ASSOCIATIVE GEOMETRIES. I: GROUDS, LINEAR RELATIONS
AND GRASSMANNIANS

WOLFGANG BERTRAM AND MICHAEL KINYON

ABSTRACT. We define and investigate a geometric object, called an associative
geometry, corresponding to an associative algebra (and, more generally, to an
associative pair). Associative geometries combine aspects of Lie groups and of
generalized projective geometries, where the former correspond to the Lie product
of an associative algebra and the latter to its Jordan product. A further develop-
ment of the theory encompassing involutive associative algebras will be given in
subsequent work [BeKi09].

INTRODUCTION

What is the geometric object corresponding to an associative algebra? The ques-
tion may come as a bit of a surprise: the philosophy of Noncommutative Geometry
teaches us that, as soon as an algebra becomes noncommutative, we should stop
looking for associated point-spaces, such as manifolds or varieties. Nevertheless, we
raise this question, but aim at something different than Noncommutative Geome-
try: we do not try to generalize the relation between, say, commutative associative
algebras and algebraic varieties, but rather look for an analog of the one between
Lie algebras and Lie groups. Namely, every associative algebra A gives rise to a Lie
algebra A~ with commutator bracket [z, y] = xy—yz, and thus can be seen as a “Lie
algebra with some additional structure”. Since the geometric object corresponding
to a Lie algebra should be a Lie group (the unit group A in this case), the object
corresponding to the associative algebra, called an “associative geometry”, should
be some kind of “Lie group with additional structure”. To get an idea of what this
additional structure might be, consider the decomposition

— 1
::cy;yx+:cy2yx ::x.y+§[$jy]

of the associative product into its symmetric and skew-symmetric parts. The sym-
metric part is a Jordan algebra, and the additional structure will be related to the
geometric object corresponding to the Jordan part. As shown in [Be02], the “geo-
metric Jordan object” is a generalized projective geometry. Therefore, we expect
an associative geometry to be some sort of mixture of projective geometry and Lie
groups. Another hint is given by the notion of homotopy in associative algebras:
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an associative product xy really gives rise to a family of associative products
X gy = zay

for any fixed element a, called the a-homotope. Therefore we should rather expect
to deal with a whole family of Lie groups, instead of looking just at one group
corresponding to the choice a = 1.

0.1. Grassmannian grouds. The following example gives a good idea of the kind
of geometries we have in mind. Let W be a vector space or module over a com-
mutative field or ring K, and for a subspace E C W, let C¥ denote the set of all
subspaces of W complementary to E. It is known that CF is, in a natural way, an
affine space over K. We prove that a similar statement is true for arbitrary inter-
sections C¥ N C¥ (Theorem 1.2): they are either empty, or they carry a natural
“affine” group structure. By this we mean that, after fixing an arbitrary element
Y € CP N CT, there is a natural (in general noncommutative) group structure on
CE N OF with unit element Y. The construction of the group law is very simple:
for X, 7 € CENCT, welet X - Z := (P¥ — P£)(Y), where, for any complementary
pair (U, V), PV is the projector onto V with kernel U. Since X - Z indeed depends
on X, E)Y, F, Z, we write it also in pentary form

(0.1) 0(X,E,)Y,F,Z) = (P — PE)(Y).

The reader is invited to prove the group axioms by direct calculations. The proofs
are elementary, however, the associativity of the product, for example, is not obvious
at a first glance.

Some special cases, however, are relatively clear. If F = F, and if we then identify
a subspace U with the projection P¥, then it is straightforward to show that the
expression ['(X, B, Y, E, Z) in CF is equivalent to the expression P¥—PE+ PE in the
space of projectors with kernel F, and we recover the classical affine space structure
on CF (see Theorem 1.2). On the other hand, if £ and F happen themselves to be
complementary, then any common complement of £ and F’' may be identified with
the graph of a bijective linear map £ — F, and hence CF N CF is identified with
the set Iso(E, F') of linear isomorphisms between E and F. Fixing an origin Y in
this set fixes an identification of E and F, and thus identifies C¥ N C¥ with the
general linear group Glg(F).

Summing up, the collection of groups C¥ N C¥, where (E,F) runs through
Gras(W) x Gras(W), the direct product of the Grassmannian of W with itself,
can be seen as some kind of interpolation, or deformation between general linear
groups and vector groups, encoded in I'. The pentary map I' has remarkable prop-
erties that will lead us to the axiomatic definition of associative geometries.

0.2. Grouds and semigrouds. To eliminate the dependence of the group struc-
tures C¥ N C* on the choice of unit element Y, we now recall the “affine” or “base
point free” concept of a group. There are several equivalent versions, going un-
der different names such as torsor, heap, flock, herd, principal homogeneous space,
abstract coset, pregroup or others. We follow B. Schein ([Sch62] and personal com-
munications) and use the term groud. The idea is quite simple (see Appendix A for
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details): if, for a given group G with unit element e, we want to “forget the unit
element”, we consider GG with the ternary product

GxGxG—G; (n,y,2)— (vyz) :=zy 'z
As is easily checked, this map has the following properties: for all z,y, z,u,v € G,

(G1) (zy(zuv)) = ((zyz)uv),
(G2) (zzy) =y = (yax).

Conversely, given a set G with a ternary composition having these properties, for
any element z € G we get a group law on G with unit x by letting a -, b := (axb)
(the inverse of a is then (zar)) and such that (abc) = ab~'c in this group. (This
observation is stated explicitly by Certaine in [Cer43|, based on earlier work Priifer,
Baer, and others.) Thus the affine concept of the group G is a set G with a ternary
map satisfying (G1) and (G2); this is precisely the structure we call a groud.

One advantage of the groud concept, compared to other, equivalent notions men-
tioned above, is that it admits two natural and important extensions. On the one
hand, a direct check shows that in any groud the relation

(G3) (zy(zuv)) = (z(uzy)v) = ((zyz)uv),

called the para-associative law, holds (note the reversal of arguments in the middle
term). Just as groups are generalized by semigroups, grouds are generalized by
semigrouds which are simply sets with a ternary map satisfying (G3). By work
dating back at least to that of V.V. Vagner, e.g. [Va66], it is already known that
this concept has important applications in geometry and algebra.

On the other hand, restriction to the diagonal in a groud gives rise to an inter-
esting product m(x,y) := (zyx). The map o, : y — m(z,y) is just inversion in the
group (G,z). If G is a Lie groud (defined in the obvious way), then (G,m) is a
symmetric space in the sense of Loos [Lo69].

0.3. Grassmannian semigrouds. One of the remarkable properties of the pen-
tary map I' defined above is that it admits an “algebraic continuation” from the
subset D(T") C X® of 5-tuples from the Grassmannian X = Gras(W) where it was
initially defined to all of X°. The definition given above requires that the pairs
(E, X) and (F, Z) are complementary. On the other hand, fixing an arbitrary com-
plementary pair (£, F'), there is another natural ternary product: with respect to
the decomposition W = E @ F', subspaces X,Y, Z,... of W can be considered as
linear relations between E and F, and can be composed as such: ZY ~1X is again
a linear relation between E and F. Since ZY 'X depends on F and on F, we get
another map

[(X,E,Y,F,7) = XY 'Z.
Looking more closely at the definition of this map, one realizes that there is a natural
extension of its domain for all pairs (F, F), and that on D(I") this new definition

of I' coincides with the earlier one given by (0.1) (Theorem 2.3). Moreover, for any
fixed pair (E, F'), the ternary product

(XYZ):=T(X,E,Y,F, 2)
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turns the Grassmannian X into a semigroud. The list of remarkable properties of "
does not end here — we also have symmetry properties with respect to the Klein 4-
group acting on the variables (X, E, F, Z), certain interesting diagonal values as well
as self-distributivity of the product, reflecting the fact that all partial maps of I' are
structural, i.e., compatible with the whole structure (Theorem 2.6). Together, these
properties can be used to give an axiomatic definition of an associative geometry
(Chapter 3).

0.4. Correspondence with associative algebras and pairs. Taking the Lie
functor for Lie groups as model, we wish to define a multilinear tangent object
attached to an associative geometry at a given base point. A base point in X is a
fixed complementary (we say also transversal) pair (o™,07). The pair of abelian
groups (At, A7) := (C° ,C°") then plays the role of a pair of “tangent spaces”,
and the role of the Lie bracket is taken by the following pair of maps:

fE AT X AT x AT — A%, (2,y,2) — D(z,0",y,07, 2).

One proves that f* are trilinear (Theorem 3.6). Since the maps f* come from a
semigroud, they form an associative pair, i.e., they satisfy the para-associative law
(see Appendix B). Conversely, one can construct, for every associative pair, an asso-
ciative geometry having the given pair as tangent object (Theorem 3.7). The proto-
type of an associative pair are operator spaces, (AT, A7) = (Hom(E, F), Hom(F, E)),
with trilinear products fH(X,Y,Z) = XY Z, f~(X,Y,Z) = ZY X. They corre-
spond precisely to Grassmannian geometries X = Gras(E @ F') with base point
(ot,07)=(E, F).

Associative unital algebras are associative pairs of the form (A, A); in the exam-
ple just mentioned, this corresponds to the special case E = F. In this example,
the unit element e of A corresponds to the diagonal A C E' & F, and the subspaces
(E, A, F) are mutually complementary. On the geometric level, this translates to
the existence of a transversal triple (o™, e,07). Thus the correspondence between
associative geometries and associative pairs contains as a special case the one be-
tween associative geometries with transversal triples and unital associative algebras
(Theorem 3.7).

0.5. Further topics. Since associative algebras play in important role in modern
mathematics, the present work is related to a great variety of topics and leads to
many new problems located at the interface of geometry and algebra. We mention
some of them in the final chapter of this work, without attempting to be exhaus-
tive. In particular, in Part II of this work ([BeKi09]) we will extend the theory to
involutive associative algebras (Topic (2) mentioned in Chapter 4).

