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Abstract

This article discusses the basic properties of finite-dimensional
Boolean vector spaces and their linear transformations. We first intro-
duce a natural Boolean-valued inner product and discuss orthonormal
bases. We show that all bases are orthonormal and have the same
cardinality. It is shown that the set of subspaces form an atomistic
orthomodular poset. We then demonstrate that an operator that is
diagonal relative to one basis is diagonal relative to all bases and that
all projections are diagonal. It is proved that an operator is diagonal
if and only if any basis consists of eigenvectors of the operator. We
characterize extremal states and show that a state is extremal if and
only if it is pure. Finally, we introduce tensor products and direct
sums of Boolean vector spaces.

1 Introduction

Roughly speaking, a Boolean vector space is a vector space in which the
scalars are elements of a Boolean algebra. Although some of our results
can be generalized to the infinite dimensional case, in this work we only
consider finite-dimensional spaces. There is already a considerable literature
on Boolean vector spaces [6, 11, 14, 15, 16], but as far as we know the
results presented here are new. There have also been investigations into
the related fields of Boolean matrices and matrices over distributive lattices



1,2, 3,7, 8,9, 10, 12]. These works have applications in graph theory,
computer science and fuzzy systems.

Following this introduction, Section 2 presents some preliminary results.
We first introduce a natural Boolean-valued inner product and discuss or-
thonormal bases. One of our surprising results is that all bases are orthonor-
mal. Not so surprising is that all bases have the same cardinality. We then
consider linear transformations and operators.

Section 3 discusses subspaces and projections in Boolean vector spaces.
It is shown that the set of subspaces forms an atomistic orthomodular poset.
Since there is a bijection between subspaces and projections, projections
inherit this same structure. Another surprising result is that an operator
that is diagonal relative to one basis is diagonal relative to all bases. Also
surprising is that all projections are diagonal.

In Section 4 we consider states and diagonality. We first discuss the
concepts of eigenvectors and eigenvalues. We then show that an operator is
diagonal if and only if every basis consists of eigenvectors of the operator.
After defining the concept of a state, we show that a state is extremal if and
only if it is pure. We then characterize extremal states.

Finally, Section 5 presents an introduction to tensor products and direct
sums of Boolean vector spaces. We leave a deeper study of these concepts to
a later investigation.

In this paper, B will denote an arbitrary but fixed Boolean algebra with
least and greatest elements 0 and 1, respectively. The order on B is denoted
by < and the meet and join of a,b € B are denoted by ab and a V b, respec-
tively. We write the complement of a € B as a’ and say that a,b € B are
disjoint if ab = 0 or equivalently a < b'.

We close this section with a motivating example for our work in this field
[4, 5]. A Boolean matrix is an n x m matrix with entries in B. We then
write A = [a;;]| witha;; € B,i=1,...,nand j=1,...,m. If Aisan n xm
Boolean matrix and B is an m X k Boolean matrix, we define the product AB
to be the n x k matrix whose (7, j) entry is given by V7" a;.b,;. In particular,
we consider elements of B™ to be m x 1 matrices (column vectors) and for
b= (by,...,b,) € B™ we have

(Ab)l = \7 airbr
r=1

1 =1,...,n so that Ab € B™. We can thus consider A as a transformation



A: B™ — B". As mentioned earlier, Boolean matrices and their general-
ization to distributive lattices provide useful tools in various fields such as
switching nets, automata theory and finite graph theory.

Our main motivation for studying Boolean vector spaces and matrices
comes an analogy to Markov chains [4, 13]. Let G be a finite directed graph
whose vertices are labelled 1,2,...,n. We think of the vectors of G as sites
that a physical system can occupy or possible configurations for a computer.
The edges of G designate the allowable transitions between sites or config-
urations. If there is an edge from vertex i to vertex j, we label it by an
element a;; € B. We think of aj; as the event or proposition that the system
(computer) evolves from site (configuration ) i to site (configuration) j in
one time-step. If there is no edge from 7 to j, then we set a;; = 0. The n xn
Boolean matrix A = [a;;] is the transition matrix in one time-step for the
physical system and is determined by the dynamical law for the system. Al-
ternatively, for a computer, A is determined by a program or algorithm and
the internal states of the computer. The transition matrix for m time-steps
is then naturally given by the matrix product A™.

Assuming that the system evolves from site i to some specific site j in
one time-step, we postulate that ajar, = 0 for j # k and Visjag; =1
for i = 1,2,...,n. Thus, each column of A is what we shall later call a
consistent unit vector. Suppose that b; is the event or proposition that the
system is at the site ¢ initially. We would then have the consistent unit vector
b= (b1,...,b,) € B" and Ab € B" describes the system location at one time-
step. It is easy to check that Ab is again a consistent unit vector and we
interpret (Ab); to be the event that the system is at site i at one time-step.
In this way, A™, m = 1,2, ..., describes the dynamics of the system and this
gives an analog to a traditional Markov chain [13].

2 Preliminary Results

We begin with the definition of a Boolean vector space. Note that our defi-
nition is different than that given in [14, 15, 16].

A Boolean vector space is a system (V, B, +, - ) where V' is a nonempty
set, B is a Boolean algebra, -+ is a binary operation on V' and - is a map from
B x V to V such that

(1) u+v=v+uforal u,veV



2) u+ (v+w) = (u+v)+w for all u,v,w eV

3) a-(b-v)=(ab)-vforala,beBandv eV

5

(2)
(3)
(4) a-(u+v)=a-u+a-vforall a € BanduveV
(5) (avb)-v=a-v+b-vforalabeBandveV
(6)

6) there exists {vy,...,v,} C V such that every v € V has a unique
representation v = > a; - v;

We usually denote a Boolean vector space simply by V' and we denote the
scalar product a-v by av. we call {vy,...,v,} in (6) a basis for V. In general,
V' has many bases. An example of a Boolean vector space is L,(B) = B"
where

B"=BxBx---xB (nfactors)

In this case we define
(al,...,an)—l—(bl,...,bn):(al\/bl,...,an\/bn)

and
a(by,...,b,) = (aby,..., aby,)

The standard basis for L,(B) is 6; = (1,0,...,0),0o = (0,1,0,...,0),
.y0, = (0,...,0,1). We shall show that any Boolean vector space is iso-
morphic to L, (B) for some n € N.

For the Boolean vector space V we define u < v if there is a w € V
such that v + w = v. We define 0,1 € V by 0 = Y 0v; and 1 = ) 1v;.
Moreover, if v = > a;v; we define v' = ) alv;. If an entity associated with
V' is independent of the basis of V', we say that the entity is an invariant.
The next result shows that 0,1 and v are invariants.

