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Abstract

We first consider a method of centering and a change of variable
formula for a quantum integral. We then present three types of quan-
tum integrals. The first considers the expectation of the number of
heads in n flips of a “quantum coin.” The next computes quantum
integrals for destructive pairs examples. The last computes quantum
integrals for a (Lebesgue)? quantum measure. For this last type we
prove some quantum counterparts of the fundamental theorem of cal-
culus.

1 Introduction

Quantum measure theory was introduced by R. Sorkin in his studies of the
histories approach to quantum mechanics and quantum gravity [7]. Since
then, he and several other authors have continued this study [1, 2, 6, 8, 9, 10]
and the author has developed a general quantum measure theory for infinite
cardinality spaces [3]. Very recently the author has introduced the concept
of a quantum integral [4]. Although this integral generalizes the classical
Lebesgue integral, it may exhibit unusual behaviors that the Lebesgue in-
tegral does not. For example, the quantum integral may be nonlinear and
nonmonotone. Because of this possible nonstandard behavior we lack intu-
ition concerning properties of the quantum integral. To help us gain some
intuition for this new integral, we present various examples of quantum in-
tegrals.



The paper begins with a method of centering and a change of variable
formula for a quantum integral. Examples of centering and variable changes
are given. We also consider quantum integrals over subsets of the measure
spaces. We then present three types of quantum integrals. The first considers
the expectation a, of the number of heads in n flips of a “quantum coin.”
We prove that a,, asymptotically approaches the classical value n/2 as n ap-
proaches infinity, and numerical data are given to illustrate this. The next
computes quantum integrals for destructive pairs examples. The functions
integrated in these examples are monomials. The last computes quantum in-
tegrals for (Lebesgue)? quantum measure. For this last type , some quantum
counterparts of the fundamental theorem of calculus are proved.

2 Centering and Change of Variables

If (X,.A) is a measurable space, a map u: A — R* is grade-2 additive [1, 2,
3, 7], if

p(AUVBUC) = p(AUB) + p(AUC) +p(BUC) = u(A) — u(B) — p(C)

for any mutually disjoint A, B, C' € A where AU B denotes AU B whenever
ANB # 0. A g-measure is a grade-2 additive map p: A — RT that also
satisfies the following continuity conditions [3]

(C1) For any increasing sequence A; € A we have

p(U4;) = lim pu(A;)

(C2) For any decreasing sequence B; € A we have

p(NA;) = lim p(4;)

A g-measure p is not always additive, that is, u (AW B) # u(A)+p(B) in
general. A g-measure space is a triple (X, A, u) where (X, .A) is a measurable
space and p: A — RT is a g-measure [2, 3, 7|. Let (X, A, 1) be a g-measure

space and let f: X — R be a measurable function. It is shown in [4] that
the following real-valued functions of A € R are Lebesgue measurable:

Mo (fe: (@) > M), Ao p({a: f(z) < =A))



We define the quantum integral of f to be

/ fdu = / e f2) > A} dA - / T e fl@) < ApdA (21)

where d\ is Lebesgue measure on R. If x4 is an ordinary measure (that is;
p is additive) then [ fdu is the usual Lebesgue integral [4]. The quantum
integral need not be linear or monotone. That is, [(f+g)du # [ fdu+ | gdu
and [ fdu £ [ gdp whenever f < g, in general. However, the integral is
homogenious in the sense that [« fdu =« [ fdu, for a € R.

Definition (2.1) gives the number zero a special status which is unimpor-
tant when g is a measure, but which makes a nontrivial difference when y is
a general g-measure. It may be useful in applications to define for a € R the
a-centered quantum integral

[ s = [ ulrioveo x|l o, 3] da

a
a

— [Culrtovolin- [ ali o n]an @2

[e.e]

Of course, [ fduo = [ fdp but we shall omit the subscript 0. Our first result
shows how to compute [ fdu, when f is a simple function.

