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Abstract

A transition effect matrix (TEM) is a quantum generalization of a
classical stochastic matrix. By employing a TEM we obtain a quan-
tum generalization of a classical Markov chain. We first discuss state
and operator dynamics for a quantum Markov chain. We then con-
sider various types of TEMs and vector states. In particular, we study
invariant, equilibrium and singular vector states and investigate pro-
jective, bistochastic, invertible and unitary TEMs.

1 Introduction

This article is dedicated to Pekka Lahti on the occasion of his sixtieth birth-
day. Lahti is an important pioneer in the field of foundations of quantum
mechanics. His main speciality is quantum measurement theory [5, 6, 7, 9,
10, 24, 25, 26, 27, 30, 31]. The simplest general type of quantum measure-
ment is a two-valued (yes-no or 1-0) quantum measurement called an effect
[5, 8, 11, 20, 21, 29, 32]. An effect is represented by a bounded operator A
on a Hilbert space H satisfying 0 < A < I. The effect A corresponds to
the measurement outcome 1 and it’s complement A’ = I — A corresponds to
the measurement outcome 0. In general, this measurement may be impre-
cise (unsharp, fuzzy). If the measurement is precise (sharp) then the effect



corresponds to a projection operator on H. We thus call projection opera-
tors sharp effects. This is consistent with the fact that effects can have a
spectrum of any closed subset of [0, 1] while the spectrum of a projection is
contained in the two element set {0,1}. Thus, a general effect is analogous
to a fuzzy set while a projection is analogous to a set.

Of course, measurements may have more than two values. A general
measurement is represented by a normalized positive operator-valued mea-
sure (POVM) on H and these objects have been extensively studied by Lahti
and many others [5, 8, 20, 21, 29, 32]. The special case of a sharp measure-
ment is represented by a projection-valued measure (PVM) on H. In the
present work we shall only consider discrete measurements. Such measure-
ments are represented by a finite or infinite sequence (Aj, As,...) of effects
such that )  A; = I where in the infinite case, convergence is in the strong
operator topology. The effect A; corresponds to the measurement resulting
in the i-th outcome. If the quantum system is initially in the state p, where p
is a density operator on H, and the measurement is performed but the result
is not observed (registered) then we shall assume that the post-measurement
state is given by the generalized Liiders formula [16, 19]

L(p) =Y ApA”

Moreover, if the i-th outcome is observed, then the post-measurement state
of the system becomes

AP pAY [t (pAy)

if tr(pA;) # 0. We interpret ‘43/2,014141/2 as the partial (unnormalized) state p
conditioned on the occurrence of the outcome i. A standard axiom of quan-
tum mechanics says that the probability that the ¢-th outcome is observed
in the state p is given by

Py(A;) = tr(pA;)

In this article it is useful to extend our notation from states, which are
special cases of effects, to arbitrary effects. We define the sequential prod-
uct of two effects A and B by Ao B = AY2BA'Y2. 1t is easy to check that
Ao B is again an effect and we interpret A o B to be the effect obtained by
first performing measurement A and then performing measurement B. There
is considerable literature on sequential products [14, 15, 16, 18, 19] and there
are physically motivated reasons for this being the correct definition.

One of the purposes of this article is to show how (discrete) measurements
can be employed to construct transition effect matrices and quantum Markov



chains. A stochastic matrix is a square matrix M = [p;;] where 0 < p;; <1
and ). p;; = 1 for every j. Thus, each column of M is a discrete probability
distribution. If (A, A, ..., A,) is a probability distribution, it is easy to check
that

MM, A, )t (1.1)

is again a probability distribution where [A;, Ao, ..., A\,]T is the column vec-
tor obtained by transposing the row vector [Ay, Ag, ..., A]. I (A1, Ag, o) Ay)
is the initial distribution for a classical Markov chain, then (1.1) is the dis-
tribution of the chain at one time step. We now generalize these concepts
to the quantum mechanical realm. Quantum Markov chains and the closely
related concepts of quantum Markov processes and quantum random walks
have been studied for many years [1, 2, 3, 12, 13, 22, 28]. More recently, there
have been applications of quantum random walks to quantum computation
and information theory [22, 23, 33]. We shall present a different approach
which we believe is closer to the classical Markov chains and is easier to
visualize than some of the other approaches.