Theorem 2.1. Let V be a Boolean vector space with basis {vy, ... ,v,}. (1) If
u =Y av; and v = > bu;, then u < v if and only if a; < b;, i =1,...,n

(ii) The relation < is a partial order relation. (iii) 0 < v <1 for allv e V.
(iv) Forv €V, v is the smallest element of V' satisfying v+ v' = 1.

Proof. (i) Let v < wv with u +w = v and let w = ) ¢;v;. Then

Z bjv; = Z a;v; + Z CU; = Z(ai V ¢i)v;



Hence, b; = a; V¢; > a;, 1 =1,...,n. Conversely, if a; < b; then b; = a; V ¢;
where ¢; = b; A a. Letting w = > ¢;u; we have that u +w = v so u < v.
(i) It is clear that < is reflexive and transitive. To prove antisymmetry,
suppose that u < v and v < u. By (i) we have that a; = b;, i = 1,...,n, so
u=w. (iii) Since 0 <b; <1, by (i) we have that 0 < v < 1. (iv) Since

we have that v+ = 1. If v+u =1 we have b;Va; = 1,71 =1,...,n. Hence,
a; > b,i=1,...,ns0by (i) v <wu. O

Let V' be a Boolean vector space with basis {vy,...,v,}. We define the
inner product (u,v) = Va;b; where v = > a;v;, v =Y b;v;. For example,
in L,(B) we always use the inner product

(a1, .- an), (b1, .. ) = \/ aib;

The norm of v € V is ||v|| = (v,v) = Vb;. Notice that ||av|| = a|lv|| and

-+l = Jlul \/ o]

For Boolean vector spaces V and W amap T: V — W is linear if it satisfies
T(av) = aTv and T(u+v) = Tu+ Tv for all u,v € V and a € B. A linear
map 7' is isometric if (T'u, Tv) = (u,v) for all w,v € V. H T: V — W is
isometric, then clearly ||Tw|| = ||v|| so T is norm preserving. However, the
converse does not hold. For a counterexample, let T: V' — V be defined by
Tv = ||v|| 1. Then

T(av) = |lav||1 = a||v||1 = aTv
and
Tlu+v) = u+oll 1= [ul \/ ol 1 = ull 1+ ol 1 = Tu+Tw
Hence, T is linear, Moreover,
[To]| = [ vl 1] = [|v]]
so 1" is norm preserving. However,

(Tw, Tv) = ([lull 1, |0 1) = lull ] # (u, v)

5



in general. For example, we may have u,v # 0 with (u,v) = 0. Thus, T is
not isometric.

Notice that for the basis {vi,...,v,} we have that (v;,v;) = §;; where
d;; is the Kronecker delta. If a set {wy,...,w,} CV satisfies (w;, w;) = 0;;
we call {wy,...,w,} an orthonormal set. In this way, {v1,...,v,} is an

orthonormal basis. Moreover,

n

v = Z (v, v;)v;

i=1
for all v € V. The proof of the following lemma is straightforward.

Lemma 2.2. The inner product satisfies the following conditions. (i) (u,v)=
(vyuy. (1) (uw+v,w)y = (u,w) V (v,w). (i) (au,v) = a{u,v). (iv) ||v]| =
(v,v) =0 if and only if v =0. (v) (u,v) = (w,v) for all v € V implies that
u=w. (vi) (v,0") =0. (vil) (u,v) < |ul [v].

Thus, the inner product is symmetric (i), linear ((ii) and (iii)), defi-
nite (iv), nondegenerate (v) and complementary (vi). Condition (vii) is
called Schwarz’s inequality.

Lemma 2.3. Let V' be a Boolean vector space with basis {v1,...,v,}. There
exists an isometric linear bijection ¢: V' — L,(B). Moreover, (V,<,") is a
Boolean algebra and ¢: V — B"™ is a Boolean algebra isomorphism.

Proof. Define ¢: V. — L,(B) by ¢(v) = (a1,...,a,) where v = "> a;v;. It is
clear that ¢ is an isometric, linear bijection. It follows from Theorem 2.1 (i)
that ¢ and ¢! preserve order. We conclude that (V,<,’) is a Boolean
algebra and that ¢: V' — B" is a Boolean isomorphism. O

Theorem 2.4. If V is a Boolean vector space, then all bases for V are
orthonormal and have the same cardinality. Moreover, the inner product is
an wnvariant.

Proof. Let {uy,...,uy} and {vy,...,v,} be bases for V and let ¢,: V —
L, (B) and ¢o: V — L, (B) be the corresponding isometric, linear bijections
given by Lemma 2.3. Then ¢y0¢;"': L,,(B) — L,(B) is a linear bijection. It
follows from [5] that m = n and that ¢y0¢; " is isometric. Let (u,v);, i = 1,2,



be the inner products relative to {uy,...,u,} and {vy,...,v,}, respectively.
We then have

(u,v); = (d1(u), ¢1(v)) = (20 61" [¢1(w)], d2 0 61" [d1(v)])
= {¢2(u ) (v)> {u, v),

Hence the inner product is an invariant. Denoting this invariant inner prod-
uct by (u,v), again we have

(u, uj) = (ug, uz), = 0y

Therefore, all bases are orthonormal with respect to this invariant inner
product. O

Lemma 2.5. Let V and W be Boolean vector spaces over the same Boolean
algebra B. (1) If f: V — B is a linear functional, then there exists a unique
v €V such that f(u) = (v,u) for allu € V. (i) If T:V — W is a linear
map, there exists a unique linear map T*: W — V such that

(Tv,w) = (v, T"w)
forallveV,weW.

Proof. (i) Uniqueness follows from the nondegeneracy of the inner product.
Let {v1,...,v,} be a basis for V. Since u = ) (v;, u)v; we have

f) = £ (3 wowe) =V o fo) = (3 fwei,u)

Letting v = Y f(v;)v; completes the proof. (ii) Again, uniqueness follows
from the nondegeneracy of the inner product. For a fixed w € W, the map
v +— (Tv,w) is a linear functional on V. By (i) there exists a unique w* € V
such that (Tv,w) = (v, w*) for all v € V. Define T*: W — V by T"w = w*.
It is easy to check that T is linear. O]

We call T* in Lemma 2.5 (ii) the adjoint of T". A linear map T: V — V
is called an operator. It is easy to check that an operator is isometric if and
only if T*T = I the identity map. A map F: V x V — B is bilinear if it is
linear in both arguments.

Lemma 2.6. If F': V x V — B is bilinear, there exists a unique operator T’
on V' such that F(u,v) = (Tu,v) for allu,v € V. Moreover, F is symmetric
if and only if T =T*.