Acknowledgment. We would like to thank Boris Schein for enlightening us as to the
history of the groud concept. [Institut Elie Cartan Nancy]

Notation. Throughout this work, K denotes a commutative unital ring and B an
associative unital K-algebra, and we will consider right B-modules V,W,.... We
think of B as “base ring”, and the letter A will be reserved for other associative
K-algebras such as Endg(W). For a first reading, one may assume that B = K; only
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in Theorem 3.7 the possibility to work over non-commutative base rings becomes
crucial.

When viewing submodules as elements of a Grassmannian, we will frequently use
lower case letters to denote them, since this matches our later notation for abstract
associative geometries. However, we will also sometimes switch back to the upper
case notation we have already used whenever it adds clarity.

1. GRASSMANNIAN GROUDS

The Grassmannian of a right B-module W is the set X = Gras(W) = Grasg(W)
of all B-submodules of W. If x € X and a € X are complementary (W = x & a),
we will write 2 Ta and call the pair (z,a) transversal. We write C, :=a' = {x €
X|xTa} for the set of all complements of a and

Cab = CLT N bT

for the set of common complements of a,b € X. We think of a' and C,; (which
may or may not be empty) as “open chart domains” in X'. The following discussion
makes this more precise.

1.1. Connected components and base points.

Connectedness. We define an equivalence relation in X: x ~ y if there is a finite
sequence of “charts joining x and y”, i.e.: dag,aq,...,a; such that ag =z, ar. =y
and

Vi=0,...,k—1: Cyua,, #0.

The equivalence classes of this relation are called connected components of X. We
say that z € X is isolated if its connected component is a singleton. If B = K and
K is a field, then connected components are never reduced to a point (unless z = 0
or x = W). For instance, the connected components of Gras(K") are the Grass-
mannians Gras,(K") of subspaces of a fixed dimension p (indeed, two subspaces of
the same dimension p in K" always admit a common complement, hence sequences
of length 1 always suffice in the above condition: one then says that the geometry
is stable).

Base points and pair geometries. A base pair or base point in X is a fixed transversal
pair, often denoted by (o%,07). If (o™, 07) is a base point, then in general o™ and
o~ belong to different connected components, which we denote by X and X~. For
instance, in the Grassmann geometry Gras(K") over a field K, if o is of dimension
p, then o~ has to be of dimension ¢ = n — p, and hence they belong to different
components unless p = ¢ = 3.

More generally, we may consider certain subgeometries of X', namely pairs (X1, X )
such that X* C X are subsets such that, for every € X*, the set 2" is non-empty
and belongs to XT. We refer to (X, X7) as a pair geometry.

For instance, if W = B, then X is the space of right ideals in B. Fix an idempotent
e € B and let o™ := eB, 0~ = (1 — ¢)B and X* the set of all right ideals in B that
are isomorphic to o* and have a complement isomorphic to oF. Then (XT, X7) is
a pair geometry.
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Transversal triples and spaces of the first kind. We say that X is of the first kind if
there exists a triple (a, b, ¢) of mutual transversal elements, and of the second kind
else. Clearly, a, b, c then all belong to the same connected component of X'; taking
(a,c) as base point (o™, 07), we thus have X+ = X~. Note that W = a & ¢ with
a=b=c soWis “of even dimension”. For instance, the Grassmann geometry
Gras(K™) over a field K is of the first kind if and only if n is even, and the preceding
example of a pair geometry of right ideals is of the first kind if and only if o™ and
o~ are isomorphic as B-modules. In other words, B is a direct sum of two copies

of some other algebra, and Xt = X~ is the projective line over this algebra, cf.
[BeNe05].

1.2. Basic operators and the product map I'. If z and a are two complemen-
tary B-submodules, let P2 : W — W be the projector onto x with kernel a. Since
a and z are B-modules, this map is B-linear. The relations

PioP*=P*  P'oP’=P'  PoP'=0

will be constantly used in the sequel. For a B-linear map f : W — W, we denote by
[f] == f mod K* be its projective class with respect to invertible scalars from K.
By 1 we denote the (class of) the identity operator on W. We define the following
operators : if aTx and zTb, define the middle multiplication operator (motivation
for this terminology will be given below)

Maay. := [Py — By,
and if aTx and yTb, define the left multiplication operator
Laays == [1 — PYP)]
and if a Ty and zTb, define the right multiplication operator
Royp: = Laa = [1 — B P}l
For a scalar s € K and a transversal pair (z,a), the dilation operator is defined by

6 = [sP*4+ P =[1—(1-s)P* =[s1+(1—s)P.

Tra

Note that the dilation operator for the scalar —1 is also a middle multiplication
operator:

5:(521) = [_P; + Pa(:l] = ana:va
and it is induced by a reflection with respect to a subspace. Also, 5 =1 and

59 = [P,

Proposition 1.1.
i) (Symmetry) Myap. is invariant under permutations of indices by the Klein
4-group:
Meyab: = Mozt = Mozza = Mapas-
i) (Fundamental Relation) Whenever u,xTa and v,zTb,

Rauszxavb = anszuabv = anvaaubz-
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i11) (Diagonal values) If © € Cy,
Lyazb = 1 = Ragba,
and, for allu € Cy, and 2Tbh,
Myap-(u) = 2 = Raupz(1).
iv) (Compatibility) If xTa, yTb, zTb and Cyy, is not empty, then
Liays(2) = Maap=(y),
and if xTa, 2Tb, yTa and Cyy, is not empty, then

Maap=(y) = Raypz(T).
v) (Invertibility) Let (x,a,y,b, z) € X® such that z,y, 2z € Cy,. Then the operators
anyb7 M:pabz ) Raybz
are invertible, with inverse operators, respectively,

Lyazlﬂ Mzabx; Razby-

Proof. (i):
Myap. = [Pa?_PbZ] :[P;_P;]:szm-

Since this is the only place where we really use that [f] = [—f], for simplicity of
notation, we henceforth omit the brackets [ ].

Mzba:c:sz_Pg:(1_PI>Z)_(1_P;):anbz
(ii): Using in the second line that P*P°P7P? = 0:
LyapRaup: = (1 - P:P’Ll)))(l - P;PS)

= 11— P*P’— P?P°

= 1=-(0=P)0 - F) - BPy

= P+ P — PP — PPy

= (Py = )Py = Fy)

= Mzab-Muapy-

The relation Ruup, Liavs = Myapz Myaps now follows from (i).
(iil): Lyazp = 1 = Raape is clear. Fix an element u € C,. Then, for all 2Tb,

Myapz (1) = Mapgu(u) = (P: — P)(u) = Pj(u) =z
since both u and z are complements of b. Similarly,
Rouw(u) = (1= F{PY)(u) = (1 = F})(u) = P(u) = z.
(iv): By (ii), Myab:Muaby = LzaypRaubz- Apply this operator to v € Cyp and use
that, by (3), Myapy(u) =y and R, (u) = z. One gets
Maab:(y) = Myab:Muyaby (@) = Lyays Raupz () = Lgays(2).

Via the symmetry relation (i), the second equality can also be written M .. (y) =
L.pya(x) and hence is equivalent to the first one.
(v): Since Lyazp = 1 = Rygpe, the fundamental relation (ii) implies Myqp. Moapy =
Lyayy and
Myapz Mape = Lgazp = 1,
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hence M, is invertible with inverse M.,;,. The other relations are proved simi-
larly. O

Remark. We will prove in Chapter 2 by different methods that the assumption
Cap # 0 in (iv) is unnecessary.

Definition (of the product map I'). We define a map I' : D(I') — X on the
following domain of definition: let

Dy :={(z,a,y,b,2) € X° | Ta and yTb}
Dp = {(r,a,y,b,2) € X° | yTa and 2Tb}
Dy = {(z,a,y,b,2) € X° | 2Ta, 2Tb and Cy # 0}
D(F) = DLUDRUDM,
and define I’ : D(T') — X by
Lyayw(2) if (x,a,y,b,2) € Dy,
I'(z,a,y,b,2) == Rap-(x) if (2,a,y,b,2) € Dp
M- (y) if (x,a,y,b,2) € Dy .

This is well-defined: if (z,a,y,b,2z) € Dy N Dg, then y € Cy, hence Cy, is not
empty and the preceding proposition implies that

anyb(z> - anbz<y) - Raybz(x)-

Similar remarks apply to the cases (z,a,y,b,z) € D, N Dy or (x,a,y,b,2) € DrN
Dys. The pentary map I' explains our terminology and notation: L4 is the left
multiplication operator, acting on the last argument z, and similarly R and M
denote right and middle multiplication operators. From the definition it follows
easily that the symmetry relation

['(x,a,y,b,2) =T(z,b,y,a,z)
holds for all (z,a,y,b,z) € D(I'). On the other hand, the relation
['(z,a,y,b,2) =T(a,z,y, 2,b)

holds if (x,a,y, z,b) € Dy; but at present it is somewhat complicated to show that
this relation is valid on all of D(I") (this will follow from the results of Chapter 2).
As to the “diagonal values”, for x € C,;, we have

[(z,a,2,b,2) =2 =T(2,b,z,a,x).
If we assume just aTx and bT z, then we can only say in general that
D(z,a,2,b,2) = (1 = F{Py)(x) = P(x) C 2.

If a,bTx and bTz, then, thanks to the symmetry relation M,u. = Myz.p, the
preceding diagonal value can be rewritten

(1.1) Myap.(a) =T(z,a,a,b,z) =T'(a,x,a,z,b) =b.
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Definition (of the dilation map Il;). Fiz s € K. Let
D(I1,) := {(z,a,2) € X* | 2Ta or zTa}
and define a ternary map 1l : D(Ilg) — X by

53(;1)(z) if xTa

L(z,0,2) := {5,%_8)(:10) if zTa.

As above, this map is well-defined. The symmetry relation

Hs($, a, y) = Hlfs(ya a, .1')

follows easily from the definition. Note that, if s is invertible in K and xTa, then
—1

the dilation operator 6 is invertible with inverse &%

1.3. Grassmannian grouds and their actions. Recall from §0.2 and Appendix

A the definition and elementary properties of grouds.