A natural quantum generalization of a stochastic matrix is a transition
effect matrix (TEM). Specifically, a TEM is a matrix A = [A;;] where A;;
are effects satisfying >, A;; = I for every j. Thus, A is a matrix of ef-
fects for which each column is a discrete POVM or measurement. This is a
generalization because if [p;;] is a stochastic matrix then [p;;/] is a TEM. A
quantum Markov chain is a pair (G, A;) where G is a directed graph and
A = [Afj], k=1,2,...,is a TEM whose entry Afj labels the edge from ver-
tex j to vertex ¢ (if there is no edge from vertex j to vertex i, then Afj =0).
We think of the vertices of G as sites that a quantum system can occupy and
Af; is the effect (or quantum event) that the system undergoes a transition
from site j to site ¢ during the discrete time step from time k£ — 1 to time k.
For example, the sites may be points of location for a quantum particle or
possible configurations of a quantum computer. In the former case, Afj may
be the dynamical operators for the particle and in the latter case, Afj may be
given by a program instructing the quantum computer to evolve from config-
uration j to configuration ¢ during the k-th time step. If the system occupies

site j at time k — 1, then it must evolve to site ¢ = 1,2, ... in one time step.
Hence, ). Afj = [ which justifies Ay being a TEM. We may think of the
J-th column Afj, i=1,2,..., as a measurement of the j-th site to determine

where the system will evolve from this site during the k-th time step.
The chain (G, Ay) is initially described by a vector state S=(51,Ss,...)



where S; are positive trace class operators such that > tr(S;) = 1. We call
the entries S; of S partial states. Then tr(S;) is the probability that the
system is initially at site . We use the notation

tr(S) = (tr(Sy), tr(Ss),...)

so tr(S) is the initial distribution for the chain. The expression Aj; o S; can
be interpreted as the partial state for the system occupying site 7 at the first
time step conditioned on it being in the partial state Sj at site j initially. It
follows that Zj Ailj 0.S; is the partial state that the system occupies site ¢ at
the first time step. This motivates our definition that

AioS=[AL]0[S1,8s,...]" =[U,Us,...]"

where U; = 3 Aj; 0 Sj. Of course, this is a generalization of matrix multi-
plication. We shall later show that A;(S) = A; o S is again a vector state.

If the initial vector state in S, then A;(S) is the vector state for the
system and tr [4;(S)] is the distribution at one time step. Continuing this
process

Ay (S) = Ago (Ap—10 (-~ Ay 05)) (1.2)

is the vector state for the system and tr [A(k)(S )] is the distribution at the
k-th time step. We call A the state dynamics for the system. As we shall
see, there is a dual dynamics called the operator dynamics. Although these
two types of dynamics do not coincide, we shall show they are statistically
equivalent. We say that the chain (G, Ax) is homogeneous (stationary) if
A=A, k=1,2,....In this case the one step transitions are time indepen-
dent and the dynamics is given by iterations

Awy(S) =Ao(Ao(---A0S))

of the single TEM A. Most of the results of this paper involve homogeneous
chains which we denote by (G, A).

Besides quantum Markov chains, this article considers various types of
vector states and TEMs. We shall study invariant, equilibrium and singular
vector states. We also investigate projective, bistochastic, invertible and
unitary TEMs. This work is a continuation of the author’s investigations in
[17].



2 Vector States and TEMs

Let H be a complex Hilbert space and let B(H) be the set of bounded linear
operators on H. We denote the set of positive operators on H by Bt (H) and
the set of positive trace class operators on H by 7+ (H). The following sets
of operators are also useful:

EH)={AeBH):0<ALI}

P(H)={P € B(H): P=P*= P?}

DH)={DeT"(H): tr(D) =1}
Of course, D(H),P(H) C E(H) C BT(H). We call the elements of £(H)
effects, the elements of P(H) projections or sharp effects and the ele-
ments of D(H) density operators or states. A vector state is a finite
or infinite sequence S = (51, S2,...) where S; € TH(H) and >_ tr(S;) = 1.
A vector state S is singular if S; = §,;7" where 9;; is the Kronecker delta
and T' € D(H). We denote the one-dimensional projection onto the span of
a unit vector x € H by z. The set S(H) of all vector states on H is clearly
a convex set. For S = (51, 59,...) € S(H) we write

tI'(S) = (tr(Sl), tI‘(SQ), ce )
Then tr: S(H) — ¢1(R) is an affine map.