Proof. As before, uniqueness follows from the nondegenercy of the inner
product. Since u +— F(v,u) is linear, by Lemma 2.5 (i) there exists a unique
w € V such that F(v,u) = (w,u) for all w € V. Define T: V — V by
Tv =w. Now T is linear because

(T(av),u) = F(av,u) = aF(v,u) = a(Tv,u) = (aTv,u)
Hence, T'(av) = aT'v for every a € B, v € V. Also,
(T'(vy + v9),u) = F(vy + v9,u) = F(vy,u) \/F(UQ,U)
= (Tvy,u) \/ (Tvg,u) = (Tvy + Ty, u)
Hence, T'(vy 4+ v9) = Tvy + T'vg for all vy, vy € V. Finally, F is symmetric if

and only if
(Tu,v) = (Tv,u) = (v, T*u) = (T"u,v)

for all u,v € V. This is equivalent to T = T™. O]

An operator T is definite if (T'v,v) = 0 implies that v = 0. An operator
T is complementary if (Tv,v') =0 for allv € V

Lemma 2.7. Let T: V — V be an operator. (i) T is definite if and only
if (Tv,v) = ||v|| for every v € V. (ii) T is complementary if and only if
(Tu,v) = 0 whenever (u,v) = 0.

Proof. (i) It is clear that (T'w,v) = ||v|| implies T is definite. Conversely,

suppose T is definite and (Tw,v) # ||v|| for some v € V. By Schwarz’s
inequality we have that

(T, v) < [Tl {[o]] < [lv]]

Since (T'w,v) < ||v]|, there exists an a € B such that a # 0, (Tv,v) Va = ||v||
and a(Tv,v) = 0. Since T is definite and (7'(av),av) = 0, we conclude
that av = 0. But this contradicts the fact that ||av|| = a||v|| = a # 0. (ii) If
(Tu,v) = 0 whenever (u,v) = 0 then T is complementary because (v, v") = 0.

Conversely, suppose T is complementary and (u,v) = 0. Let {v1,...,v,} be
a basis for V with v = > a;v; and v = > byv;. Then Vab; = (u,v) = 0 so
b; < ai i=1,...,n. Hence, v < u and there exists a w € V such that

v+ w = u'. We then have
(Tu,v)y < (Tu,v) + (Tu,w) = (Tu,u') =0
Thus, (T'u,v) = 0. O



Corollary 2.8. An operator T:V — V is definite and complementary if
and only if T = I the identity operator.

Proof. 1t is clear that I is definite and complementary. Conversely, sup-
pose that T is definite and complementary. Since V' is a Boolean algebra,
for u,v € V there exist mutually disjoint and hence mutually orthogonal
elements uq,v1,v € V such that v = u; + w, v = v; + w. Thus

(Tu,v) = (T'uy,vy) \/ (Tw, vy) \/ (Tuy, w) \/ (Tw,w)

= (Tw,w) = ||w|]| = (w,w) = (u,v)
We conclude that Tu = w for all w € V so that T' = 1. ]

The next result shows that a subset of the conditions listed in Lemma 2.2
characterize the inner product.

Theorem 2.9. A map F:V xV — B coincides with the inner product if
and only if F' is bilinear, definite and complementary.

Proof. Applying Lemma 2.2, the inner product is bilinear, definite and com-
plementary. Conversely, suppose that F': V x V — B is a definite, comple-
mentary bilinear form. By Lemma 2.6, there exists an operator T: V — V
such that F'(u,v) = (Tu,v) for all u,v € V. It follows that T is defi-
nite and complementary. Applying Corollary 2.8, we have T' = I. Hence,

f(u,v) = (u,v). O
We can also characterize the norm on V.

Theorem 2.10. A map f: V — B coincides with the norm if and only if f
is linear and satisfies f(v;) =1,1=1,...,n, for some basis {vy,...,v,}

Proof. Clearly, the norm is linear and satisfies the given condition. Con-
versely, suppose f: V' — B is linear and satisfies the condition. By Lemma
2.5 (i) there exists a v € V such that f(u) = (v,u) for all w € V. We then
have

(v,v) = flv)) =1, 1=1,....m

Hence, v = 1 so that f(u) = (1,u) = ||u|| for all w € V. O

We now give another simple characterization of the norm.



Lemma 2.11. The norm ||v|| is the unique a € B such that v = au for some
u with ||ul| = 1.

Proof. To show that a is unique, we have

a = allul| = [laul| = ||v||
To show that w exists, let {vq,...,v,} be a basis with v = ) a;v;. Define u
by
U=a1v; + -+ ap_1Vp_1 + (an \/ ||v||’) Up,
We then have that ||ul| =1 and v = ||v]|u. O

Although, the vector u in Lemma 2.11 is not unique, it does satisfy v <
u < v+ ||v]|'l and any u satisfying these inequalities will suffice.

3 Subspaces and Projections

In the previous section we saw that all bases of a Boolean vector space have
the same cardinality. We call this cardinality the dimension of the space. If
a Boolean vector space V' has dimension n, we can construct Boolean vector
spaces of any lower dimension inside V. If {vy,...,v,} is a basis for V, let
m < n and define

W =span{vy,...,v,} = {Zaivi: a; GB}

=1

Then W is a Boolean vector space of dimension m with basis {v1,..., v}
This is an example of a subspace of V. We shall later give a general definition
of a subspace of a Boolean vector space and show that they are essentially
of this form.

Theorem 3.1. Let V' be a Boolean vector space with dimV = n. An or-
thonormal set {vy,...,v,} CV is a basis for V if and only if m = n.

Proof. We have already shown that a basis has n elements. Conversely, let
{v1,...,v,} be an orthonormal set in V. By Lemma 2.3, there exists an
isometric, linear bijection ¢: V' — L, (B). It follows that {¢(v1),...,o(v,)}
is an orthonormal set in L,(B) and it is shown in [5] that this set must be a
basis for L, (B). We conclude that {vy,...,v,} is a basis for V. O
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A vector v € V is consistent if there exists a basis {vy,...,v,} for V
such that (v,v;)(v,v;) =0, i # j. A subset of V is consistent if all of its
elements are consistent. It is clear that a basis for V is consistent.

Lemma 3.2. Consistency is an invariant.

Proof. Suppose v is consistent and (v,v;){v,v;) = 0, ¢ # j, for a basis
{v1,...,v.}. If {wy, ..., w,} is another basis we have for ¢ # j that

(v, w;) (v, w;) = <v, Z (wy, Uk>1)k> <U, Z (wj, Ur>vr>

k T

_ \k/ (w;, ) (v, vg) \/ (wj, v} (v, vr)
= Vsl ) )
\/ wi, v (w5, v (v, )
< \/ {ws, o) o, w05)

k

= <Z <wiavk>vkawj> = <wiawj> =0 [

k

Notice that in Lemma 3.2 we have derived the useful Parseval’s iden-
tity. This states that if {vq,...,v,} is a basis for V' then for u,v € V we
have V(u, v;) (v, v) = (u,v).