Theorem 1.2. The geometry (X;T',11,) defined in the preceding subsection has the
following properties:

i) Fora,b € X fized, Cy, with product
(xyz) :=T'(z,a,y,b,z)

is a groud (which will be denoted by Uy ). In particular, for a triple (a,y,b)
with y € Cap, Cap s a group with unit y and multiplication xz = I'(z,a,y,b, 2).
it) The map T' is symmetric under the permutation (15)(24) (reversal of argu-
ments):
['(z,a,y,b,2) =1(z,b,y,a,z)
In other words, Uy, is the opposite groud of Uy, (same set with reversed prod-
uct). In particular, the groud U, := U,, is commutative.
i11) The commutative groud U, is the underlying additive groud of an affine space:
for any a € X, U, is an affine space over K, with additive structure given by

r+y,z2=1(z,a,y,a,z),

(sum of x and z with respect to the origin y), and the action of scalars is given
by
sy + (1 —s)z = (z,y)

(multiplication of y by s with respect to the origin x).

Proof. (i) Let us show first that Cy;, is stable under the ternary map (zyz). Let
x,y,z2 € Cgy4 and consider the bijective linear map ¢ := M,4.. We show that
g(y) € Cup. By equation (1.1), we have the “diagonal values” M,q.(a) = b and
Map-(b) = a. Thus, if y is complementary to a and b, g(y) is complementary both
to g(a) = b and to ¢g(b) = a, which means that g(y) € Cg.

The associativity follows immediately from the “fundamental relation” (Proposi-
tion 1.1(ii)):

(mv(yuz)) = anvaaubz(y) = Rauszxavb(y) = ((:m;y)uz),
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and the idempotent laws from

(z2y) = Leans(y) = L(y) = vy, (y22) = Rawpa(y) = 1L(y) = v

Thus Cy is a groud.

(ii) This has already been shown in the preceding section.

(iii) The set C, is the space of complements of a. It is well-known that this is
an affine space over K. Let us recall how this affine structure is defined (see, e.g.,
[Be04]): elements v € C, are in one-to-one correspondence with projectors of the

form P%. Then, for u,v,w € U,, the structure map (u,v,w) — u +, w in the

affine space C, is given by associating to (u,v,w) the point corresponding to the
projector P¢ — P? 4+ P¢, and the structure map (v,w) — r -, w = (1 —r)v + rw
by associating to (v, w) the point corresponding to the projector rP$ + (1 — r)Py.
Now write y = P;/(WW); then we have
F(l’, a,y, a, Z) = (P:::l - P;)(y)

= (P =1+ P)F/(W)

= (P = Py + P (W),
and

(2, a,y) = (1 = 8) P} + s1)(2) = (1 = s) P + sP7) (W),

proving that (iii) describes the usual affine structure of C,. O
Homomorphisms. We think of the maps I' : D(I') — & and II, : D(II,) — X as
pentary, resp. ternary “product maps” defined on (parts of) direct products X,
resp. X3. Thus we have basic categorical notions just as for groups, rings, modules

etc.: homomorphisms are maps g : X — ) preserving transversality (z Ty implies
g(x)Tg(y)) and such that, for all 5-tuples in D(I"), resp. triples in D(IL,),

9 (T(u,c,v,d,w)) =T (g(u), g(c), g(v), g(d), g(w)) ,
g (IL(u, ¢,v)) =11, (g(u), g(c), g(v)) .
Essentially, this means that all restrictions of g,
Uab = Ug(a) o),  Ua = Ugla,

are usual homomorphisms (of grouds, resp. of affine spaces). We may summarize
this by saying that g is “locally linear” and “compatible with all local group struc-
tures”.

Theorem 1.3. Assume x,y,z € Uy,. Then the operators
Myapz : X — X, Lypgy : X — X, Rgyp : X — X

are automorphisms of the geometry (X,1',11,.), and the groups (Uu,y) act on X by
automorphisms both from the left and from the right via

(Ua,y) x X = X, (2,2) = Lyay(2) =(x,a,y,b, 2),
respectively

XX (Uw,y) — &, (2,2) = Rop:(x) =T(2,0a,y,b,2).
For fized (a,y,b), the left and right actions commute.
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Proof. The construction of the product map I' is “natural” in the sense that all
elements of Glg(W) (acting from the left on W, commuting with the right B-module
structure) act by automorphisms of (X,I), just by ordinary push-forward of sets.

This follows immediately from the relation g o P? = Pj(%) o g. In particular, the
invertible linear operators Myapz, Lyays and Ry, induce automorphisms of (X, T).

Now fix y € Uy, and consider it as the unit in the group (U, y). The claim on
the left action amounts to the identities L4y, = id (which we already know) and,

for all x,2' € Uy, and all z € X,
F<x7 a7 y? b7 F(x/7 a7 y7 b7 Z)) = F<F($7 a? y? b? ‘x/)’ a7 y? b7 Z)

First, note that, if z is “sufficiently nice”, i.e., such that the fundamental relation
(Proposition 1.1(ii)) applies, then this holds indeed. We will show in Chapter 2
that the identity in question holds very generally, and this will prove our claim.
Therefore we leave it as a (slighly lengthy) exercise to the interested reader to
prove the claim in the present framework. The claims concerning the right action
are proved in the same way, and the fact that both actions commute is precisely
the content of the fundamental relation (Proposition 1.1(ii)) O

Inner automorphisms. We call automorphisms of the geometry defined by the pre-
ceding theorem inner automorphisms, and the group generated by them the inner
automorphism group. Note that middle multiplications M,,;. are honest automor-
phisms of the geometry (X, T"), although they are anti-automorphisms of the groud
Ug; this is due to the fact that they exchange a and b. On the other hand, Lgq
and Ry, are automorphisms of the whole geometry and of Uy,

Note also that the action of the groups U,y is of course very far from being regular
on its orbits, except on Uy, itself. For instance, a and b are fixed points of these
actions, since I'(x,a,y,b,0) = b and I'(z,a,y,b,a) = a.

Finally, the statements of the preceding two theorems amount to certain algebraic
identities for the multiplication map I'. This will be taken up in Chapter 2, where
we will not have to worry about domains of definition.

1.4. Affine picture of the groud U,,. It is useful to have “explicit formulas” for
our map ['. Such formulas can be obtained by introducing “coordinates” on & in
the following way (see [Be04]). First of all, choose a base point (o™, 0~) and consider
the pair geometry (X*, X~), where X+ is the space of all submodules isomorphic
to o and having a complement isomorphic to oT. We identify X+ with injections
x:0" — W of B right-modules, modulo equivalence under the action of the group
G = Gl(o") (z = z o g, where g acts on o™ on the left), and X'~ with B-linear
surjections a : W — oT (modulo equivalence a = g o a for g € G). Equivalence
classes are denoted by [z], resp. [a].

Proposition 1.4. The following explicit formulae hold.
i) if v Ta and yTb (middle multiplication), then

(1:2) 0([o): lal. ). ), [2]) = [2(aw) ay —y + =(b2) "by]
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it) if aTx and bTy (left multiplication), then

.3) ([l (o), o L [2]) = [wlaz) ay(by) " (b2) = y(by) ' (b2) + 2] ,
iii) if aTy and bTz (right multiplication), then

(1.4) F([m], la], [y], [], [z]) = [3: —y(ay) tax + z(bz)_lza(ay)_la:p} .

Proof. The right hand side of (1.2) is a well-defined element of X', as is seen be
replacing x by x o g, resp. y by yo g, z by zog and a by goa, b by gob. Note
that [z] and [a] are transversal if and only if ax : ot — o™ is invertible. Now, the
operator
z(ax)ta: W — o — W

has kernel a and image x and is idempotent, therefore it is P?. Similarly, we
see that z(bz)71b is PP, and hence the right hand side is induced by the operator
P* — 1+ P’ = M,q,. Similarly, we see that the right hand side of (1.3) is induced
by the linear operator

a pb b _ a b _ xz pb __
ngPy_Py+1—<Pw_1)Py+1_1_PaPy_Laxby
and the one of (1.4) byl—Pya—{—PZbP;:1+(P£—1)P;:1_P;P;:szya- O

As usual in projective geometry, the projective formulas from the preceding result
may be affinely re-written: we may affinize by taking ([y], [b]) as base point (o™, 07):
we write W = o~ @o™; then injections z : ot — W, 2 : ot — W that are transversal
to the first factor can be identified with column vectors (by normalizing the second
component to be the identity operator on o™)

() ()

(columns with X, Z € Hom(o",07)). In other terms,  and z are graphs of linear
operators X, Z : ot — o~. Surjections a : W — oT that are transversal to the
second factor correspond to row vectors (A4, 1) (row with A € Hom(o™,0™")). Note,
however, that the kernel of (A, 1) is determined by the condition Au + v = 0,
i.e., v = —Au, and hence a is the graph of —A : 0= — oT. Therefore we write
a = (—A,1). The base point y = o* is the column (0, 1)*, and the base point b = o~
is the row (0,1). Since ax = (—A4,1)(X,1)" =1 — AX, a and x are transversal iff
1—AX : 0" — ot is an invertible operator (in Jordan theoretic language: the pair
(X, A) is quasi-invertible, cf. [Lo75]). Using this, any of the three formulas from the
preceding proposition leads to the “affine picture”:

cnns[(a-a0- () (O] |77

Finally, identifying x with X, y with ¥ and so on, we may write
['(X,A,07,07,2)=X —ZAX + Z.
This formula is interesting in many respects: it is affine in all three variables, and

the product ZAX from the associative pair (Hom(o*7 o~ ),Hom(o™, 0*)) shows up.
We will give conceptual explanations of these facts later on. Also, it is an easy
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exercise to check directly that (X, Z) — X — ZAX + Z defines a group structure
on the set of elements transversal to A (cf. [Be08b], Introduction).