Theorem 2.1. The extreme points of S(H) are precisely the singular ele-
ments of the form (0,...,0,2,0,...).

Proof. Suppose 0 < A< 1, S =(S51,5,...), T =(11,Ts,...) € S(H) and
0,...,0,7,0,...) = AS + (1 = )T

where 7 is the i-th entry. Then S; =7, = 0 for j # i and & = AS; +(1—\)T;.
Since it is well-known that P(H) is the extremal set of £(H), we have that
S; =T; =%. Hence, S =T so (0,...,0,7,0,...) is extremal. Conversely,
suppose S = (51,S52,...) € S(H) is extremal. Assume that S;,S; # 0.
Without loss of generality, we can take i = 1, j = 2. Letting A = tr(S}),
1—X=>"7,tr(S;) we have

(S Sy S
soa(Boo. ) w088 )



Since 0 < A < 1, this gives a contradiction. Hence, S; # 0 for some i and
S; =0, 7 # 1. Letting S; = T we conclude that S is the singular state with
S; = 0;;T. It is well-known that we can represent 7" as T' = > \;z; where
Ai >0, > A\ = 1. Hence

S=(0,...,0,T,0,...) = Y _N(0,...,0,7;,0,...)

Since S is extremal we have that \; = 1 for some j and
S=(0,...,0,7;,0,...). ]

Since S(H) is the closed convex hull of its extreme points in the appro-
priate topology, we can gain a lot of information by studying the dynamics
of a quantum Markov chain on its extreme points. Theorem 2.1 shows that
these extreme points have a very simple form.

An effect matrix is a finite or infinite square matrix A = [A4;;] where
A;; € E(H) for all i,j. A transition effect matrix (TEM) is an effect
matrix A = [A;;] where > . A;; = I for every j and the convergence is in
the strong operator topology in the infinite case. We also call a TEM a
stochastic effect matrix or a quantum stochastic matrix. For a TEM
A and a vector state S € S(H) we define Ao S by (Ao S); =3, 4,05
It is easy to check that Ao S € S(H) [17]. If A, B are effect matrices of
the same size on H, we say that Ao B is defined if ), A;;, o Ay, converges
in the strong operator topology to an effect Cj; for all 7, j. We then define
(Ao B);; = C;; for all 4, j and write C' = Ao B. An effect matrix A is called
a dual TEM if its transpose A7 is a TEM. Thus, A is a dual TEM if and
only if > y Ai; = I for all 4. Of course, the transpose of a TEM is a dual
TEM. It is shown in [17] that if A, B are dual TEMs of the same size on H,
then A o B exists and A o B is again a dual TEM. The following result was
proved in [17] (in general (A o B)T # BT o AT).

Lemma 2.2. If A and B are TEMs of the same size on H, then
tr [(AT o BT)" 0S| =tr[Bo(AoS)]
for all S € S(H).

As discussed in Section 1, a quantum Markov chain is a pair (G, .A)
where Ay, = [A}] is a TEM, k = 1,2,.... For S € S(H) we obtain the
vector states Ag(S) given by (1.2) and call Agy, & = 1,2,..., the state
dynamics of the system. We now discuss a dual to the state dynamics.
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Care must be taken because the matrix product is nonassociative and when
we write A, o---0 Ay 0 A; we mean

Apo--o{As0[A30(Az0 A}

Corresponding to the quantum Markov chain (G, .A;) we form the matrices
AP — (AlToAgo...oAg)T

Notice that A®, k = 1,2,..., is a TEM and we call A® the operator
dynamics. The analogy between the state and operator dynamics and the
Schrodinger and Heisenberg pictures in usual quantum mechanics is discussed
in [17]. Examples are given in [17] which show that A% o S # A;(S) in
general. However, the next result shows that the two types of dynamics are
statistically equivalent.