Theorem 3.3. If {uy,...,uy} is a consistent orthonormal set in a Boolean
vector space V with dim V' = n, thenm < n and {u,...,u,} can be extended
to a basis for V.

Proof. Let ¢: V' — L, (B) be the isometric, linear bijection given by Lemma
2.3. Since ¢(v;) = §;, we have for i # j that

(D(ur); 0:)(D(ur)ds) = (P(ur), p(vi)) (P (ur), ¢(v;))

= <uk>Ul><uk’UJ> 0

11



for k =1,...,m. It follows that {¢(u1),...,¢(uy)} is a consistent orthonor-
mal set in L,,(B). It follows from [5] that m < n and that {¢(uy), ..., d(un)}
can be extended to a basis for L,,(B). We conclude that {uy, ..., u,} can be
extended to a basis for V. O

A subspace of a Boolean vector space V' is a subset of V' of the form
M = span {vy,...,v,} where {v1,...,v,} is a consistent orthonormal set in
V. Then M is a Boolean vector space with the same operations as in V' and
dim M = m. Moreover, {v,...,v,} is a basis for M that can be extended
to a basis for V. By convention, we call {0} a subspace of V with basis ().

Example 1. This example shows that the intersection of two subspaces need
not be a subspace. Let M and N be the following subspaces of Lo(B).

M={b(1,0):be B}, N ={bla,d): be B}

where a # 0,1. Now (a,0) = a(a,a’) so (a,0) € MNN and hence, MNN #
{0} The elements of M NN have the form b(a,a’) where b < a so

MNON ={(b,0): b<a}
Hence, M NN contains no unit vectors so M NN is not a subspace.

For a subset M C V we define
Mt={veV:(vu)=0 foralluec M}

Example 2. This example shows that M= need not be a subspace. In Ly(B)
let M ={(a,a)} where a # 0,1. Then (c,d) € ML if and only if c,d < d'.
But then cVd < a' <1 so M* contains no unit vectors. Hence, M+ is not
a subspace.

If M, N are subspaces of V we write M L N if (u,v) = 0 for every
u€ M, veN. Of course, M L N implies M NN = {0}. It is not know
whether the converse holds.

We denote the set of subspaces of V' by S(V') and endow S(V') with the
set-inclusion partial order C. We denote the greatest lower bound and least
upper bound in (S(V),C) by M AN and M V N respectively, when they
exist.

12



Example 3. The example shows that M AN need not exist. Let M, N be
the following subspaces of L3(B):

M ={¢(1,0,0) + d(0,1,0) = (¢,d,0): ¢,d € B}
N ={c(a,d',0)+d(d’,0,a): ¢,d € B}

where a # 0,1. Define the subspace

M ={c(1,0,0) = (¢,0,0): c € B}
N1 ={c(a,d',0): c € B}

Now it is clear that Ny C M, N and M, C M. Moreover, since
a(a,a’,0) +d'(a',0,a) = (1,0,0)

we see that My C N. Since dim(M;) = dim(N;) = 1 and dim(M) =
dim(N') = 2 there are no elements of S(V') strictly between them. Since My
and N1 are incomparable, M AN does not exist.

Let M be a subspace of V' with basis {vy,...,v,}. Extend this basis of
M to a basis {vy,...,v,} of V. It is then clear that M+ € S(V) and M+ =
span {vm1,...,vs}. Let (S,<,0,1) be a partially ordered set where 0 < a
foralla € S and +: S — S. We say that * is an orthocomplementation
on S if att = a for all @ € S, a < b implies b+ < a' and a A at =
0 for all @ € S. We call (S,<,0,1) an orthomodular poset if + is an
orthocomplementation, a V b exists whenever ¢ < b and a < b implies
b=aV (bAd). An element b € S is an atom if b # 0 and a < b implies
a=0ora=>b Wesay that (S,<,0,1) is atomistic if for every a € S we
have

a= \/{b: b < a,ban atom}

Notice that the atoms in S(V') are the one-dimensional subspaces in S(V).

Theorem 3.4. The system (S(V),C,{0},*) forms an atomistic orthomod-
ular poset.

Proof. 1t is clear that M C N implies N+ C M+, M = M*++ and M A
ML ={0}. Now suppose M C Nt. Let {uy,...,u,} be a basis for M and
{vi...,v,} be a basis for . Then

S T TR R
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is a consistent orthonormal set and it follows that
R = span{u, ..., Un,v1,..., 0} € S(V)

Clearly, M, N C R. Suppose P € S(V) with M, N C P. Then {uy,...,un}
=P and {vy,...,v,} € P. Hence, R C P so R = MV N. Next, suppose
that M C N. Then M C N+t = (N1)+ so M VN2 exists. It follows that
NAME = (NEV M)+ exists. Since M C MVNE = (NAM) we have
that MV (N AM?) exists and MV (N AM*) C N. To prove the reverse in-
clusion, let {u1, ..., u;,} be abasis for M. Since M C N and NV is a Boolean
vector space we can extend this basis to a basis {uy, ..., Um, Ums1,- .-, Un}
for M. We now show that {w,,41...,u,} is a basis for ' A M*. Since
{1y s tny SN AME span{umyt, ..., u b €N A ML Conversely, if
v €N A M+ then

n

n
v = Z (v, u;)u; = Z (v, uiyu; € span {1, ..., Uy}
i=1

i=m-+1

Hence, {tp41,...,U,} is a basis for N'A ML, Applying our previous work
in this proof we conclude that

MV (N AM*Y) =span{uy,...,u,} =N
To show that S(V) is atomistic, let M € S(V). Let {v1...,v,} be a

basis for M and let vy,...,v,, be the one-dimensional subspaces gener-
ated by vy,...,v,,, respectively. Then vy,...,v,, are atoms with v; C M,

i=1,....m N e SV)withv, CN,i=1,...,m, then M C N.
Hence, M = V*,v;. Now suppose that R € S(V) and P C R for every
atom P € §(V) with P C M. Thenv; CR,i=1,...,m, so that M CR.
Hence,

M=\{PeSV):PCM, P anatom} O

Example 4. If M|N € S(V) and M NN € S(V)W, then clearly M N
N = M AN. The converse does not hold. That is, if M AN exists, then
MNN need not be a subspace. In Example 1, M NN is not a subspace but
MAN ={0}.