Other “rational” formulas. More generally, having fixed (0", 07), we may write a, b
as row-, and x,y, z as column vectors, and then we get the general formula

T'(X,A,Y,B,7) =
()= m0on-(3) Q) o-mm0-m]

which is (the class of) a vector with second component (“denominator”)

D:=(1-AX)"'1-AY) -1+ (1-BZ)'(1 - BY),
and first component (“numerator”)

N:=X1-AX)"'1-AY)-Y +Z(1-BZ) *(1 - BY),

so that the affine formula is T'(X, A, Y, B, Z) = ND~'. Besides the above choice
(Y = O, B =07), another reasonable choice is just B = O, leading to

DX, AY,0°,Z)=X+(Y - 2)(1-AY) (1 - AX).
Similarly, for Y = O we get formulas that, in case A = B, correspond to well-
known Jordan theoretic formulas for the quasi-inverse. Such formulas show that, if
we work in finite dimension over a field, I' is a rational map in the sense of algebraic

geometry, and if we work in a topological setting over topological fields or rings,
then I' will have smoothness properties similar to the ones described in [BeNe05].

Case of a geometry of the first kind. Assume there is a transversal triple, say,
(oT,e,07). We may assume that e is the diagonal in W = o~ @ ot. Take, in
the formulas given above, a = 0 = (0,1), b = oo = (1,0), y = (1,1), az =
0,1)(X,1)!=1,b2=(1,0)(Z, 1)) = Z, ay =1, by = 1, so we get

i< (- () ()] [(E)]-02)]-

and hence the affine picture is the algebra Endg(o™) with its usual product. Taking
a = 00, b = 0 gives the opposite of the usual product. Replacing e by y = {(v, Yv) |
Y : 0" — o7} (graph of an invertible linear map Y), we get the affine picture

[(X,0,Y, 00, Z) = KXYl‘lZ)] .

1.5. Affinization: the transversal case. If a and b are transversal, then in gen-
eral the groud Uy, will be empty. Therefore we look at the pair (U,, Uy).

Theorem 1.5. IfaTbh, then I' induces well-defined, trilinear maps
Us x Uy x U, — Uy;  (m,y,2) —< zyz >T:=T(2,a,y,b,2) = Lyay(2) ,
Uy x Uy, x Uy = Uy, (2,y,2) —»<zyz > =0(x,a,y,b,2) = Rayp. (7).

These trilinear maps define on (VT V™) := (U,, Uy) the structure of an associative
pair (cf. Appendiz B).
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Proof. We prove that L., preserves U,. Let us write L,qy in matrix form with
respect to the decomposition W = a @ b. The projectors Py and Pyb can be written

. (0 X » (10
=oh) #-00)

where X € Hom(b,a) and Y € Hom(a,b). We get

b=t (- (0 ) (0 = (0 ) = (5 0)

and, for z = P2b,

XY O 0 Z 0 XYZ
o~ () (0 o (3 507

is indeed complementary to a. Moreover, the calculation shows that with V* =
U, = Hom(b,a), V~ = U, = Hom(a, b), the ternary map is given by

VixV xVT =Vt (X,)Y,2)— XYZ.
Similarly, one shows that the second ternary map is well-defined and given by
VoxVtxV- =V~ (X|)Y,Z2)— ZYX.
This pair of maps is the prototype of an associative pair (see Appendix B). O
At this stage, the appearance of the trilinear expression ZY X, resp. ZAX, both

in the affine pictures of the map from the preceding theorem and in the preceding
section, related by the identity

X — (X — ZAX + Z) + Z = ZAX,

looks like a pure coincidence. The conceptual explanation, to be given in the next
chapter, corresponds to an identity known in Jordan theory as the “symmetry
principle” (see comments in Chapter 3).

2. GRASSMANNIAN SEMIGROUDS

In this chapter we extend the definition of the product map I' onto all of X°, and
we show that the most important algebraic identities extend also. We use notation
and general notions explained in the first section of the preceding chapter.

2.1. Binary composition of linear relations. Recall that, if F/, F, G are linear
spaces over B (i.e., right modules), we can compose linear relations: for linear
subspaces ACE® F, BC F &G,

BoA:=BA:={(u,w) e E®G|TveEF: (uv) €A (v,w) € B}.

Composition is associative, and if A and B are graphs of linear maps X and Y
(v =Xu, w=Yw) then Bo A is the graph of Y X (w=Yv =Y Xu). The reverse
relation of Ais A™! := {(w,v) € FOE | (v,w) € A}. We have (BA)™! = A~*B71,
and if A is the graph of a bijective linear operator, then A~! is the graph of its
inverse operator.
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2.2. Ternary composition of linear relations. Assume now that G = E and
fix the decomposition W = E & F. Let A, B,C be linear relations on W. The
composition C'BA is not defined (unless E = F), but CB~!A is always defined.
Directly from the definition we get

CB'A={(r,w) e E® F|3(u,v) € B: (r,v) € A, (u,w) € C}.

This defines a ternary map X* — X on the Grassmannian X = Grasg (W), which
satisfies the para-associative law and hence defines a semi-groud (see Appendix A).
The ternary map X3 — X clearly depends on the chosen decomposition W = EGF.
We are going to investigate this dependence on (F, F); in other words, we will
consider (F, F) as two additional variables and hence look at AB~'C'" as depending
on the 5 variables, (A, E, B, F,C). Of course, isomorphic decompositions lead to
isomorphic ternary maps; but if £ and F' are no longer transversal, then we will
get new and non-equivalent ternary compositions. The key is the following lemma:

Lemma 2.1. Assume W =a® b and let x,y, z € Grasg(W). Then

zy_lx:{wGW‘ Jex,dJaca,Iney, b, I € 2 }

w=(ta=CHn+E=£+0
Proof. By definition,

2yl = {(T,w) € a@b‘ﬂ(u,v) cy:(r,v) €z, (u,w)€ z} :
Suppose w = (r,w) € zy 'z so that there exists (u,v) € y such that (r,v) € =,
(u,w) € z. Set £ := (r,v) € x,n:=—(u,v) €y, (= (u,w) € 2z, a:=(r—u,0) €a
and §:= (0,w—v) €b. Thenw=(+a=(+n+E{=E+ 0.

Conversely, suppose £ € x, @« € a, n € y, B € b and ( € z satisty ( + a =
C+n+E&=E4 6. Set w equal to the common value of these three expressions. Let
(r,v) =&, (u,w) = ¢, (a1,0) = a and (0, 8;) = 3, that is, r := P¥(&), v := B (§)
and so on. Then w = (u + aj,w) = (r,v + f1), so that w = (r,w). We have
n=w-—§&—C(=(r,w)—(r,v) — (u,w) = —(u,v), and this shows w € zy~tz. O

2.3. The extended product map. Motivated by the considerations from the
preceding section, we now define the product map I' : X° — X for all 5-tuples of
the Grassmannian X = Grasg(W) by

W%myﬁﬁkz{wevvl356%3“6%306%356h346z:}7

w=(0ta=(+n+&{=E+p
and we let
La:ayb<z) = anbz(z) = Raybz<x) = F(.I', a,y, b? Z)

We will show, among other things, that this notation is in keeping with the one
introduced in the preceding chapter. Firstly, however, we collect various equivalent
formulas for I':
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Lemma 2.2. For all x,a,y,b,z € X,

['(z,a,y,b,2) =3weW EI£€x,3CEz:C+wEa,C+w+£€y,w+£€b}

weWw EISEm,ﬂaéa:w—aéz,f—aéy,w—{éb}

wew EIﬂGb,EI@Ea:w+a€z,w+a+ﬁ€y,w+ﬁ€x}

weW 366b,HCez:C—wea,g—ﬁe;g,w—ﬁe:c}

Il
= AN A A

weWw HnEy,HﬁGb:w—n—ﬁGa,ﬁ—i—néz,w—ﬁéx}

wew EInEy,ElCEz:w+C€a,C+n€b,w+C+n€x}

Proof. We prove just the first equality; the rest follow by straightforward changes
of variables. Temporarily call the set on the right side of the first equality S. If
w € (z,a,y,b,2), then there exist £&; € x, o € a, n € y, § € b and (; € z such that
w=(+a=0G+n+& =& + [, Taking € := —&; and ( = —(;, we have that
(+tw=a€ca,(+wt+l=ncyandw+E=pF€b Thusw € S.

Conversely, if w € S, then there exist & € x and (; € z such that (; + w € a,
Grwt+& eyandw+E& €0 Set (:=—(, =&, a:=G+wand f=w+&.
Thenw=(+a=(+n+E{=E+ 0, and sow € I'(z,a,y, b, 2). O

We refer to the descriptions of the lemma as the “(z,z)-”, “(z,a)-", “(a,b)-
description”, and so on. The (a,b)-description is particularly useful for the proof
of the theorem below. One may note that the only pairs of variables that cannot
be used for such a description are (a, z) and (z,b), and that the signs in the terms
appearing in these descriptions can be chosen positive if the pair is “homogeneous”
(a subpair of (z,y,2) or of (a,b)), whereas for “mixed” pairs we cannot get rid of
signs.

Theorem 2.3. The map I' : X° — X extends the product map defined in the
preceding chapter, and has the following properties:

(1) It is symmetric under the Klein 4-group:

(a) F(m,a,y, b: Z) = F(Zabayaaax) )
(b) I'(z,a,y,b,2) = (a,z,y,2,b) .
(2) For any pair (a,b) € X2, the product (zyz) := T'(x,a,y,b,2) on X3 satisfies the

properties of a semigroud, that is,
F(x, a,u,b,T'(y,a,v,b, Z)) = F(x,a,F(ua,y, b,u),b, z) = F(F(a:,a,u, b,y),a,v,b, z) .

We will write Xy, for X equipped with this semigroud structure. Then the semi-
groud Xy, 18 the opposite semigroud of Xy, in particular, X, s a commutative
semigroud, for any a.
(8) We have the following diagonal values:
(i) for alla,b,x € X, T'(x,a,x,b,x) = x (idempotent law (xxx) = x in Xy),
(i) if © € Cup, then I'(x,a,2,b,z) = z (idempotent law (zxz) = z in Uy),
(iii) if xTa, yTb and Cop # 0, or if aTy and b € Cy,, then T'(x,a,y,b,a) = a,
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(iv) if £ Ta and yTb, then I'(z,a,y,b,b) = b.

Proof. (1) The symmetry relation (a) is obvious from the definition of I'. Exchang-
ing z and a amounts in the (z,a)-description to exchanging simultaneously z and
b, hence the symmetry relation (b) follows.