Theorem 2.3. If (G, Ay) is a quantum Markov chain, then for every S €
S(H) we have
tr [.A(k) o S} =tr [A(k)(S)}

Proof. We prove the result by induction on k. The result clearly holds for
k = 1. Suppose the result holds for £ € N. Applying Lemma 2.2 gives

tr [A®+) o §] = tr [(AIT o(ATo -0 AT ) o S]
—tr[(A o---0 L, )" o (Ay(S)

Now (G, By,) is a Markov chain where B; = A;,1, ¢ = 1,2,.... Hence, by the
induction hypothesis we have

tr [A* 0 5] = tr [BW o A(S)] = tr By (A1(S))]
= tr [A@ws1)(9)]

The result follows by induction. O]

3 Types of TEMs

A TEM is projective if all its entries are projections. If A = [A;;] is pro-
jective, it follows that A;; A, = 0 for ¢ # j and that each column of A is a
discrete PV M.



Theorem 3.1. (a) If Ao AT emists for a TEM A, then A is projective if
and only if Ao AT is diagonal. (b) If AT o A exists for a TEM A, then A is
projective if and only if the diagonal elements of AT o A are I.

Proof. (a) If A is projective and i # j, then
(Ao AT),; = E:Amo&k—O

Hence, Ao AT is diagonal. Conversely, suppose A o AT is diagonal. Then for
1 # j we have

D ApoAy=(AcAT); =0
k
It follows that A;; o Aj, = 0 for i # j. Since Zj A, = I we have
A?k = Ay o Aix = A,

for every i, k. Hence, A is projective.
(b) If A is projective, then the diagonal element

ATOA ZA]%OA]“ ZA]%:]
k

Conversely, if (AT o A)y; = I for every i, then
E:A (AT 0 A);; =

Suppose A%, # Ay; for some k and i. Since A7, < Ay, there exists an x € H
with ||z|| = 1 such that (A7,x,z) < (A, x,z). Since Y, Ay = I we have

1= Z (Ajz,x) < Z (Apiz, z) = ||z|* =1
I i

This is a contradiction. Hence, A2, = Ay, for every i and k so A is projective.

[]

We denote the diagonal effect matrix whose diagonal elements are I again
by I. We say that an effect matrix A is bistochastic if A and A” are TEMs,
invertible if there is an effect matrix B such that Ao B = Bo A =1 and
unitary if Ao AT = AT o A=1.



Theorem 3.2. The following statements are equivalent for an effect matriz
A. (a) A isinvertible. (b) A is projective and bistochastic. (c) A is unitary.
(d) A is a projective TEM and Ao AT = AT o A.

Proof. To show that (a) implies (b), suppose that Ao B= Bo A= 1. Then
for i # j we have ), Ay 0 By; = 0. Hence, Ay, o By = 0 for i # j and it
follows that [19]

Ay Byj = BrjAy, =0

for every k and ¢ # j. Moreover, >, A;xBy; = I. Hence, for every x € H
and every ¢ we have that

(x,z) = Z (Ajr, 0 By, x) < Z (A, )

k

By symmetry, we that (z,z) <>, (B, ) for every i. Since A;; 0 Byj =0
for every k and i # j we have

(Air 0 By, x) = ((Asx — Aik 0 Byi) @, x)

= <A},£2x, Al.lfx> — (Air, o Bz, x)

< Z <Bk] APz, AP > — (Aix, © Byiz, x)

= Z ikOBij7x> - <AzkoBk:2$>x>

= Z <Azk o} Bij,l’> =0
it

Hence, (A o By,x,x) = 0 for all x € H so A, o By,; = 0. It follows that [19]

Aix By = By Ay =0

Hence,
Air = Byi o Ay, < By

By symmetry, By; < A, so By = A;, and B = AT. We also have that
Air, = Brio Ay = A o Ay = A3,

so Ay € P(H) for every i, k. Hence, A is projective. Finally,

ZAzk_ZAzkoAzk_ZAzkoBkz AOB)”:I



and by symmetry ), Ay, = I so A is bistochastic. To show that (b) implies
(c), suppose A is projective and bistochastic. We then have