Example 5. This example shows that the distributive law does not hold in
S(V) even when \V and A exist. Let M, N, P be the following subspaces in

M =1{b(1,0): b€ B}, N={b0,1):beB}, P={bad):beB}
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where a #0,1. Then MAP =N AP ={0} and MV N =S8(V). Hence,
PAMVN)=PA{0}=PAM)V(PAN)

For v € V we define the dual vector v* to be the linear functional
v*: V. — B given by v*(u) = (v,u). For u,v € V we define the outer-
product uv* to be the operator uv*: V. — V given by uv*(w) = (v, w)u.
Let M be a subspace of V' with basis {vy, ..., v,}. We define the projection
onto M to be the operator Py: V' — V given by Py = Y i*, v;vf. Thus

Py(u) = (v, u)y; for all w € V. Of course, the range of Py is M and it
is easy to show that Py = P§, = P%,. The next lemma shows that Py, is
an invariant.

Lemma 3.5. The projection Py, is independent of the basis of M.

Proof. Let {vy,...,v,} and {wy,...,v,} be bases for M.Then by Parseval’s
identity we have

Py(u) = Z (v, uyv; = Z <Z (v, wi)wy, u> Z (v, Wy Ywg

% J k

= \/ \/ (v, wi)(wj, ) Z (v5, W Ywy,
=DV V Gy, vi)wr, wed ey, weoy

= Z \/ <wj7 wk><wj7 u>wk = Z <wk, u>wk O]

An operator T': V' — V is diagonal if (T'v;,v;) =0,i# j,4,j=1,....n,
for some basis {vy, ..., v,} for V. We now have the following surprising result.

Lemma 3.6. Diagonality is an invariant.

Proof. Let {vy,...,v,} and {wy,...,v,} be bases for V' and suppose that
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(Tw;,v;) =0 for i # j. By Parseval’s identity we have for ¢ # j that

(Twi, w;) = <TZ (wi, vk)vi, Y (wy, UT>U7“>

<wi7 Uk> <’LU]-, UT> <T7}k> UT)

<

r

-

(wi, vi) (Vg i) (Tog, vg)

[
=<

< \/ (wi, vg) (vg, w;) = (w;, w;) =0 u

=<

Corollary 3.7. Every projection is diagonal.

Proof. Let {vy,...,v,,} be a basis for the subspace M. Then for i # j we

have
(Ppmus, v;) = <Z (U, Vi) Uk, an> = \/ (vi, vie) (O v5)

k k
= <UZ',U]'> = 0 D

Example 6. We have seen that a projection P satisfies P = P* = P2

However, these conditions are not sufficient for P to be a projection. For
instance, on Ly(B) let P be the matriz

1 a
a 1

where a # 0. Then P = P* = P? but P is not a projection because P is not
diagonal.

P=

Lemma 3.8. (i) IfT is diagonal, then T = T*. (ii) If S and T are diagonal
operators on 'V then ST =TS.

Proof. (i) Suppose T': V' — V is diagonal and {vy,...,v,} is a basis for V.
Then for ¢ # j we have

<T*Ui,1}j> = <Ui,TUj> =0
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Hence, for ¢ # j we have (T*v;,v;) = (T'v;, v;). Moreover,
<T*Ui,U7;> = <’U7;,T’UZ'> = <TUi,Ui>

We conclude that T*v; = Tv; for i = 1,...,n, so that T* = T. (ii) For a
basis {vy,...,v,} of V we have

(STv;,v5) = (Tv;, Svj) = \/ (Tv;, vg) (g, Sv;)
k
== <SUj,Uj><TUi,Ui>(5i'

By symmetry we have
<TS’UZ‘, Uj> = <T’Uj, Uj><SUZ', Uz>(51
Hence, (STv;,v;) = (T'Sv;,v;) for all 4, j, so that ST =T'S. ]

We denote the set of projections on V' by P(V). Since there is a one-to-
one correspondence between subspaces and projections, we can transfer the
order and + on S(V) to P(V). We thus define Pyy < Py if M C N and
define Py, = Py. In this way P(V) becomes an atomistic, orthomodular
poset.

Lemma 3.9. On P(V) we have that P < Q if and only if PQQ = P. More-
over, P+ is the unique projection satisfying PP+ =0 and P+ P+ =1,

Proof. Let P = Py and Q = Py for MN € S(V). If Pyy < Py then
M CN. If v € M then Py Pyv = Pyv. If v € M+ then

PMPN’U:PNPMU:O:PMU

Hence, PyPy = Pp. Conversely, suppose that Py Py = Py I {vy, ..., 05}
is a basis for M then

PNUiIPNPMUi:PMUi:Ui

Hence, v; € N, 7 =1,...,n, and we conclude that M C N. Thus, Py < Py.
For the second statement, again let P = P, It is clear that PMPALA =

PuyPy = 0 and Py + Py = I. For uniqueness, suppose Py satisfies,
PyPy=0and Py + Py =1. If v € N then

P = PyPyv =0

17



which implies that v € M*. Hence, N C M*. If v € M+ then
v=Puyv+ Pyv=PyveN
Hence, M+ C N so that N' = M. Therefore, Py = Py = Py O

Corollary 3.10. For P,Q € P(V) if PQ € P(V) then P N Q exists and
PQ=PAQ.

Proof. Since P(PQ) = PQ and Q(PQ) = Q(QP) = PQ we have PQ <
P,Q. f ReP(V)and R < P,Q then R(PQ) = RQ = R. Hence, R < PQ
so that PQ = P A Q. O]

It is not known whether the converse holds. That is, if P A Q) exists then
PQ € P(V) is unknown.

4 States and Diagonality

An eigenvector for an operator T is a unit vector v such that Tv = av for
some a € B. We then call a an eigenvalue corresponding to v and we
call (a,v) an eigenpair for 7. In general, av = bv for v # 0 does not imply
a = b. However, if ||v]| = 1, then av = bv implies

a = allv|| = [lav]| = [bv]| = b

Hence, if (a,v) and (b,v) are eigenpairs then a = b. Thus, the eigenvalue
corresponding to an eigenvector is unique.

Theorem 4.1. The following statements are equivalent. (i) T is diagonal
in V. (i) Any basis for V consists of eigenvectors of T'. (iii) Any consistent
unit vector is an eigenvector of T. (iv) There is a basis for V consisting of
eigenvectors of T.