For (2), we use the (a, b)-description: on the one hand,

F(xa a,u, b7 F(ya a, v, b’ Z)) -

wEW’ dJa €a,d30 € b :

- wtael(y,avbz2),wt+ta+feEu,wt e
Ja€a,36€b,30/ € a,33" €b:

= wEW‘ wta+feuwt+fer,wtat+a €z,

wtat+d+p evwta+f ey

On the other hand,
F('T, a, P(“v b7 Y, a, U>7 b’ Z) -

" /! .
:{wGW’ Jo” €a,33" €b: }

wHao €z,wt+a"+p" €l (u,by,a,v),w+p" €x
da” € a,30" € b, € a, 33" € b :
_ CUGW’ wta' €zwt+ B Ex,wta + 8"+ "€,
w—f—a//_}_/@”—i_ﬂ,// e v’w+a//+5//+a///+ﬁ/// E y

Via the change of variables o/ = a+ o/, " =o', " = 3, B” = 3, we see that
these two subspaces of W are the same. The remaining equality is equivalent to
the one just proved via the symmetry relation (a).

Next, we show that the new map I' coincides with the old one on D(I"). Let us
assume that (z,a,y,b,2) € Dp, so xTa and yTb. We use the (y, b)-description and
let ¢ :=n+ 3, whence n = P’¢ and 3 = P/(. We get

F(:c,a,y,b,z):{wEW EInEy,EIﬁEb:w—n—ﬁéa,ﬂ—l—ne,z?w—ﬁe:v}
:{wGW EICEZ:w—Pby(C)Ex,w—Cea}
—{wew|aces Prw -0 =0, Piw - PO =w - R}

- {w ew|3ce z:P;g:P;w,w:ngJrP;w—Pngg}

:{wGW EICEz:w:(Pg’—i-P;—Png’)C}
and a straightforward calculation shows that
P} + P} — PiP! =1— PYP) = Lyqy,

so that I'(z,a,y,b, 2) = Lyau(2). This proves that the old and new definitions of
I' coincide on Dy, and hence also on Dy by the symmetry relation. Now we show
that the new map I' coincides with the old one on Dj;: assume aTx and bTz and
use the (x, z)-description; let 1 := ( —w+ £ and observe that Pin = P2 = € (since
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¢ —w € a), and similarly P’n = ¢, whence w = ( —n + & = (P° — 1 + P%)n, and
thus

F(m,a,y,b,z):{wEW’H{Ex,ﬂgez:Q—wEa,C—w—l—ﬁey,w—ﬁeb}
:{wEW’EIUEy:wZ(Pf—1+P§)77}a

that is, w = —M_a.n, and hence I'(z,a,y,b, 2) = Mya.(y).
(3), part (i): using the (a, b)-description,

['(x,a,2,b,x) = {w eWw

Elﬂ6b,EIaEa:w+a€m,w+a+ﬁ€x,w+ﬁ€x}
=2x.

Indeed, the inclusion “D” follows by choosing o = § = 0, and the other inclusion
by adding the first and third and subtracting the second of the three relations in
the brackets.

(ii): it was shown in the preceding chapter that L,..p = id = Razpe-

(iii): using the (a,x)-description, we see that w € a, whence I'(x, a,y,b,a) C a.
For the proof of the other inclusion we need the assumptions mentioned in the
claim: assume first that a Tz and bTy. Then

Myapy(b) =T(2,a,b,b,y) =T'(a,x,b,y,b) = b.
Now fix u € Uy; then Layp = MygpuMuyapy and
I(z,a,y,b,a) = Lyays(a) = MyapuMuyapy(a) = Maapu(b) = a.
Under the assumption a Ty and b € Cy,, we get
D(x,a,y,b,a) = Raypa(2) = (1 = B/ P))(2) = (1 = Fy)(2) = P;(z) = a
since x is complementary to b.

(iv): Laayp(b) = (1 — PEPY)(b) = b since PP(b) = 0. 0

2.4. Structural transformations and self-distributivity. Homomorphisms be-
tween sets with pentary product maps I', IV are defined in the usual way, and may
serve to define the category of Grassmannian geometries with their product maps I'.
However, there is another and often more useful way to turn them into a category:

Definition. Let W, W’ be two right B-modules and (X,T'), (X', I") their Grassman-
nian geometries. A structural or adjoint pair of transformations between X and
X' is a pair of maps f : X — X', g : X — X such that, for all x,a,y,b,z € X,
xla Cl/, y/a blv 7€ X/7
f(T(x, g(d),y,9(b'), 2)) = T'(f(z),d, f(y),V, f(2)),

g(I'(@', fa),y/, f(b),2) = T(g(2"), a, g(y'), b, 9(2")) .

In other words, for fized a,b, resp. a’,V,
f i Xgangwy = Koy 95 Xy o) — Xap

are homomorphisms of semigrouds. We will sometimes write (f, f*) for a structural
pair (although g need not be uniquely determined by f).
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It is easily checked that the composition of structural pairs gives again a struc-
tural pair, and Grassmannian geometries with structural pairs as morphisms form
a category. Isomorphisms, and, in particular, the automorphism group of (X, I'),
are essentially the same in both categories, but the endomorphism semigroups may
be very different. Roughly speaking, Grassmannian geometries tend to be “simple
objects” in the usual category (hence morphisms tend to be either trivial or injec-
tive), whereas they are far from being simple in the second category, so there are
many morphisms. One way of constructing such morphisms is via ordinary B-linear
maps [ : W — W’ which induce maps between the corresponding Grassmannians

X = Gras(W) and &’ = Gras(W'):
forX = Xiae f(z), X = Xy fTH(y)

Note that, in general, these maps do not restrict to maps between connected com-
ponents (for instance, f, and f* do not restrict to everywhere defined maps between
projective spaces PIW and PW' if f is not injective). We will show that (f, f*) is
an adjoint pair, as a special case of the following result:

Theorem 2.4. Given a linear relationr C W & W', let
r.. X=X a—{JeW |Iex: () er},
' X - X y—{weW|Iney: (w,n) er}.

Then (ry, 1) is a structural pair of transformations between X and X'. In particu-
lar, taking for r the graph of a linear operator f : W — W' it follows that the pair
(fe, ) defined above is structural.

Proof. Using the (a, b)-description, on the one hand,

r.[(z,v*d,y, v, 2) =

= {u/ eW' | Jw e l'(x,r*d,y,r*V, 2) : (w,u') € r}
_Jyew Jw e W,3a € r*d’, 30 € r*V’ :
- (wW)erwta€ez,wt+tferw+a+pPey

JweW, 3/ € d,Jae W, 33" €/, 36 € W :
= w’EW’) (w,) er,(a,) er,(8,5) €r, ,
wta€czwt+pfer,wta+pPey
and on the other hand,

[(rux,d ruy, b roz) =

dew Ja” € d, 368" € b :

- 4o ertzd+ [ errr, W o+ 3 erty
_Jew Jdo" €d,3p" €, A€z, I € x,In ey :

- (C’w/ _"_ O//) E r7 (5,(4()/ +ﬁ//) e r7 (n,w/ _"_ a// +/8//) E r

The subspaces of W determined by these two conditions are the same, as is seen by
the change of variables

(=wta, {=w+pb, n=wta+p, " =d, f"=p
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in one direction, and
W:U_C_gaa//:ala 5//25/7a:C—W:U_faﬁzg—W:U—C
in the other, and using that r is a linear subspace. 0

Remark. The proof shows that the same result would hold if we had formulated
the structurality property with respect to another “admissible” pair of variables
instead of (a,b), for instance (y,b), by using the corresponding description. How-
ever, we prefer to distinguish the pair formed by the second and fourth variable
in order to have the interpretation of structural transformations in terms of groud
homomorphisms, for fixed (a,b).

Remark. The construction from the theorem is functorial. In particular, the semi-
group of linear relations on W x W (to be more precise: a quotient with respect to
scalars) acts by structural pairs on X.

Theorem 2.5. For all x,a,y,b,z € X, the pairs
(Lzaybs Lyazd)s  (Maabzs Meabz),  (Raybz, Razby)
are structural transformations of the Grassmannian geometry X .
Proof. Let r C W @& W be the linear relation defined by
ri=ryayp ={(w,)eWaW|IHecr:wt+(caw+(+{cyw+Eecb}
Then it follows immediately by using the (z, z)-description that
r'(z) ={weW|3(ez: (w,()er} =T(z,a,y,b,2) = Lyay(2).
On the other hand,
r.(z) ={weW|3(ez: ((,w) er}
= {wEW‘EICEz,EIfEx:w+C€a,w+C+§Ey,C+§€b}
=0D(y,a,2,b,2) = Lyau(2),

where the third equality follows by using the (y, z)-description with permuted vari-
ables. This proves that (Lyqayp, Lyeas) is & structural pair; the claim for right multipli-
cations is just an equivalent version of this, and the claim for middle multiplications
is proved in the same way as above. 0J

Remark. If xTa and yTb, then r,., is the graph of the linear operator L,q,, €
End(W).

Corollary 2.6. The multiplication map satisfies the following “self-distributivity”
identities:

F(x, a, F(u, D(a, z,¢,2z,b),v,1(a, z,d, x,b), w), b, z) =

F(F(a:, a,u,b,z),c,I(z,a,v,b,2),d, T'(z,a,w,b, z))
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P(l‘, a,y, b7 F(U’a F(?J; a,z, b7 C), v, F(y) a,, b7 d)u w)) =
F(F(QS’, a,y, b7 U), ¢, P(Zlf, a,y, b’ U)? d7 F(ZL‘, a,y, b’ w))

Proof. The first identity follows by applying the adjoint pair (f, f*) = (Mapz, Mabe)
to I'(u, c,v,d,w) (and using the symmetry property), and similarly the second by

using the pair (f, ft) = (Lwaybv Lyaxb)- L

2.5. The extended dilation map. Next we (re-)define, for r € K, the dilation
map I, : X x X x X — X by the following equivalent expressions

(z,0.2) = {weW|acaI ez er: w—ra=¢=C—a}
R
:{weW‘HaEa,Hcez,ﬂéexiw:(l_r)fJFTC’C_f:a}

We refer to the last expression as the “(z, z)-description”, and we define partial
maps X — X by

Noa(2) = po-(2) i= iy (a) = 11 (2, a, 2)
(where A reminds us of “left”, p “right” and p “middle”).