Lemma 2.1. Let f = Y"1 a;xa, be a simple function with A; N A; = 0,
1# 7, Ul A =X Ifog <o < a<apr <o <ap, then

/fd,ua = (am-i-l - CL)[L ( U Az) + (am+2 - O‘m—l):u ( U Ai)

i=m-+1 1=m-+2

(a—am)p <U Ai)

(O — ) (U Az-) oot (@ — an)(Ay)

=1

+ ot (o — a1 p(An) —

(2.3)




= aqpu(Ar) + ao[p (A1 UA2) — p(A)] + -+ 4 am[p (A1 U Apy)

ot (A1 UAR) — (A1) = = (A1) = (m=2)p(An)]
+ gt [ (A1 UApg) + -+ 1 (A1 UA,)
—(n=m=2)u(Ani1) = p(Am-2) — - — p(An)]

R an—l[ﬂ (An—l Y An) — ,u(Anﬂ + OénN<An)

RaCRAIR)

Proof. Equation (2.3) is a straightforward application of the definition (2.2).
We can rewrite (2.3) as

/fdua=am+1 [u( Lnj Ai) —u( LnJ Ai)

i=m-+1 i=m-+2

+ Qg2 [M < U Ai) — M ( U A,
+oo g (A1 UAL) — (A 4 anp(Ar) + arp(Ay)

(0] ] o 0) 09
(i) (5)
()5

Applying Theorem 3.3 [3] the result follows. O

(2.4)

N—

+

+ a9

+...+am

Corollary 2.2. If u is a measure and f is integrable, then

[ fdna= [ fdn = autx)

Proof. By (2.4) the formula holds for simple functions. Approximate f by an
increasing sequence of simple functions and apply the monotone convergence
theorem. 0



As an illustration of Lemma 2.1, let f = axa + bxp be a simple function
with ANB =0, AUB =X, 0<a<b By (24) we have

/ fd = alu (AU B) — u(B)] + bu(B)

This also shows that the quantum integral is nonlinear because if pu (A U B) #
p(A) + p(B) then

/(axA +bxp)du = /fdu # ap(A) + bu(B) = a/xAdu + b/deu

Corollary 2.2 shows that if /1 is a measure, then [ fdpu, is just a translation
of [ fdu by the constant au(X) for all integrable f. We now show that this
does not hold when g is a general ¢g-measure.

Example 1. Let a > 0 be a fixed constant and let f = cx4 be a simple
function with ¢ # 0 and A # (), X. We can write f in the canonical form

J=0xa +cxa

where A’ is the complement of A. By Lemma 2.1 we have that

[ fdp = cu(A) and applying (2.4) to the various cases we obtain the
following;:

Case 1. f 0<a<e¢, thena; =0, a0 = ¢, ay < a < ag, Ay = A" and
Ay = A. We compute

[ o = o) + () = a () + ()

_ / fdp — alu(A') + u(A)

Case 2. If 0<c<a,thena; =0, =c¢, a1 < an < a, Ay = A" and
Ay = A. We compute

/ filpta = Op(A) + ¢ [u(X) — p(A)] — ap(X)

= /fdu —c[u(A) + p(A) — p(X)] = ap(X)

Case 3. If c<0<a,thena; =c¢, s =0, a1 < as < a, Ay = A and
Ay = A", We compute

/ Fdpta = cp(A) + 0 [u(X) — p(A)] — ap(X) = / Fdp— ap(X)



We now derive a change of variable formula. Suppose g is an increasing
and differentiable function on R and let g~!(400) = )\lirf gt I f: X —

R is measurable, then so is g o f and we have

a

/gofdua:/mu[{x:goﬂx)>A}de—/ ulfe: go f(z) < A dA

_ / Wz f@) > g )} dr - / a: flz) < g7 (V)] d
Letting t = g7 *(\), g(t) = A, ¢'(t)dt = d\, by the usual change of variable
formula we obtain

/ go fdpag (2:5)
g~ (00) 9~ (a)
= [l s@) > g [l s < 0] @
974(a) g7} (=o0)