(Ao AT); ZAm o Ajy = 0i; ¥ A =61
k

and similarly
(AT o A),; Z Api o Ay = 0451

Hence, Ao AT = AT 0 A = I so A is unitary. Since (c) implies (a) is trivial
we have that (a), (b), (c¢) are equivalent. Now (b) together with (c) imply
(d). Also, (d) implies (b) because if (d) holds, then

D A=) Apodj=(AcA");; = (A"0 A) ZAUOAU
k k
=Y Ay=1I

so A is bistochastic. Hence, (a), (b), (c¢) and (d) are equivalent. O

A TEM A is symmetric if A = AT, is pure projective if its entries are
one-dimensional projections and is commutative if all its entries commute.
If A is pure projective, then its columns correspond to orthonormal bases for
H. Any 2 x 2 bistochastic matrix has the form

B B

A—
B B

so the rows (columns) are permutations of each other and A is commutative
and symmetric. These properties need not be satisfied for 3 x 3 bistochastic
matrices. For example, let A, B,C' € £(H) with A+ B+ C =1 and AB #
BA. Then the following bistochastic matrix is not symmetric or commutative
and its rows (columns) are not permutations of each other.

A B C
c 0
B B 0
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Also, the following TEM is symmetric (and hence, bistochastic) but not
commutative

A B C
B B 0
c o0

Nevertheless, we have the following result.

Theorem 3.3. If A is a 3 x 3 pure projective bistochastic matriz, then the
rows (columns) of A are permutations of each other (and hence, is commu-
tative).

Proof. Let A have the form A = [7;;] Then

3x3°
~ ~ ~/ ~ ~
Ti2 +T13 = T = T21 + T31

Hence, Tj3 0 Tag = T3 0 T9 and it follows that

|<$22, $13>|2 T3 = |<9522, 9531) |2 T3

If <ZL’22, ZE13> 7é 0, then /l'\lg = &]\31. If <I22, $13> = 0, then 3/’\22 = /ZE\H. COIltiIlU.il’lg
this process, we find that any entry of a row is an entry of some other row.
The result now follows. [

The following example shows that Theorem 3.3 does not hold for 4 x 4
pure projective bistochastic matrices and that such matrices need not be
commutative. Let {x1, 23,73, 74} be an orthonormal bases for C* and let
v =2"Y2(z54+x4), w = 27?(23 — x4). Then 25 and ¥ do not commute. The
following matrix is pure projective and bistochastic.

SN
< B gy B
A
5

Computing the square of A we have

l’1+5$4 5])4 0 T2+ X3
0 O+T 0+ 30
AoA= 1 1A A 2
51‘3 J}2+§ZL‘3 T1+ Ty 0
U+ Ty 0 U W4T

11



Since A is unitary and A o A is not unitary (it is not bistochastic), this

illustrates the fact that if A and B are unitary, then A o B need not be

unitary. Hence, the unitary matrices do not form a group. This also shows

that the sequential product of bistochastic matrices need not be bistochastic.
We should also point out that if A is unitary, then

ATo(AoB)# (AToA)oB=0B

in general. For example, using our previous matrix A we have

~ ~ 1~ 1~ 1~ 1 ~
X To §U+§w §v+§w
AT o (Ao A) = N iy o Y
T 3 Ty T3
1~ 1~ 1~ 1~ ~ ~
5304+ 5T3 5Ta+ 53 T2 xy

Using the same vectors as before, the following is a symmetric, pure projective
TEM that is not commutative

T3 Ty T1 Ty
To U W Iy
B=|_ _ .
1w v T2
Ty T1 Ty T3

Since B is unitary, we have Bo B = I.
We say that a TEM A is invariant if A7 o AT = AT, The reason for this
terminology is that the operator dynamics then satisfies

A(k):(AToATo---oAT)T:A

for Kk = 1,2,.... Hence, after the first time step the distribution of the
corresponding homogeneous quantum Markov chain remains invariant, inde-
pendent of the initial distribution. We now give some examples of invariant
TEMs. If {z, 25} is an orthonormal basis for C?, then

T1 T
Ty T

12



is invariant. For a less trivial example, let {y;,y2} be another orthonormal
basis for C? and form the TEM

&7\1 + ai'\g (1 — a)g/jl

A= R 7
(1—a)zy ayy+ 4o

where a = [(xq,y1)|* / (1+ |(x2,y1>|2). Letting b = |(x,11)|° we have

Ty + [a® + (1 — a)?b] Ty [a(l1 —a)(14+0b)+ (1 —a)b] 7y
a1 =a)X+0)+ (1 —a)blfi  [a®+ (1= a)*b] 51 + B>
— AT

AT 0 AT =

Thus A, is invariant.