Proof. (i)=(ii) Let T be diagonal and suppose {v1,...,v,} is a basis for V.
Letting a; = (T'v;, v;) we have for ¢ # j that

<TU¢, Uj> =0= <CLZ"UZ‘, Uj)

Moreover, (Tv;,v;) = (a;v;,v;). Hence, Tv; = a;v; so {vy,...,v,} consists
of eigenvectors of T'. (ii)=-(iii) Since any consistent unit vector can be ex-
tended to a basis for V, (iii) follows from Statement (ii). (iii)=(iv) Since
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the elements of any basis are consistent (iv) follows from Statement (iii).
(iv)=-(i) Let {v1,...,v,} be a basis of eigenvectors of 7" and suppose Tv; =
a;v;, 1 =1,...,n. For i # j, we have

(Tv;,v;) = (a;v;,vj) = a;(v;,v5) =0
Hence, T' is diagonal. O]

Example 7. Figenvectors corresponding to distinct eigenvalues of a diagonal
operator need not be orthogonal. In Ly(B), let vy = (a,d’), ve = (', a) where
a # 0,1. Let by # by € B and let ¢y = bia + bed', co = bid’ + bea. The
operator T" given by the matriz

has many eigenpairs including (c1,d1), (c2,02), (b1, v1), (ba,ve). In general

b1 7é C1 but <U1,51> =a 7& 0.

Lemma 4.2. If T is a diagonal operator on V with eigenpair (a,v), then
there exists a consistent unit vector u such that u < v and (a,u) is an eigen-
paT.

Proof. Let {vq,...,v,} be a basis for V' and suppose v Zb v;. Define
c €B,i=1,...,n, by c =by, co=0bbl,...;c, =b,l- . It is easy

to check that u = ) ¢;v; is a consistent unit vector and clearly U § v. Since
Tv = av we have that

Zabivi:av:ZbiTvl Zb Z (Tv;, v;)v; Zb T, v;)v

Hence, ab; = (Tv;, v;)b;, i = 1,...,n. Therefore,
(T, vi)e; = (Twg, v)biby -+ bi_; = abbl -+ b,_; = ac
We conclude that

Tu:E c;Tv; = E ci{Tv;, v;)v; ag CU; = au

Hence, (a,u) is an eigenpair. ]
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Theorem 4.3. If T is a diagonal operator on V', then a is an eigenvalue of
T if and only if a = (Tv,v) for some consistent unit vector v.

Proof. 1f a is an eigenvalue for T" then Tu = au for some unit vector u. By
Lemma 4.2, there is a consistent unit vector v such that Tv = av. Hence,

(Tv,v) = (av,v) = a(v,v) = a

Conversely, suppose a = (T'vy, v1) for some consistent unit vector v;. We can
extend vy to a basis {vq, vy, ...,v,} for V. Then

Tv, = Z (T, vi)v; = (T, v1)v = avy
Hence, a is an eigenvalue of T O

Example 8. Let T' be the operator on Ly(B) given by the matriz
10
00

Then for any a € B we have T(a,ad") = (a,0) = a(a,a’). Hence, every a € B
s an eigenvalue of T.

T =

We denote the set of operators on the Boolean vector space V by O(V).
A state on O(V) ismap s: O(V) — [0, 1] C R that satisfies

(1) s(I) =1 (unital)
(2) if ST*=0o0r S*T" =0, then s(S+7T) = s(S) + s(T") (additive)

(3) if w and v are orthogonal, consistent unit vectors, then s(uv*) =
0 (diagonal)

(4) s[T(uw*)] < s(uv*) forallT € O(V), u,veV. (outer bounded)

We denote the set of states on O(V) by @(V) Notice that @(V) is convex.
That is, if \; e Rwith A; >0, > A, =1lands; € O(V),i=1,...,n, then
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Example 9. Let o be a finitely additive probability measure on B and let
wy be a consistent unit vector in V. Then s(T) = u ({(Twy,w)) is a state
on O(V). Indeed, s clearly satisfies Conditions (1) and (2). To verify (3),
let w and v be orthogonal, consistent unit vectors. FExtending w, to a basis
{wy,...,w,} for V we have

(uv(wr), wi) = ((v, wi)u, wr) = (v, wi) (w1, u)
< \/ (v, wi) (wi, u) = (v,u) =0
Hence, s(uv*) = 0. To verify (4) we have by Schwarz’s equality that
s [T'(wv”)] = (T'(uwv")wy, wr) = (o™ (wi), T wy)

< fluv*(wi)|| = (wv*(wr), vu*(wr))
= ((v, wy)u, (u, w)v) = (v, wy){u, w)(u,v)
< (v, wi){u,wr) = (v, wy)u, wy) = (wv*(wy), w)

= s(uv™)

A state s is extremal if s = As; + (1 — \)sy for A € (0,1), s1, 55 € O(V),
then s; = s9. A state is pure if there is a one-dimensional projection vv* such
that s(vv*) = 1. Notice by Condition (2) that s(T) = s(04+7) = s(0) +s(7T)
so s(0) = 0 for any state s.

Lemma 4.4. Extremal states are pure.

Proof. Suppose s: O(V) is a state that is not pure. Since I is a projection
with s(I) = 1 there exists P € P(V) such that dim(P) > 1, s(P) =1
and s(Q) # 1 for any Q € P(V) with Q < P. Let {v1,...,v,} be a basis
for V' where {vy,...,v,} is a basis for P and let P, = v;v}. We then have
that P = Y " P,. Since PP; = PP; = 0 for i # j, we have that 1 =
s(P)=>"",s(P;) and s(P;),s(P;) # 0 for at least two indices 7, j. We can
assume without loss of generality that s(F;) # 0 for i = 1,...,r where r > 2.
Now s;: O(V) — [0,1] defined by s;(T) = s(TP)/s(P;), i = 1,...,ris a
state. Indeed, Condition (1) clearly holds. To verify Condition (2), suppose
ST* = 0. Then (SP,)(TF,)* = SP,T* and for any u,v € V we have

(SPT u,v) = (S(T"u,v;)v;, v) = (T"u,v;)(Sv;, v)
= (T"u, v;){v;, S™v) < \/ (T*u, v;)(v;, S*v)

= (T"u, S*v) = (ST u,v) =0
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Hence,

1 1 1
PLTP) =
s(P;) s(5P; i) S

= 5,(5) + 5,(T)

si(S+T) =

To verify Condition (3), let u and v be orthogonal, consistent unit vectors.
Since
(uw* P)(uwv* P;)* = wv* P, Pjuu* = 0

for ¢ # j we have

n

s(uv*Py) = s <uv* Z B-) = s(uv*) =0

i=1

Hence,

To verify Condition (4), we have
w* Py = (wv™)(vv]) = (v, v)uv!