For example, if f > 0, letting g(t) = t" we have

/ Frdy = /0 Tl f(@) > 1] nevdt (2.6)

As with the Lebesgue integral, if A € A we define

/ fdp = / Xadp
A
We then have

[ gau= [ ulte @@ > M- [T ulle: xal@f@) < A
A OOO - 0

:/O H[AN L 00)] d)\—/o AN f Y (—00, —A)] dA

_ /OOO (AN (N 00)] = 1 [AN £} (—00,—N)] } dA

Now (A, AN A) is a measurable space and it is easy to check that pu(B) =
u(AN B) is a g-measure on AN A so (A, AN A, ua) is a g-measure space.
Hence, for a measurable function f: X — R, the restriction f | A: A — R

is measurable and
/Afduz/f\AdMA

Similar definitions apply to the centered integrals [ 1 S dpa.
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3 A Quantum Coin

If we flip a coin n times the resulting sample space X, consists of 2" outcomes
each being a sequence of n heads or tails. For example, a possible outcome
for 3 flips is HHT and X, = {HH,HT,TH, TT}. If this were an ordinary
fair coin then the probability of a subset A C X,, would be |A| /2" where | A|
is the cardinality of A. However, suppose we are flipping a “quantum coin”
for which the probability is replaced by the g-measure pu,(4) = |A|* /22"
It is easy to check that p is indeed a g-measure. In fact the square of any
measure is a g-measure.

Let f,: X,, — R be the random variable that gives the number of heads
in n flips. For example, f3(HHT) = 2. For an ordinary coin the expectation
of f, is n/2. We are interested in computing the “quantum expectation”
[ fadp, for a “quantum coin.” For the case n = 1 we have X; = {z1, 25}
with fi(z1) =1, fi(z2) = 0. Then f; = x{s,} and by (2.3) we have

/fldul = ({71}) = 411

For the case n = 2, we have Xy = {1, 9, 23, x4} with fo(z1) = 2, fo(xs) =

fa(w3) =1, fo(xy) = 0. Then
fo = Xaa s} + 2X(an)

and by (2.3) we have

9 1
/f2dﬂ2 = to ({x1, 22, 23}) + 2 ({21}) = o 4+ — ==
Continuing this process, X3 = {z1,...,zs} and

f2 = X{$5,$6,$7} + 2X{Z‘2,1‘3,1‘4} + 3X{$1}

By (2.3) we obtain

/mwzm@mmwm+mwmmwm+m@m>
49 16 1 33

“61 61 61 3



For 4 flips, Xy = {x1,...,x16} and

/f4dM4 = pg {z1,.. ., 215}) + pa {21, ..., 211 })
(o)) ()
P+ 1P +5°4+1 93
N 162 64
For 5 flips, X5 = {z1,..., 23} and

/f5du5 s ({rns s} s ({2, asd) + s ({2, 26))

+ s ({21, w6}) + o ({21))
317 +26°+16°+6>4+1 965
B 322 512

Letting a,, = [ fndu, we have that

1 /1\2
a = —
17922 \p

OG0 ()

We shall show that a,, asymptotically approaches the classical value n/2 for

large n; that is
2a
lim —* =1 3.1
F (3.1)
As numerical evidence for this result the first seven values of 2a,/n are:
0.5000, 0.6250, 0.6875, 0.7266, 0.7539, 0.7749, 0.7905 and the twentieth value
is 0.8737. The next result shows that the quantum expectation does not

exceed the classical expectation.