Theorem 2.7. The map I, : X3 — X extends the ternary map defined in the
preceding chapter (and denoted by the same symbol there), and it has the following
properties:

(1) Symmetry: u = pl-", that is, \o, = pl-" or
. (z,a,z) =1;_,(z,a,x).
(2) Multiplicativity: if xTa and r,s € K,
I (z,a,114(z,a,y)) = I,s(x, a,y),
(3) Diagonal values:
I (z,a,2) =z, (x,a,2)=xN(z+a), Ii(z,a,2)=z20(x+a).
(4) Structurality: if (1 —r) € K*, then, for all x,a,z € X, the pairs
(Aar Aaa)s (Hazs Hop)
are structural transformations of (X,T).

Proof. The symmetry relation (1) follows directly from the (z, z)-description.
Next we show that I, coincides with the dilation map from the preceding chapter.
Assume first that 2 Ta. We show that II,.(z,a, z) = (rP? + P%)(z2):

(rP? + P3)(2) = {eEW’El(e,z:e:rPf(C)—i-Pg(()}
:{66W‘HaEa,HCEz,EIfEx:e—Toz:C—ozzf}:Hr(x,a,z)

writing ¢ = P*(() + P*({) = a + . For zTa, the claim follows now from the
symmetry relation (1).
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(3) With w = (1 — 7)€ +r(, it follows for z = z that Il,.(z,a,z) C x. Conversely,
we get x C Il,.(z,a,x) by letting & = 0 and ¢ = ¢, given £ € z. The other relations
are proved similarly.

(2) Under the assumption ' Ta, the claim amounts to the operator identity

(rPy + P (sPy + P2) = (rsPy + P2)

which is easily checked.
(4) Fix z,a € X, r € K and define the linear subspace r C W @& W by

ri=r,,={(weWeW|dacaIHKcr:w=C(-(1-r)a,(—a=uz}
Then
r.(z) ={weWl|3C € z: ((,w) er} =1I,(z,a, z2).
On the other hand, by a straightforward change of variables (which is bijective since
r is assumed to be invertible), one checks that

r'(z)={weW |3 ez: (v, er}=1I(a,z,z2).

Hence (A, \l) = (r.,r*) is structural. The calculation for the middle multiplica-

tions is similar. O

Remark. If xTa and r € K an arbitrary scalar, we still have structurality in (4).
The situation is less clear if x, a,r are all arbitrary.

Remark. One can define structurality with respect to 11, in the same way as for I,
by conditions of the form

(I (z, 9(d), 2) = M (f(2),d, f(2)), g(IL.(2, f(a),2") = L.(g(), a, g(2")).
Then partial maps of I' are structural for Il,., and partial maps of Il are structural

for Il (this property has been used in [Be02] to characterize generalized projective
geometries). The proofs are similar to the ones given above.

2.6. The semigrouded pairs (U,,U,). Finally, we can generalize Theorem 1.5 to
the case of general (not necessarily transversal) pairs (a,b):

Theorem 2.8. For all a,b € X,
LUy, a,Uy,b,U,) C Uy, T'(Up,a,U,,b,Up) C Uy,
and the maps
Us x Uy x Uy — Uy; (,y,2) — (2y2)" :=T(z,a,y,b,2),
Uy x U, x Uy — Up; (2,y,2) — (xyz)” :=D(x,a,y,b,2)
are tri-affine (i.e., affine in all three variables) and satisfy the para-associative law
(zy(uow)®)* = ((zyu)*ow)* = (z(vay) Tw)*.

Proof. Assume that xTa and yTb. By a calculation similar to the one proving
Theorem 1.5, we will show that I'(x,a,y,b,U,) C U,. Let us write L,y in matrix
form with respect to the decomposition W = a @ x. The projectors P and P; can

be written
T 10 b « ﬁ
r=(o0) #=(35)
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whith o € End(a), f € Hom(z, a), etc. Thus

B 1 0\ (a B\ (l—a —p
-G E D (5 )

Let z € U,; it can be written as the graph {(Zv,v)|v € x} of a linear operator
Z :x — a. Since

Loays (Z;) _ (1604 —16) (Zq)v) _ ((1 —oz)fv —m) |

Lyay(2) is the graph of the linear operator (1 — a)Z — § : © — a, and hence is
again transversal to a, so ()" is well-defined. Moreover, the calculation shows
that z — (zyz)* is affine (and sends z to the graph of —f, so is linear with respect
to these base points in U,).

Next we show that U, — U,, y — (zyz)* is affine for z,z € U,. Indeed,
this follows from the fact that the pair (f,9) = (Muapz, Moape) is structural, so
[ Ug) — U, is affine, where

g(a) = Mzab:}c(a) = F(z,a,a, b, ZC) = F<a727a7x7 b) =b.

By the same kind of argument we see that U, — U,, x — (xyz)" is linear: observe
that (Raybzs Razby) is structural and that

Roay(a) =T(a,a,2,b,y) =a

by Part (3) (iv) of the Main Theorem.

Summing up, ()t is well-defined and tri-affine. The corresponding statements
for ()~ follow by symmetry, and the para-associative law follows by restriction of
the para-associative law in the semi-groud X. O

Remark. One may wonder whether linearity in z can be proved by the same argu-
ment as we proved linearity in z. However, we just have the relation Ly..;(a) =
[(y,a,x,b,a) C a (see proof of Part (3) (iii) of Theorem 2.3), which is not strong
enough to apply structurality. Possibly, a more refined theory of structural pairs
might apply here; cf. the remarks in the next section.

Remark. For a = b, we get the additive groud U,, and if Uy, # 0, then we get a sort
of “triaffine extension” of the groud U,. If aTb, then we have base points a in U,
and b in U,, and obtain a trilinear product (Theorem 1.5).

3. ASSOCIATIVE GEOMETRIES

In this chapter we give an axiomatic definition of associative geometry, and we
show that, at a base point, the corresponding “tangent object” is an associative
pair. Conversely, given an associative pair, one can reconstruct an associative ge-
ometry. The question whether these constructions can be refined to give a suitable
equivalence of categories will be left for future work.
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3.1. Axiomatics.

Definition. An associative geometry over a commutative unital ring K is given
by a set X together with a binary relation T on X, called transversality, which is
antisymmetric (a is never transversal to itself), and maps (where s € K)

M:x°—-x, I,:x%- X,
such that the following holds. We use the notation
Laaby(2) = Mrab=(y) = Rayp=(2) := T2, 0,9, b, 2)
for the partial maps of I', and
Coi=a ={zeX|2Ta}, Cu:=C,NGC

for sets of elements transversal to a, resp. to a and b.

(1) The semigroud property: for all z,y,z,u,v,a,b € X:
N (z,a,y,b,2),a,u,b,v) =T(z,a,T'(u,a,z,b,y),b,v) =T (x,a,y,b,T'(z,a,u,b,v)).

In other words, for fized a,b, the product (xyz) :=T'(x,a,y,b,z) turns X into
a semigroud, which will be denoted by Xgp.

(2) Invariance of I' under reversal of arguments: Xy, is the opposite semigroud of
X, that is, for all (z,a,y,b,z) € X,

[(x,a,y,b,2) =T(z,b,y,a,x).

In other words, My, = M.ape, 07: Lyay: = Riyas-
(8) Structurality of partial maps: for all x,a,y,b,z € X, the pairs

(leaybalzyaxb)a (A4;abz>jbfzabx)a (]%aybza}%azby)

are structural transformations (see definition below), and the partial maps are
automorphisms if they are invertible.
(4) Diagonal values and the groud property:
(i) if © € Cg, then I'(z,a,2,b,2) = z = I'(2,b,x,a,x), i.e., Ly = idy =
Zgaxbx;
(i) if aTx, yTb, then I'(x,a,y,b,b) =,
(i51) if xTa, yTb and Cyp # 0, orif aTy and b € Cy,, then T'(z,a,y,b,a) = a.
Combined with (1), (i) implies that Cqp, with product (zyz) = T'(z,a,y,b, z), is
a groud (see Proposition 3.3 below), which will be denoted by Uy,. Then Uy, is
its opposite groud; in particular, the groud U,, is abelian.
(5) The affine space property: for all a € X and r € K, C, is stable under the
dilation map 11, and the abelian groud U,, is the underlying additive structure
of an affine space (denoted by U, ) over K, with scalar action given for x,y € C,
by
rey=(1—-r)z+ry=1,(x, a,vy).
(6) The semigrouded pairs: for all a,b € X,

Ij(l]da(lvl]b7ba(]d) - l]@v 11(1]57(1a(]a7bal]b) C ljb?
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and the maps
Us x Uy x Uy — Uy;  (,y,2) — (2y2)" :=T(z,a,y,b,2),
Ub X Ua X Ub - Ub; (x,y,z) = (l‘yZ)_ = F(:L’,a,y,b, Z)

are tri-affine.
(7) The symmetry principle: invariance under the permutation (12)(45)

['(x,a,y,b,2) =T(a,z,y, 2,b).

Definition. The opposite geometry of an associative geometry (X, T,T',1I), de-
noted by X, is X with the same transversality relation T, the same dilation map
IT and the opposite pentary product map

I?(z,a,y,b,z) :=1(z,a,y,b,x).

A base point in X is a fized transversal pair (0™,07), and the dual base point in
X is then (0™, 0").

Definition. Homomorphisms of associative geometries are maps ¢ : X — Y such
that

¢(F($7 a,y, ba 2)) = F(¢$, gbaa ¢yv ¢bv gbZ)
O(IL(z,a,y)) = IL(¢z, pa, ¢y))

and preserving transversality: aTx = ¢(a)To(z). It is clear that associative ge-
ometries over K with their homomorphisms form a category. Antihomomorphisms
are homomorphisms into the opposite geometry. Involutions are antiautomorphims
of order two; they play an important role which will be discussed in subsequent work
([BeKi09]). For a fized base point (o*,07), we define the structure group as the
group of automorphisms of X that preserve (o™,07). Note that the structure group
acts linearly on (V*, V7).