Letting u; = (v, v;)u we have that uv*P; = ujv;. Hence,

o= s|T(uwv*)P| = 1 s|T(uvf
< ! s(ugv*) = ! s(uv* P;) = s;(uv®)

s(F) s(F)

Finally, Condition (4) gives s(T'P;) < s(F;) so s;(T) < 1. We conclude that
s; is a state, 1 = 1,...,r. Since

(TP)(TP,)" = TPPT* =0

for i # j, we have

n

s(T) =s (Z TR) =Y s(TP)

=1
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By Condition (4) we have s(T'P;) < s(P;)) =0,i=71+1,...,n. Hence,

T T

s(T) =Y s(TR) =7 s(P)si(T)

i=1 i=1

We conclude that

r

s:Zs(P s

where >, s(P;) = 1. Since s;(P;) = 1 and s;(P;) = 0 for ¢ # j, we have

that the s; are different, ¢ = 1,...,r. Hence, s is not extremal. O

Theorem 4.5. Ifs: O(V) — [0, 1] is an extremal state, there exists a unique
finitely additive probability measure p on B and a consistent unit vector vy €
V' such that s(T') = p ((Tvy,v1)).

Proof. Define p: B — [0,1] by p(a) = s(al). Then pu(1) = s(I) = 1 and
ab = 0 implies
(al)(bI)" =abl =0

so that
plavb)=s((aVvb))=s(al +bl)=s(al)+ s(bl) = u(a) + wu(b)

Hence, p is a countably additive probability measure on B. By Lemma 4.4,
s is a pure state so s(v1v]) = 1 for some consistent unit vector v;. Extend v;
to a basis {vy,...,v,} for V. Since (v;v])(v107) = 0 for i # 1 we have

1 = s(vv] + v107) = s(vv]) + s(v1v]) = s(vv)) + 1
Hence, s(v;vf) = 0 for i # 1. Moreover, since s is diagonal we have that
s(vwy) = 0 for all i # j. By Condition (4) we have that s(aviv}) =

s(alvvf) < s(vvy) = 0 for i # 1 and similarly s(aviv;) = 0 for @ # j
and all a € B. We conclude that for any a € B we have

s(avivy) = p (<aviv;‘vl,vl>)

whenever ¢ and j are not both 1. Moreover, for any a € B we have

s(avvy) = (GZ% ) = s(al) = p(a) = p ({avrvivy, v1))
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For T'€ O(V) it is well-known that we can write T' = ) t;;u;07, ti; € B. By
additivity we have
s(T)=s <Z tij”z‘v}() = s(tnvivy) = p ((trvivyvr, vr))
= 1 ((Twy, 01)

For uniqueness we have for all a € B that

pla) = p({alvy, v1)) = s(al) O
Corollary 4.6. A state is pure if and only if it is extremal.

Proof. By Lemma 4.4 extremal states are pure. Conversely, suppose
s: O(V) — [0,1] is pure. Then there exists a consistent unit vector v € V
such that s(vv*) = 1. To show that s is extremal, assume that s = As; +
(1 — X)sg where 0 < A < 1 and s;, so are states. Then

As1(vv*) + (1 = N)sg(vv*) = s(vv*) =1

Hence, s1(vv*) = sqo(vv*) = 1. By Theorem 4.5, there exists a probability
measure g on B such that

51(T) = 52(T) = p((Tw, v)) = s(T)
for every T'€ O(V'). Hence, s; = s2 = s 0 s is extremal. O

The next result shows that every state is a finite convex combination of
extremal (pure) states.

Corollary 4.7. If s is a state on O(V') with dim(V') = n, then there exists
a consistent orthonormal set {vy,..., v}, m <n, inV, \; € R with \y > 0,
Yo A = 1 and finitely additive probability measure p; on B, i = 1,...,m
such that

s(T) = Z Aipti ((Tvi, v3))
for allT € O(V).

Proof. Let {vy,...,v,} be a basis for V. Without loss of generality, we can
assume that s(v;vy) # 0fori=1,...,m and s(v;07) = 0for j =m+1,...,n.
As in the proof of Lemma 4.4, the maps s;: O(V) — [0, 1] given by s;(T) =
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s[T(vvl)] /s(vivf), i = 1,...,m are pure states on O(V'). Moreover, as in
the proof of Lemma 4.4, we have

m

s(T) =Y [T(ww))] = s(v)si(T)

i=1 =1

where s(v;vf) > 0 and ) s(v;vf) = 1. By Theorem 4.5, there exist finitely
additive probability measures p; on B such that s;(7) = p; ((Tv;,v;)), @ =
1,...,m. Letting \; = s(v;v}), i = 1,..., m, completes the proof. O

Denoting the set of diagonal operators on V' by D(V') the theory of states
on D(V) is much simpler. We define a state on D(V') to be a functional
s: D(V) — [0,00) such that s(I) =1 and s(S+T') = s(S) + s(T) whenever
ST = 0. For any D € D(V) there exists a unique D' € D(V) such that
DD' =0 and D+ D' = I. Hence,

1=s(I)=s(D+ D" =s(D)+s(D)

so that s(D) < 1. We conclude that s: D(V') — [0, 1] for any state on D(V').
We define pure and extremal states on D(V') as before. A simplified version
of the proof of Lemma 4.4 shows that extremal states on D(V) are pure.
Moreover, the proof of Theorem 4.5 carries over to show that an extremal
state s on D(V') has the form

s(D) = p ((Dv, v))

as before. Also, Corollaries 4.6 and 4.7 hold for states on D(V'). Finally, any
state on D(V') has a unique extension to a state on O(V).

5 Tensor Products and Direct Sums

Let V1, V5 be Boolean vector spaces over B. For v; € Vi, vy € V5 define
vy ®ug: Vi X Vo — B by

U1 ® Vgt (U, ug) = (v, ug) (Va, Ug)

Then v; ® vy is a bilinear form. If F,G: V; x Vo — B are bilinear forms, we
define the bilinear form F'+ G: V; x V5 — B by

(F + G)(uy,uz) = F(ur,uz) V G(uy, up)
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and the bilinear form aF': V; x Vo — B a € B, by
(aF)(uy,uz) = aF (uy,us)
We now define the tensor product V; ® V5 by

Viel,

= {ZZOJU'M@UJ‘ICLUEB,UZ'GM,U]‘G‘/g,’izl,...,r,jzl,...,S}

i=1 j=1
It is clear that

a(vy ® v2) = (av1) ® vy = v1 ® (avs)
(01 +w1) @ V2 =11 @V + Wy @ vy
V1 @ (V2 + w2) = v @ Vg + V1 ® Wy

Theorem 5.1. V; ® V5 is a Boolean vector space.