Lemma 3.1. For alln € N, [ fu.du, <n/2.
Proof. Letting A; = f,' ({i}), i =1,...,n, applying (2.4) we obtain

/fndun i (Ay W Ag) -+ i (Ay 8 AL) — (1 — 2)pim(Ay)

— pn(A2) — -+ = pn(Ay)]
+ 2[pn (AL U A3) + -+ i (A2 U Ay) — (0 — 3)n(As)
— pn(Az) — - — pin(An)]

+ (0 = 1)[ptn (A1 U AL) — pin(An)] + npin(An)

= o (AU AL A UL — (- 2) A |4
_"'_|An|2
+ 2 Ay WA+ -+ AL UA = (n—3) |As]? — |As]?
_..._‘Anﬁ

(0= 1)l Ans U A = A, P] 4 0] Al |

1
= 5 {IA + 2 1AL (JAs] + - + | Anl)
+2 [[Aof* + 2| As| (| As| + -+ - + |An))]
oot (= 1) [J[Ao )P+ 2] Aus| JAL]] + 1| A7)

By the binomial theorem we conclude that

1
/fndun = o Al 422 = |4y - 1)
+2[Ag| [1+2(2" — |Ag| — |Ai| — 1)
ot (= 1) [Ap | [T4+2Q2" = [Apoa] — - = [Ay] = 1)
+n]An 2" = 1= [Ar] = |As| — -+ — |Aua ]}
1
< QE[‘A1‘2n+2|A2‘2n+"‘+”’An’2n]

on
2
where the last equality follows from the classical expectation.

1
227(|A1|+2|A2|+""+H|An|)
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We now give a, in closed form and prove (3.1).
Theorem 3.2. (a) For alln € N we have

2n 9
+2<%)

an:§

(b) Equation (3.1) holds.

Proof. (a) Letting
) (6 O 6 0+ ()

it is shown in [5] that
by = (n+2)2*""1 — —n

1 /2
()
2 n
Since a, = b, /22", the result follows.
(b) By Stirling’s formula we have the asymptotic approximation

for large n. Hence,

.1 [(2n .1 (2n)! .1 V2 (2n)* e
lim — = lim — = lim — .
n—00 22n n Nn—00 22n (n|>2 N—00 22n €2n 27Tnn2n
1
= lim =0
n—oo 271'/)7/
Hence,
2a, 2 ) 49
m 2% g (PE2Y o G2 0
n—oo N n—oo n n—oo 22"

The next example illustrates the a-centered integral [ fodpa, for two flips
of a “quantum coin.”
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Example 2. The following computations result from applying (2.3). If
a < 0, then

t/hw%=U%%mdwh%w&mD+MH%wm%H—MH%D
5

==-—a

8
If0<a<1, then

!/ﬁwMzﬂ—wMH%wmmD+uHmD—w—0MHmD
9 1 1 5
DA T IR T R

If 1 <a <2, then

L/ﬁ@m:@—aMH%D—OPJMHMWmmD—MHmD

1 9 1 5
—C2—a)——(a—-1)2 - — =22
C-a-l-DE -5 5"

If 2 < a, then

/f2dﬂ2a = —[(a = 2)p ({1, 72, 73, 24}) + p ({72, T3, 74 }) + o ({24})]

9 1 11
=——a

— —a—-2)+ Z 4+ —| =
{(a TR R

We conclude that f fadpioy, is piecewise linear as a function of a.

4 Destructive Pairs Examples

Consider X = [0, 1] as consisting of particles for which pairs of the form
(x,x+3/4), x € [0,1/4] are destructive pairs (or particle-antiparticle pairs).
Thus, particles in x € [0,1/4] annihilate their counterparts in [3/4, 1] while
particles in (1/4,3/4) do not interact with other particles. Let B(X) be the

set of Borel subsets of X and let v be Lebesgue measure on B(X).
A € B(X) define

wA) =v(A) —2v({x € A: v+ 3/4 € A})

11



Thus, p(A) is the Lebesgue measure of A after the destructive pairs in A
annihilate each other. For example, p([0,1]) = 1/2 and p([0,3/4]) = 3/4.
It can be shown that (X, B(X), ) is a g-measure space [3].

Letting f(z) =z and 0 < b < 1 we shall compute

b
| = [ paydn
0 [0,]
We first define

FO) = s ({e: Frion(@) > N}) = u({e € 0,5 @ > A}) = o (A B])

If b < 3/4 then

0 ifA>0b

/Obmd,u: /ObF()\)dA: /Ob(b—)\)d)\ :g

which is the expected classical result because there is no interference (anni-
hilation).

