — C by
1 ify==x
0. (y) =
) {O ify#ax

Then {0,: = € Fy} is an orthonormal basis for H. Define the unitary operators Uy, U,
on 'H by Ui0; = 04,5, U20; = d4,,. The von Neumann algebra generated by U; and U,
is denoted by N' = L(FFy). It is known that A and hence N are not injective [13, 16].

Lemma 4.1. Suppose B € B(H) has the form Bé, = Ao, 0 < N\, < 1. Then
B e E(H) and if B e N, then B = \.I.
Proof. Tt is clear that B € £(H). Now suppose that B € N’. Then

A 0g, = Bdy, = BU . = U1 B, = A\ Uide = Aedy
Hence, A\;, = A. and in a similar way

A=A, =\ 1=\

91 92 7 Tgy

1

Now suppose = € Fy has the form = = g1y for some y € F5. Then
Aby = Bo, = Bég,y = BU 10, = U1 Bo,y, = \yU1dy = A\ybgry = A\y0s.



10 A. ARIAS, A. GHEONDEA, AND S. GUDDER

Hence, A4, = A, for every y € [Fy. Similarly,
A Agoy = A—1, = Ay

g 'y T 95 'y

for every y € Fy. Continuing by induction, we conclude that A\, = A, for every x € IFs.
Hence, B = A\ 1. O

Let A} = 272U, and Ay = 272U, and let A = {A;, A;}. Then A’ = A and
AAE 4 AgAS = ATA, + ASA, = T

Thus, ¢4 is a trace preserving, unital quantum operation. Now a B of the form in
Lemma 4.1 satisfies B € B(H)%* if and only if

1 1

for all x € Fy. Define B € B(H) by Bd, = \;6, where A\, = 0if z ends in g;*, A, = 1
if 7 ends in g; ' and \, = 1/2 otherwise. Then it is easy to check that (4.1) is satisfied.
Hence, B € B(H)?4 and by Lemma 4.1 B ¢ A’. Thus, B(H)%4 # A’.

Theorem 4.2. There exists a Liiders operation ¢4 on H = ly(Fy) such that B(H)%4 #
A'. More precisely, there exists a B € E(H) such that B € B(H)*4 but B ¢ A'.

Proof. By taking the real and imaginary parts of U; = Vi +iV,, Uy = V3+iV) we see that
N is generated by four self-adjoint operators Vi, V5, Vs, V. Moreover, A is generated
by the four positive operators C; = |Vi||[I — V;, i = 1,2,3,4. Let A; = C;/4]|Ci]|,
i=1,2,3,4, and let A5 = I — 3.7 A Then A; € E(H), i =1,....,5, S A; = I
and A = {A;:i=1,...,5} generates N. Now ¢4 is a Liiders operation and since
N’ = A’ is not injective we have B(H)%4 # A’. Hence, there exists a B € B(H)
such that B € B(H)?4 \ A’. Now the real part or the imaginary part B; of B also
satisfies B; € B(H)%A \ A'. Letting By = ||B;||I — B; we see that B, > 0 and that
By = By/||Bs|| € E(H). Moreover Bz € B(H)?4 \ A'. O

Although the B in Theorem 4.2 exists, it appears to be quite difficult to construct a
concrete example of such a B.

5. CONCLUDING REMARKS

We have seen that the injectivity of the commutant of the set of operation elements
A’ of a Liiders operation ¢4 plays a role in deciding whether the set of fixed points
B(H)?4 coincides with A" or not. However, the following question remains: if A’ is
injective, does this imply that B(H)?4 = A’? On the other hand, it has been proved
that for a Liiders operation with only two operation elements, we have B(H)%4 = A’
[3, 8]. In this case, A is commutative and it follows that A and A’ are injective. It
is then natural to ask whether the result is true for any commutative set of operation
elements A. Finally, we ask the following general question. Is it true that B(H)%4 is
an injective envelope of either A’ or Z(¢4) [12].
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