Proof. The first five axioms for a Boolean vector space are clear. To show
that V; ® V, has a basis, let {z1,...,x,} be a basis for V} and {ui,...,y,}
a basis for V. It is clear that z; ® y;, ¢ = 1,...,m, 7 = 1,...,n, generates
Vi ® V5. To show uniqueness, suppose

Z Q55 X Y; = Z sza:z & Yj
i,j 0,
We then have
trs = Y asi(wi, @) (g, ys) = Y aya; @ y;(an, ys)
12

= Zb”xz ®y] :L‘mys Zbu Iza'rr y]ays> = brs L

7]

The theory of the tensor product of a finite number of Boolean vector
spaces carries over in a straightforward way and we shall mainly concentrate
on two Boolean vector spaces. Let U,V,W be Boolean vector spaces. A
bimorphism ¢: U x V' — W satisfies ¢(u1 + uz,v) = ¢(ug,v) + ¢(ug,v),
d(u, vy + v9) = d(u,v1) + ¢(u,ve) and ¢(au,v) = ¢(u,av) = ap(u,v) for all
a€bB.

26



Theorem 5.2. (Universality) There exists a bimorphism 7: Vi x Vo — Vi ®
Vo such that any element F € Vi @ Vo has the form F = Y a;7(v;,u;)
and if ¢: Vi x Vo — W is a bimorphism there exists a unique linear map
V: Vi @ Vo — W such that ¢ = oT.

Proof. Define 7(vy,v9) = v; ® va. Then 7 is clearly a bimorphism and any
F e V] ® V5 has the form

F = E a;jV; @ vj = E a;;T(v1, u;j)

Let ¢: Vi x Vo — W be a bimorphism. Let {x1,...,z,,} be a basis for V; and
{wi,...,u,} be abasis for V5. Define ¢: Vi@V — W by ¥(x;Qy;) = é(x;, y;)
and extend by linearity. Then ¢ is linear and

Yo 7(vy,vs) <Za a:z®2bjy]) = (Zaibj:m@yj)
= Zaﬁﬂﬁ l‘,‘ X yj) = Zaibjgb(xiv yj)

=1 (Za xl,Zb]y]> = ¢(vy, vs)

Hence, ¢ = ¢ o 7. To show that v is unique, suppose ¥;: Vi @ Vo — W is
linear and ¢ = ¢ o 7. Then

P1(zi @ y;) = 1 o (i, y5) = d(xi, y5) = (2 @ y;5)
Since z; @ y;, i =1,...,m, j=1,...,n,is a basis for V1 @ Vo, ¢, =¢. O

Example 10. We show that L,,(B) ® L,(B) ~ Ly, (B). Let {uy,..., Uy}
be a basis for Ly, (B) and {vi,...v,} be a basis for L,(B). We write u; =
(1iy -y mi), © = 1,....m, and v; = (byj,...,byj), 7 = 1,...,n. Define
¢: L(B) @ L,(B) — Lmn(B) by

¢(Uz ® Uj) = (aliblja ooy Q1ibng, agibij, o agibng, - Qb 7amibnj)
fori=1,....m, j=1,...,n, and extend by linearity. Since {uy,..., un}
and {vy,...,v,} are consistent orthonormal sets, it is straightforward to show

that A ={¢(w; ®v;):i=1,...,m,j=1,...,n} is a consistent orthonormal
set in Ly, (B). Since A has cardinality m,n, it follows that A is a basis for
Ln(B). Hence, ¢ is an isomorphism.
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Example 11. If uy,us € U, vi,v9 € V we show that
(U1 @ v1,ug @ Vo) = (U1, u2){(v1,v2)

Let {x1,...,xyn} be a basis for U and {y1,...,yn} be a basis for V. Letting
Uy =Y, @, v =y, by;, us =Y ¢y, Vg = Y dsys we have

<U1 &® V1, U2 & ’U2> = <Z a;T; K ijyj, ZCTZ’T X stys>

— \/ aibjcrds<mi ® y]7 Ly ® y5>

7:7‘7‘77‘78

= \/ CLibjCidj = \/ a;C; \/ bjdn
1,

= (u1, ug) (v1, va)

Let V and W be Boolean vector spaces over B. Define Vg W = (V x
W, +,-) where

(v1,w1) + (v2, we) = (V1 + Vo, W1 + Wo)
a-(v,w)=(av,aw), a€B
We call V & W the direct sum of V' and W.
Theorem 5.3. V& W s a Boolean vector space.

Proof. 1t is clear that V@ W satisfies the first five axioms for a Boolean vector
space. To show that V @ W has a basis, let {z1,...,z,,} and {y1,...,y.} be
bases for V' and W, respectively. Then

{(4,0),(0,y;):i=1,...,m,j=1,...,n}
is a basis for V@ W. Indeed, if v = ) a;x; and w = > b,y;, then

(v, w) = <Z aixi’ijyj> = <Z aixi,()) + <O,ijyj>
=Y ai(wi,0)+ Y b;(0,y;)
To show uniqueness, suppose (v, w) =Y ¢;(z;,0) + > d;(0,y;). Then
(Z a;Ti, Z bﬂ/j) = (Z Ciis Z dﬂ'yﬂ')

so that > a;x; = Y cz; and Y bjy; = > djy;. It follows that a; = ¢; and
bj=djfori=1,...,m,j=1,...,n. O]
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Notice that ((v1,w1), (v, we)) = (v1,v9) + (w1, wz). The maps ¢y : V —
VaeW and ¢w: W — V @& W given by ¢y (v) = (v,0) and ¢w(w) = (0, w)
are isometries and ¢y (V'), ¢y (W) are orthogonal subspaces of V & W.

Let V;, i =1,2,..., be Boolean vector spaces. We define

‘/’1@‘/'2@20/1)(‘/2)(’4_7)

where (v1, v, ...) + (wy,ws,...) = (v1 +wy,va +we,...) and ¢ (vy,ve,...) =
(cvy,cvg,...). Now V3 @ V4 @ - - - satisfies the first five axioms for a Boolean
vector space but we don’t have a finite basis. However, we have a countable
basis in the following sense. Let {Uf } be a basis for V;. Then

{(},0,...),(0,07,0,...),---}
forms a basis for V; @ V5, @ - - - in the sense that
(/IUl,UJQ,...) = (wl,O,...)—l—(O,wg,O,...)—{—---
:Zc}(v},O,...)+Zcf(0,vf,0,...)—|—---

where the coefficients are unique.
If V' is a Boolean vector space, we define the Fock space

FV)=BaoVa(VeV)e(VeVeV)a.--

Let {vy,...,v,} be a basis for V. The subspace of V' ® V' generated by the
consistent orthonormal set

{U,L'@Ui,'l}i@?)j—f—?)j@?}iii,jzl,...,n}

is called the symmetric subspace of V ® V' and is denoted by V©®V. In a
similar way, we have symmetric subspaces of V@V @V, VRVV RV, .. ..
the symmetric Fock space is

Fs(V)=BaVae(VEV)e (VEVEV)®---

We leave the study of these Fock spaces to a later paper.
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