An adjoint or structural pair of transformations is a pairg: X — Y, h:Y — X
such that

g(C(h(zx),u, h(y), v, h(2))) = T(x, g(u),y, g(v), 2)
g(I(h(x),u, h(y))) = I (x, g(u),y)

and vice versa. Clearly, this also defines a category.

Remark. As shown in Chapter 2, Grassmann geometries satisfy the axioms of an
associative geoemtry. The axioms are not all independent of each other, and possibly
they represent not yet the most conceptual formulation. In particular, one might
ask whether Axiom (6) is already a consequence of the others. In fact, it “almost” is:
as seen in the proof of Theorem 2.8, the structurality property (3) already implies
that two of the partial maps in (6) are affine. However, in order to completely derive
(6) from (3), one needs more precise axioms describing images of affine parts U,
under structural pairs. It seems that such conditions need to introduce, besides T,
another relation, < (corresponding to inclusion of subspaces in the Grassmannian
case), and to determine diagonal values more precisely in terms of this relation. In
other words, one has to axiomatize lattice theoretic properties of the Grassmannian
in terms of I". This is a very interestic topic for future work.
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If one wishes to avoid Axiom (6), a different approach would have been to assume
that all axioms hold under all scalar extensions of K, and then define the tangent
geometry of X to be the scalar extension of X by dual numbers K[e] = K[X]/(X?).
As in [Be02], one could then use some algebraic version of differential calculus and
work with tangent maps.

3.2. Consequences. We are going to derive some easy consequences of the axioms.
First of all, let us rewrite the semigroud property in operator form:

Raubv Lazayb = anbv Muaby = anbeaubU
anybLzaU‘b = vaavLybza(u)rb = LLwayb(Z)ravyzb
MF(m,a,y,b,z),a,b,v = M:cavaybza = L:cabezabv

For z,y € Uy, and z € X, we get from (1) and (3),
['(z,a,y,b,T(y,a,2,b,2)) =(z,a,T(y,b,y,b,x),b,2) =T'(z,a,2,b,2) = z,
whence Lqy : X — X is invertible with inverse

(anyb)_l - Lyamb‘

By (2), this is equivalent to (Rauyp:) " = Rauby, and in the same way one shows that
M apy is invertible with inverse

(Mmaby)il = beay-

In particular, M., and My, are of order two.

Proposition 3.1. For all a,b € X, Cyy, is stable under the ternary map (z,y, z) —
['(x,a,y,b, z), which turns it into a groud. For any y € Uy, the group (Uu,y) acts
on X from the left and from the right by the formulas given in Theorem 1.3, and
both actions commute.

Proof. Since Ly, is invertible, it is an automorphism of the geometry. It stabilizes
a and b and hence also C, and C,. Thus C,, is stable under the ternary map,
and the para-associative law and the idempotent law hold by (1) and (3) (i). The
remaining statements follow easily from (1). O

Left and right translations in U, are given by affine automorphisms of U, and
of Uy, and inner automorphisms are linear automorphisms, if we fix a base point
(oT,07): conjugation by z in U,,- about ot is given by ¢, a0- ot = (Mygo-o+)>
Since M, 40~ o+ is an automorphism, so is its square. Moreover, ¢, 4, o+ Preserves
the base point (o™, 07), and hence belongs to the structure group.

Lemma 3.2. (Symmetry principle: second version) For all z,z € Uy,
F(x,b,F(x, a,y,b,2),b, z) =T1(z,b,a,y, ).
Proof. Using that R,.., = idy for a,b € U,, we have, for all z,z € Uy,
F(x, b,I'(z,a,y,b,2),b, z) = Mpp. Mpap-(y)
= Moot Myzwa(y)

- Lbzaszbzb<y)
- Lbzax<y) - F(ba Z,0,T, y) = F(Zu b7 a,y, [E)
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Since the operator M. is invertible with inverse M.y,,, we have, equivalently,
[(x,a,y,b,2) =T(2,b,'(z,b,a,y,x),b,x).
If a and b are transversal, we may rewrite the symmetry principle, with b = o™,
y=o": forall z,z € VT,
[(z,0 ,a,0",2) =T(z,0 ,[(z,a,0",07,2),0 ,2) =2 —T(x,a,0",0,2) + 2.

Remark. The term “symmetry principle” comes from a Jordan theoretic identity
that corresponds to the case x = z of the preceding lemma ([Lo75], 1.3.3). Since
Jordan theory corresponds to the “diagonal restriction x = 2”7, the simple form of
Axiom (7) does not make sense in Jordan theory. We will come back to this issue
in subsequent work (cf. Topic (1) in the next chapter).

Corollary 3.3. For all b,y € X, I'(Uy, Uy, y,b,Uy) C Uy, and the map
Uy xU, xUy— Uy, (x,a,2)—T(z,a,y,b,2)
1s tri-affine.

Proof. Fix 2Tb and aTy. According to Axiom (6), we have then I'(Uy, a,y, b, z) C
Uy, which proves the first assertion. The ternary map in question is tri-affine,
because, by the symmetry principle, it can be written as a composition

UbXUyXUb—>UbXUbXUb—>Ub,

(x,a,z) — (Z,F(z,b,a,y,x),x) — F(Z,b,F(z,b,a,y,x),b, x)

where the first map is affine in each variable by Axiom (6), and composition with
the second map (which is just the structure map (u, v, w) — u — v+ w in the affine
space U,) still yields an affine map. O

Remark. The property from the preceding corollary is in fact, via the symmetry
principle, equivalent to Axiom (6).

3.3. From geometries to associative pairs.

Theorem 3.4. Let (X, T,I',1I,) be an associative geometry over K.

i) Assume X admits a transversal pair, which we take as base point (o™, 07).
Then, letting At := U,- and A~ := U,+, the pair of linear spaces (AT, A7)
with origins ot resp. 0=, becomes an associative pair when equipped with

<zbz >T:=T(z,0,b,0",2), <ayc>":=T(a,0,y,0",¢).

This construction is functorial (in the “usual” category).

it) Assume X admits a transversal triple (a,b,c). Then, letting B := U,, the K-
module B with origin ot := a becomes an associative unital algebra with unit
u = b and product map

AXA—A (2,2)—xz:=T(r,a,u,c,z2).

This construction is functorial (in the “usual” category) .
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Proof. (i) By the “semi-grouded pair axiom” (6), the maps A* x AT x AT — A* are
well-defined, tri-affine and satisfy the para-associative law. Thus it only remains to

be shown that they are trilinear, with respect to the origins o™ € A*. Let z,z € AT
and b € A7. Then

< zbot >T=T(z,07,b,07,07) =0", <oTbz>T=T(0",07,b,0",2) =0"

by the Diagonal Value Axiom (3), and

<zo z>"=T(x,0,0 ,0",2)=T(0",2,0 ,2z,07) =0".

If 9 : X — ) is a base-point preserving homomorphism, then restriction of ¢
yields, by definition of a homomorphism, a pair of K-linear maps A* — (A")*,
which commutes with the product maps I',I” and hence is a homomorphism of
associative pairs.

(il) With notation from (i), we have zz =< xuz >T, and hence the product is
well-defined, bilinear and associative A x A — A. We only have to show that u is a
unit element: but this is immediate from zu = I'(z, a, u, b,u) = x = T'(u, a,u, b, ) =

uzx. O

Example. For any B-module W, the Grassmannian geometry X is an associative
geometry, by the results of Chapter 2. For a decomposition W = ot @0, the corre-
sponding associative pair is (AT, A7) = (Homg (o™, 07), Homg (o™, 0™)), by Theorem
1.7. The result to be given in the next section strongly suggests that all associative
geometries are obtained in this manner.

Remark. There is a natural definition of structural transformations of associative
pairs, but as long as the questions mentioned in the remarks to the axiomatics in
§3.1 remain open, functoriality of the constructions from the preceding theorem in
this category is not clear.

3.4. From associative pairs to geometries.

Theorem 3.5. i) For every associative pair (A*, A™) there exists an associative
geometry X with base point (o™, 07) having (A*, A7) as associated pair.

it) For every unital associative algebra (A, 1) there exists an associative geometry
X with transversal triple (o™, A, 07) having (A, 1) as associated algebra.

Proof. (i) Let W = A @ A, ot the first and o~ the second factor and A the
diagonal. Then (o1, A, 07) is a transversal triple in the Grassmannian geometry
X = Grasy (W), and its associated algebra is A = Homy (A, A) (see the preceding
example, with ot = 0~ = A). Note that the connected component of o™ can be

interpreted as the projective line over A, cf. [BeNe05], [Be08|.
(i) Consider any algebra imbedding (A, e) of the pair (A*, A~), for instance, its

~

standard imbedding (see Appendix B). Let X = Gras; (A) be the Grassmannian of
all right ideals in A. As base point in X we choose

0T i=eh =A@ Ay, o = fA = Ago @ Aor.
where f = 1 —e. Recall that AT = Ay = eAf and A- = Ay = fAe. The

associative pair corresponding to (X;0",07) is (see example at the end of the last
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section)
(Homy (0™, 0"), Homy (0™, 07)).
But this pair is naturally isomorphic to (A", A7). Indeed,
HomA(eA, fA) = Ay = fAe, [ fle)

is K-linear, well-defined (since f(e)e = f(ee) = f(e), f being right A-linear) and
has as inverse mapping ¢ — (z — cx), hence is a K-isomorphism. Identifying both
pairs of K-modules in this way, a direct check shows that the triple products also
coincide, thus establishing the desired isomorphism of associative pairs. 0

Remark. It is of course also possible to see (ii) as a special case of (i). In this
case we may work with the algebra imbedding of (A, A) into the matrix algebra

A= M (2,2;A), cf. Appendix B.