Theorem 3.4. A projective TEM A = [P;] is invariant if and only if Pj; <
Pj; for alli,j and Py o Py, =0 for all i, j, k with j # k.

Proof. Suppose the conditions hold. We then have
(AT o AT),; ZPmo k= Pjio Pij+ Y  Pro Py,

[y
= Pjio Py = Py = (A")

Hence, AT o AT = AT so A is invariant. Conversely, suppose A is invariant.
Then
:(AT) ATOAT ZPkZO-P]k:

Hence,

Pji = Pjio Py = Pjio (ZPMonk> = Pjio P+ Y (Pjio Py)o Py
k k#j
= Pjio Pjj

This implies that Pj; < Pj; [19]. It follows that Zk# Pyi o Pj = 0 so that
Py o Pj, =0 for j # k. O

In the 2 x 2 case, it follows from Theorem 3.4 that every projective in-
variant TEM is commutative. However, this does not hold for the 3 x 3 case.

13



Let P,QQ € P(H) with PQ # QP. Then the following TEM is projective
and invariant but not commutative.

I P Q
0 P 0
00

The next result characterizes invariance in the 2 x 2 case.

Theorem 3.5. The following TEM is invariant if and only if B> = Bo A
and A’ o B = AA
A B

A B

Proof. To check invariance we have

A2+ Ao B AA'+ A o B
BoA+ BB BoA 4+ B?

A A
B B

A A
B B

O

If Ao B= AA’, then A2+ Ao B = A? + AA' = A and
AA + A oB = AA + A —AoB=AA + A — AA = A’
If BoA= B2 then BoA+ B'B=B?+BB=B and
BoA'+B*=B—-BoA+B?=B—-B*+B?=BB+B°=R

Therefore, the two conditions imply invariance. Conversely if the given TEM
is invariant, then by the previous calculations we have that A = A2+ A’ o B

SO
AoB=A—A*=AA

Moreover,
B=BoA+BB=BoA+ B— B?

so that Bo A = B2 O
It is clear that the set of TEMs of a fixed size form a convex set. Char-
acterizing the set of extreme points for this convex set is an open problem.

For the related problem of extreme points of normalized POVM we refer the
reader to [20, 21]. However, we have the following result.

14



Theorem 3.6. (a) If A is projective, then A is an extremal. (b) If A is a
2 x 2 TEM, then A is extremal if and only if A is projective.

Proof. (a) Suppose A is projective and A = AB + (1 — A\)C where 0 <
A < 1and B,C are TEMs. Then A;; = AB;; + (1 — X\)C;; and since A;; is
extremal in £(H) [8, 32] we have that B;; = C;; = A;;. Hence, A is extremal.
(b) Suppose A is a 2 x 2 TEM. If A is projective, it follows from (a) that A is
extremal. Conversely, suppose A is not projective. We can assume without
loss of generality that A;; and As; are not projections. Then A;; is not
extremal in E(H) so A3 = AB+ (1 —-X\C 0< X <1, B,C € £(H) with
B # C'. Hence,

Ap=T— Ay =MI-B)+(1-N{I-C)

and we have

A A B A cC A
g [ Azp 12| (1- 1) 12
Ay Ag I —B Ay I—C Ay
Since B # (', A is not extremal. O

4 Invariant Vector States

A vector state S € S(H) is invariant under a TEM A if Ao S = S. Of
course, if S is invariant under A, then the distribution for a corresponding
quantum Markov chain in the vector state S is constant.

Theorem 4.1. Let A=[z;;] be a pure projection TEM and let S=(S1, Ss, .. .)
be a vector state. If S; = Ny for all i where \; > 0, Y. \; = 1, then S is
invariant under A. Conversely, if (xuy., xy) # 0 for all i, k with i # k and S
is invariant under A, then S; = Ny for all i, where \; >0, >\ = 1.