Now suppose that b > 3/4 in which case there is interference. If A >
b—3/4, then F(A\) =b — X as before. If A < b —3/4, then

b—A ifA<D
F()\)—{ A=

We obtain

F(A):(b—A)—z(b—Z—A):2+A—b

We then obtain

b b b=3/4 /3 b
/ xdp = / F(\)d\ = / (— +A— b) d\ + / (b — A)dA
0 0 0 2 b—3/4

:§b—3——b2

For example, fol xdp = 7/16 which is slightly less that fol xd\ = 1/2. Of
course, interference is the cause of this difference. Also, f03/ ! xdp = 9/32

which agrees with f03/ * 2dz as shown in the b < 3 /4 case.
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We next compute fob z™dp. If b < 3/4, then by our change of variable

formula we have
b b ) bn+1
"dy = b— M\ d\ =
/0 x"dp =n /0 ( ) ]

in agreement with the classical result. If b > 3/4, we obtain by the change
of variable formula

b b
/ zdp = n/ F()AN"1d\
0 0

b—3/4 b
/ (B+A—b) X" AN+ / (b— M)A dA
0 b

—3/4

=N

= [ —20-9™]

As a check, if n = 1 we obtain our previous result. Notice that the deviation
from the classical integral becomes

I R
Ox x Oac ,u-n+1 1

which increases as b approaches 1.

We now change the previous example so that we only have destructive
pairs in which case we obtain more interference. We again let X = [0, 1], but
now we define the g-measure

wA) =v(A)—2v({zeA:z+1ecA})

In this case, (x,x + 1/2), x € [0,1/2] are destructive pairs. For instance,
u(X) =0, p([1/16,5/6]) = 1/3, and p([0,1/2]) = 1/2. Letting f(z) = =
and 0 < a < b <1, we shall compute

b
/ xdy = / xdj
a (a,b)
We then have

FO) = 1 ({a: P (@) > A}) = p({a € (a,b): o > 2))
i ((a, b)) ifA<a
= u((ND) ifa<A<b
0 ifA>0b

13



Now {z € (a,b): z+ 3 € (a,b)} =D ifand only if b—a < 1/2. Ifb—a < 1/2
we have
b—a ifA<a

FO)=2b—)\ ifa<A<b
0 if A > b

We then obtain

b a b b2 a2
/xdu:/(b—a)dA—i—/(b—)\)dA:———
a 0 a 2 2

which is expected because there is not interference.
If b—a>1/2, letting ¢ = b — 1/2 we have that ¢ > a and

pn((ab)=b—a—-2(c—a)=b—a—-2(b—3—-a)=a—-b+1

IfA<b—1/2, then p((N,0)) = A—b+1and if A > b—1/2, then pu((\, b)) =
b — A. Hence,

a—b+1 HAX<q
FA)=<A=b+1 ifa<A<b—1/2
b— A\ ifo—1/2<A<b

We conclude that

b a b—1/2 b
/xdu:/(a—b+1)d)\+/ (/\—b—i-l)d/\—l—/ (b — X\)dA
a 0 a b

—-1/2

The deviation from the classical integral becomes

b b 1
A:/ a:dx—/ a:d,u:b2—a2—b+é—1
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Notice that A = 0 if and only if b = a+ 1/2. Special cases of the integral are

b 2
b 1
/xdu:——+b——
0

2 4
1/2
/ xdy =
0
3/4
/ xdy =
0
1
1
xdy = -
=

5 (Lebesgue)? Quantum Measure

gl e

We again let X = [0, 1] and let v be Lebesgue measure on B(X). We define
(Lebesgue)? g-measure by u(A) = v(A)? for A € B(X) and consider the
g-measure space (X,B(X),u). The first example in this section is the a-
centered quantum integral [ 2"du,. Applying the change of variable formula
we obtain