Remark (Functoriality). Is the construction from the preceding theorem functo-
rial, or can it be modified such that it becomes functorial? If this is possible, do we
get an equivalence of categories between associative pairs and certain associative
geometries with base point (whose algebraic properties reflect “connectedness and
simply connectedness”)? Since the construction of the standard imbedding is not
functorial (see, however, [Ca04]), the answer is not clear. Nevertheless, one might
be optimistic here, since results of a similar kind hold indeed in a Jordan theoretic
context (see [Be02]).

4. FURTHER TOPICS

(1) Jordan geometries revisited. The present work sheds new light on geometries
associated to Jordan algebraic structures: in the same way as associative pairs
give rise to Jordan pairs by restricting to the diagonal (Q(x)y =< zyx >; see
Appendix B), associative geometries give rise to “Jordan geometries”. The new
feature is that we get two diagonal restrictions I'(x,a,y,b,z) and I'(z,a,y,a, 2)
which are equivalent. They can be used to give a new axiomatic foundation of
“Jordan geometries”. Unlike the theory developed in [Be02], this new foundation
be valid also in case of characteristic 2 and hence corresponds to general quadratic
Jordan pairs. In this theory, the grouds from the associative theory will be replaced
by symmetric spaces (the diagonal (zyz)).

(2) Involutions, Jordan-Lie algebras, classical groups. From a Lie theoretic point of
view, the present work deals with classical groups of type A, (the “general linear”
family). The other classical series (orthogonal, unitary and symplectic families)
can be dealt with by adding an involution to an associative geometry. This will be
discussed in detail in [BeKi09]. From a more algebraic point of view, this amounts
to look at Jordan-Lie or Lie-Jordan algebras instead of associative pairs (and hence
is closely related to (1)), and to ask for the geometric counterpart. In [Be08], it is
advocated that this might also be interesting in relation with foundational issus of
quantum mechanics.
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(3) Tensor Products. In the associative and in the Jordan-Lie categories, tensor
products exist (cf. [Be08] for historical remarks on this item in relation with foun-
dations of Quantum Mechanics). What is the geometric interpretation of this re-
markable fact?

(4) Alternative Geometries. The geometric object corresponding to alternative pairs
(see [Lo75]) should be a collection of Moufang loops, interacting among each other
in a similar way as the grouds U,;, do in an associative geometry.

(5) Classical projective geometry revisted. The grouds Uy, show already up in or-
dinary projective spaces, and their alternative analogs will show up in octonion
projective planes. It should be interesting to review classical approaches from this
point of view.

(6) Invariant Theory. The problem of classifying the grouds U,, in a given ge-
ometry X is very close to classifying orbits in X x X under the automorphism
group. Invariants of grouds (“rank”) give rise to invariants of pairs. Similarly, in-
variants of groups (Uy,y) give rise to invariants of triples (“rank and signature”),
and invariants (conjugation class) of projective endomorphisms L, to invarinats
of quadrupels (“cross-ratio”).

(7) Structure theory: ideals and intrinsic subspaces. We ask to translate features
of the structure theory of associative pairs and algebras to the level of associative

geometries: what are the geometric notions corresponding to left-, right- and inner
ideals? See [BeL08] for the Jordan case.

(8) Positivity and convexity: case of C*-algebras. C*-algebras and related triple
systems (“ternary rings of operators”, see [BM04]) are distinguished among general
ones by properties involving “positivity” and “convexity”. What is their geometric
counterpart on the level of associative geometries? Note that these properties are

really ones of the involution %, so these questions can be seen to fall in the realm
of Topic (2).

APPENDIX A: GROUDS AND SEMIGROUDS

Definition. A groud (G, (-,-,-)) is a set G together with a ternary operation G* —
G; (x,y, z) — (xyz) satisfying the identities (G1) and (G2) discussed in the Intro-
duction (§0.2).

The term has been suggested by Boris Schein in various publications (e.g., [Sch62])
as a substitute for the term “heap”, which has been used for the same notion (as
have “flock” and “herd”). An early term, due to Priifer was Schar, which was
translated by Suschkewitsch into Russian as rpya. This was later somewhat un-
fortunately translated into English as “heap”. Schein has suggested adapting the
Russian term directly into English as groud, and we follow that suggestion here.
For more on the history of the concept, as well as of semigrouds defined below, we
refer the reader to the work of B. Schein, e.g., [Sch62].

In a groud (G, (-, -, ), introduce left-, right- and middle multiplications by

(xyz) =y y(2) =1y () = My . (Y) -
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Then the axioms of a groud can be rephrased thusly:

(G1) Uy O Ty = T O Uy y
(G2) lyy =1y, =1d
or, in yet another way,

(G17) loyolow="e, ()
(G27) loy(y) =1ya(y) =2

Taking y = z in (G1”), and using (G2”), we get what one might call “Chasle’s
relation” for left translations

gx,y o €y7u = gm,u
which for u = x shows that the inverse of ¢, is £, ,. Similarly, we have a Chasle’s
relation for right translations, and the inverse of r,, is r,,. Unusual, compared
to group theory, is the role of the middle multiplications. Namely, fixing for the
moment a unit e, we have

(z(uyw)z) = x(uy'w) 'z = swlyu T 2 = ((zwy)uz) = (rw(yuz))
(the para-associative law, cf. relation (G3), Introduction), i.e.,
(Gg’) My, © My = Teaw O gu,z = gu,z OTrw-

Taking x = w, resp. u = z, we see that all left and right multiplications can be
expressed via middle multiplications:

gu,z =My 20 Myx, Tew = Mgz Mz

Taking u = z, resp. x = w, we see that m, ,om,, = id, hence middle multiplications
are invertible. In particular mi’x = id, which reflects the fact that m, , is inversion

in the group (G, x). Also, (G3’) implies that

—1
MgeOMyge=Tge© gw,e = éw,e o (Te,a:) 5

which means that conjugation by z in the group with unit e is equal to (m,.)?.
Since a groud can be viewed as an equational class in the sense of universal
algebra (G, (+,-,-)), all of the usual notions apply. For instance, a homomorphism
of grouds is a map ¢ : G — H such that ¢((zyz)) = (¢(z)d(y)9(2)), and an
anti-homomorphism of grouds is a homomorphism to the opposite groud (same set
with product (z,y, z) — (zyx)). Homomorphisms enjoy similar properties as usual
affine maps. It is easily proved that left and right multiplications are automorphisms
(called inner), whereas middle multiplications are inner anti-automorphisms. Other
notions, such as subgrouds, products, quotients and so on are straightforward.

Definition. A semigroud (G, (-,-,)) is a set G with a ternary operation G® —
G; (x,y,z) — (xyz) satisfying the para-associative law (G3) from the Introduction.

The basic example is the symmetric semigroud on sets A and B, the set of all
relations between A and B with (rst) = 7 o s7! ot, where o is the composition of
relations.

Clearly, fixing the middle element in a semigroud gives rise to a semigroup; but,
in contrast to the case of groups, not all semigroups are obtained in this way. For
more on semigrouds, see, e.g. [Sch62] and the references therein.
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APPENDIX B: ASSOCIATIVE PAIRS

Definition. An associative pair (over K) is a pair (A", A7) of K-modules to-
gether with two trilinear maps

<oy >TUAT AT x AT — AT
such that
<oy < zuww >ET>T=<< ayzr >Tuwv >t=< 1 < uzy >T v >* .

Note that we follow here the convention of Loos [Lo75]. Other authors (e.g. [MMG])
use a modified identity, replacing the last term by < z < yzu >T v >*. But
both versions are equivalent: it suffices to replace < >~ by the trilinear map
(x,y,2) —< z,y,x >. We prefer the definition given by Loos since it takes
the same form as the para-associative law in a semigroud. We should mention,
however, that for associative triple systems, i.e., K-modules A with a trilinear map
A3 — A (z,y,2) —< xyz > these two versions of the defining identity have to be
distinguished, leading to two different kinds of associative triple systems (“ternary

rings”, cf. [Li71], and associative triple systems [Lo72]; all this is best discussed in
the context of associative pairs, resp. geometries, with involution, see Topic (2) in

Chapter 4 and [BeKi09].) In any case, for fixed a € A=, AT with
Tqy =< zay >
is an associative algebra, called the a-homotope and denoted by A'.

Examples of associative pairs.
(1) Every associative algebra A gives rise to an associative pair AT = A~ = A via
< ayz >T=xyz, < TYyz > = 2YT.
(2) For K-modules E and F, let AT = Hom(F, F), A~ = Hom(F, E),
<XYZ>T=XoYoZ <XYZ>=ZoYolX.

(3) Let A be an associative algebra with unit 1 and idempotent e and f :=1 —e.
Let
A=fAf® fAedelAeBeAf = Ao ® Ayt B A & Ay
with Ay; = {& € A | ex = iz, ze = jx} the associated Peirce decomposition.
Then

(AT A7) = (A, Ay), <ayz>Ti=ayz, <wyz > = 2yr
is an associative pair.

The standard imbedding. It is not difficult to show that every associative pair arises
from an associative algebra A with idempotent e in the way just described (see
[Lo75], Notes to Chapter IT). We call this an algebra imbedding for (AT, A™). There
are several such imbeddings (see [Ca04] for a comparison of some of them). The
in a certain sense minimal choice for A is called the standard imbedding of the
associative pair. For instance, in Example (2) we may take A = End(E & F) with
e the projector onto E along F' (but this choice will in general not be minimal). In
Example (1), take A := Endys(A & A) = M(2,2;:A) and e the projector onto the
first factor.
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The associated Jordan pair. Formally, associative pairs give rise to Jordan pairs
in exactly the same way as grouds give rise to symmetric spaces: the Jordan pair
is (VH, V™) := (At A7) with the quadratic map Q*(z)y =< xyz >* and its
polarized version

T*(z,y,2) == QF(x + 2)y — QF (2)y — QF(2)y =< xyz > + < 2y >F .
Associative pairs with invertible elements. We call x € AT invertible if
Q(x) : AT — AT ys<ayr >

is an invertible operator. As shown in [Lo75|, associative pairs with invertible
elements correspond to unital associative algebras: namely, x is invertible if and
only if the algebra A, has a unit (which is then 7! := Q(z) 'x).
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