/x"dua:n/alu({x: :c>t})t"1dt—n/0au({x: x < t})t"ldt

1 a
:n/ (1—t)2t"_1dt—n/ "t
a 0

2 n (1 2n L 2n
— — Q — a a
(n+1)(n+2) n+1 n+2

As special cases we have

/xduazé—ajtaz—%cﬁ

ng 2
/“” dp = (n+1)(n+2)

We now compute the quantum integral f; 2™dp for 0 < a <b<1. Again

15



the change of variable formula gives

b 00
/x”du:/o ,u((a,b)ﬁ{x:x>)\1/”})d)\
:n/ooo,u((a,b)ﬂ{a:: x>t} " A

b a
= n/ (b—t)*" 't + n/ (b—a)*t" at
a 0
— 2 ( n+2 an+2) . 2an+1
(n+1)(n+2) n+1
As special cases we have

b bS CL3 )
/azd,u—g—g—a(b—a)

/abdu— (b—a)?

We can compute fab x2"dp another way without relying on a change of
variables:

/abzndﬂz /Ooou((a,b) N{z:z>A\/"})dA

n

b" a
:/ (b— Al/”)Qd)\+/ (b— a)?d\
a 0

n

(b—a)

b’l’L
= / (b* — 26AY™ £ XY™dN 4 (b — a)?a™

n

— 2 n+2 2an+1 b _ a
(n+1)(n+2) n+1l n+2
which agrees with our previous result.

Until now we have only integrated monomials. We now integrate the
more complex function e®. By the change of variable formula

/abezdu—/_oou((a,b)m{I: v > 1)) eldt

oo

b a
= / (b—t)%e'dt + / (b—a)*e'dt

—0o0

=2[e"—e" —e"(b—a)]

16



In particular,
b
/ e®dr = 2(e’ — 1 —b)
0

For the Lebesgue integral we have the formula

/abf(a:)da: = /Obf(a:)da: - /Oaf(.x)da:

which is frequently used to simplify computations. This formula does not
hold for our g-measure p. However, we do have the following result.

Theorem 5.1. If f is increasing, differentiable, nonnegative on [0,1] and
fHo0) 2 b, f7H0) < a, then

/abfdﬂ:/Obfdu—/Oafdu—Q(b—a)/Oaf(t)dt

Proof. Employing the change of variable formula gives

b F71(o0)
/ fdu = /f i((a,b) N {w: o > 1)) F()dt

~1(0)

b a
— [o-vrraes [ p-apr
a F=1(0)

-/ b= 12 ()t — [ o= erroas oo
On the other hand, using integration by parts we have
[ i [ sau= [0 025050 - [0 02 - a0
— /Ob(b — )2 (t)dt — /Oa(b —1)*f'(t)dt
N /0 [(b—t)? — (a— )] f/(t)dt + (b — a2) £(0)
— /Ob(b — )2 (t)dt — /Oa(b —1)*f'(t)at
L)) - 20-0) [ e

0
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- /Oa(b — )2 f'(t)dt — /Oa(b — )2 f'(t)dt
+o- i) +20-0) [ rioy

The result now follows. O

Example 3. In this example we use some previous computations to verify
Theorem 5.1. We have shown that

b
2
ey — b
/a‘” P D+ 2)

Hence, by Theorem 5.1 we have

b b a a
/ 2"dy = / x"dp — / xdp —2(b — a) / t"dt
a 0 0 0

2 2 n+1
“—(b-a)

- (n—l—l)(n+2)(n+2_ " - n+1

which agrees with our previous result. We have shown that

b
/ edp = 2(e? — 1 —b)

Hence, by Theorem 5.1 we have

b b a a
/ e“du = / edu — / e“du —2(b—a) / eldt
a 0 0 0

=2(e"—1—0) —2(e*—1—a)—2(b—a)(e”—1)
=2[e"—e*—e"(b—a)]

which agrees with our previous result.

Example 4. We compute the quantum integral of f(x) = z + 2. By the
change of variable formula we have

/b(a:+x2)du:/b(b—t)2(1+2t)dt:/b(b—t)th—i—Q/b(b—t)Qtdt

b bt
~37%
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This gives the surprising result that

b b b
/ (z+2%)dp = / xdp + / r%d
0 0 0

We shall later show that this quantum integral is always additive for sums
of increasing continuous functions even if they are not differentiable. The
next example shows that this result does not hold for two monomials if
their sum is not increasing.

Example 5. Let f(x) = 2 — 22 for z € [0,1]. To evaluate fo x)dp we
cannot use the change of variable formula because f is not increasing, so we
will proceed directly. Let 1/2 < b < 1. For 0 < A < 1/4 we have that

A=z —2? if and only if z = (1£+/1 —4X) /2. Hence, for A > b — b* we
have

fo<A<14

— N
V((O,b)ﬂ{ﬂfi96—5’32”}):{o1 if1/4<A<1

and for A < b — b? we have

v((0,0)n{z:z=2">A})=b—14+1V1-4x

Hence,
b b—b? 9 1/4
/(x—xQ)d,u:/ (b—§+§\/l—4A> d>\+/ (1 —4\)d\
0 0 b—b2
11 5 5
=——+-b-b*+ -0 - b
213" T

Notice that this does not coincide with

b b 1 1
/xdu—/x2du:—bg——b4
0 0 3 6

For completeness we evaluate the integral with 0 < b < 1/2. Since f is
increasing on this interval we obtain the expected result:

b b—b
/(a:—a:z)du:/ (b—%—i—%\/l—él ) dh=1b" — 1ot
0 0
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Example 6. Let f be the following piecewise linear function:

2x Ho<x<1/2
f(z) = T /
2—2z ifl1/2<z<1

Let 1/2 < b < 1. For 0 < XA <2 — 2b we have

v ((0,6) N {w: f(z) > A}) = b— 2
and for 2 — 2b < X <1 we have

v((0,0)n{x: f(x) >A})=1-2A

Hence
2-9b
0

b 1
/fdM:/ (b—g)2dA+/ (1= A)%dA = L — 26 4 407 — 2
0 2—2b

If 0 < b < 1/2 we obtain the expected result

b 2b 9
/fdu:/ (b—2)%axn =27
0 0

Observe that

1 d2 b

—— [ 2"du=1"0"
2. db? J,

1 d2 b

—— | e"du=¢
2 db? J,

However, in Example 5 we have for b > 1/2 that

1 d 2 3 2
—— [ (x—2%)dpu=—-1+5b—5b"#b—0b
2 dv? J, )

and in Example 6 we have for b > 1/2 that

1d2 b
| fdu=4-6b#£2-2b=f(b
2db2/0 (b)

These examples again illustrate the special nature of increasing functions.
The next result is a quantum counterpart to the fundamental theorem of
calculus.
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Theorem 5.2. If f is continuous and monotone on [0, 1], then

1d2 b

Proof. 1f f is decreasing then — f is increasing so we can assume f is increas-
ing. For a positive integer n, let g be the following increasing step function
on [0, 1]:

g = c1Xpo,1/n] F C2X(1/n2/n] T F CaX((n-1)/n.1]
where 0 < ¢; < ++- < ¢,. For 0 < b <1 we have that (m —1)/n <b<m/n
for some integer 0 < m < n and

9X[o0,p] = C1X[0,1/n] T C2X(1/n,2/n] T T Cm—1X((m—2)/n,(m—1)/n] T CmX((m—1)/n,b]

Letting A; = ((i —1)/n,i/n|, i = 1,....m —1, A,, = ((m —1)/n,b] and
b=>b—(m—1)/n we have by (2.4) of Lemma 2.1 that

b
/ gdp=cy [n(AUAy) + -+ p (AL UA,)
0

—(m = 2)u(Ar) — p(Az) — - — pu(An)]
+epp (A UAs) + -+ p(A2UA,)
—(m = 3)u(Az) — p(Az) — - — pu(An)]

+ o e [ (A1 U AR) — p(Ap)] + mpt(Ar)

~ [(m—2) (%)2+ <%+E)2 — (2m —4) (%)2 —32]

2\ /1 \? 1\? =2
+e|m=3)(—-) +(—-+b) —2m—-6)|—) —0b
n n n
1 N\ ~2
+-F e || —Fb) —b | +cwb
n
1 2~ 1 2
=0 [(Qm—S)E—i—Eb}+02{(2m—5)ﬁ+—b}
1 2~ ~2
ot et (5 T b+ emb
n? n
It follows that
4 21+ ca b+ em) + 20mb (5.1)
- = —(c P L — " .
a J, T TR T Cm-1) T+ a¢
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and that
L& / d 0 (5.2)
~ | gdu=cn=g -
2d? J,

We can assume without loss of generality that f is nonnegative. Then there
exists an increasing sequence of increasing nonnegative step functions s; con-
verging uniformly to f. Since

[ (000)] 2 pu [s7 (A oo)]

we have by the continuity of p that

pf7H (N 00)] = p[Usi (A 00)] = lim pr 57 (A, 00)]

These same formulas apply to fx[o and s;xjop. By the quantum bounded
monotone convergence theorem [4] we conclude that

b b
/ fdu; = lim/ sidp
0 0

Applying (5.1) with g replaced by s; it can be checked that the sequence of
functions of b given by

d b

Bl .

b J, T

is uniformly Cauchy so the sequence converges and hence

/fdu—hm—/ Wi

By (5.2)
d2
az J,
converges uniformly so we have
1 d2 b
e dy = lim = — dp = f(b O

Lemma 5.3. If f is continuous and monotone on [0, 1], then

[jb/bfdu]() 0
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Proof. We can assume without loss of generality that f is increasing. Let
g = >_cixa, be a step function as in the proof of Theorem 5.2. If b is
sufficiently small we have

gX[0,) = C1XA1n[0,] = C1X[0,b]

Hence, for such b we have

b
/ gdp = /QX[o,b]dM=Cl/X[o,b]dM26152
0
d [? d
L gd S -
[db/ogu}@ (dbq )<o> 0

As shown in the proof of Theorem 5.2, there exists an increasing sequence of
step functions s; such that

d [° d [°
— dy = lim — i
db/o fp lmdb/os a

The result follows. O

Therefore,

Part (b) of the next theorem is the second half of the quantum funda-
mental theorem of calculus.

Theorem 5.4. (a) If f is continuous and monotone on [0,1], then

/Obfdu: Q/Ob/otf(x)dxdt

(b) If f" is monotone and continuous on [0, 1], then

b
| 5t = )= 50 = o

Proof. (a) If ¢" = f, then integrating gives
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Integrating again we have

//f )dzdt = g(b) — g(0) — g (O)b

Hence, for all b € [0, 1] we have

g(b) = g(0) + g'(0)b + /0 /0 flx)dxdt

Since by Theorem 5.2
u / fdn=f(0)

letting g(b) = fob %fd,u we have that ¢(0) = 0 and by Lemma 5.3 we obtain

(0) = 0. Hence,
/ b / ' fla)dadt = g(t) = 2 / " fdn

(b) By Part (a) we have

/ L pray / / J" (@) dadt = /[f’()—f’(o)]dt
~ o s

The next corollary follows from Theorem 5.4(a)

Corollary 5.5. The quantum (Lebesque)* integral is additive for increasing
(decreasing) continuous functions.

Example 7. We compute some quantum integrals using Theorem 5.4(a).

b bt b
/ cos xdu = 2/ / cos xdxdt = 2/ sintdt = 2(1 — cos b)
0 0 Jo 0
b bt b
/ sin xdp = 2/ / sin xdxdt = 2/ (1 — cost)dt = 2(b — sinb)
0 0 Jo 0

b bt b
/coshﬁmduz?/ / COSh\/gdeEdt:\/g/ sinh v/2 tdt
0 o Jo 0
= coshv2b—1

The last integral shows that the quantum counterpart of e” is cosh v/2 z.
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