Proof. Suppose S; = \;Zy; for all 4, where \; > 0, > \; = 1. Then
A o S Z :C’LjS Tij = Z )\j/x\ij/x\jjg/lj\ij = )\lfg\“ — Sz
J

Hence, Ao S = S and S is invariant under A. Conversely, suppose S is
invariant under A. Then for all i we have

S A e} S Z .I'Z]S JZZJ = Z <ijija ZL‘ij>/ZE\Z‘j (41)

J
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Moreover

Si=[Ao(A0S), Za:” (Ao S),x;; = wa (Z xjk5k$]k> Tij

= Ty (Z (Skjn, xjk>53jk> Tij
j k
= (SiTii, Tii)Ti; + Z Z (SkTik, Tik) [(xjk, $ij>|2 Tij
i k#j
Applying (4.1), Equation (4.2) becomes

Z (SjTij, Tij) Tij = Z (Siite, Tin) (@i, 2ia)| T

j#i ki

2
+ Z Z <Sk$jk> $jk> ’<$jk7 Z'UH Lij

i#i kg
From (4.1) we obtain

S =3 Skt 1) ik
k

Hence, for i # j we have
(Sjwij wig) = > (Skwjm, wjn) |(wjn, wig) [
k#j
It follows from (4.3) and (4.4) that
Z (Sik, Tar) | (i, i) > = 0

ki

(4.2)

(4.3)

(4.4)

Assuming that (x;x, zy;) # 0 for i # k, we conclude that (Syx, i) = 0 for

all i, k with @ # k. It follows from (4.1) that
S; = <Sixiia xn>/x\n
Letting \; = (S;z;, x4), we have that A\; > 0 and

Z Ai = Z (Sitixy) = Z tr(S;) =

The result now follows
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From Theorem 4.1 we have that if (x;,z;) # 0 for ¢ # k, then S =
(S, Sa, . ..) is invariant under A = [7;;] if and only if S; = A\;z;; for all 7, where
Ai >0, > A = 1. The next example shows that the condition (x;, ;) # 0
for i # k is necessary for the theorem to hold. In the exceptional case in
which this inequality does not hold, there are other invariant states. Let
{z1, 72} be an orthonormal basis for C* and form the pure projective TEM

A= T 5”2] (4.5)

Ty T

and the vector state S = (}ll, 411]>' Then Ao S = S so S is invariant under A
but S does not have the form (A 71, (1 — A\)71). In fact we have the following
result.

Theorem 4.2. A vector state S = (S1,S2) is invariant under the TEM A
given by (4.5) if and only if S1 = aZ + fTe and Sy = (1 — a — 206)7T1 + [y
where a, 3 > 0 and o+ 23 < 1.

Proof. If S = (51,52) where S; and S, have the given form, it is easy to
check that Ao S = S. Conversely, suppose Ao S =S5. Then

Sl - 57\151/.1’\1 + 3282.’,/[;\2, SQ - 57\251/1’\2 + 318257\1

HGHCQ, 5151 = flsfx\l SO 33\151 = Sl/l’\l and similarly, /flSQ = 5233\1. It follows
that Sl = Oéli'\l + Oégi'\g, SQ = 515(7\1 + ﬁQZEQ where Ozi,ﬁi Z 0, 1= 1,2 and
a1 + a9 + (1 + P2 = 1. Since Sy = 5175 + SoZ7 we have that

Sy = oy + 17y

Hence, as = B2 and B; = 1 — a; — 2ap. Letting o = a; and § = ay gives the
result. O

The next result characterizes invariant vector states for projective TEMs.

Theorem 4.3. A vector state S = (S1, S, . ..) is invariant under a projective
every 1.

Proof. 1If the conditions hold, then for every ¢ we have

(AOS)iZZPijOSjZPz'z'OSH‘ZPijOSjZHiSi+P’iiSi=Si
J J#i
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Hence, AoS = S'so S is invariant under A. Conversely, suppose S is invariant
under A. Then for every ¢ we have

Si=(A08);=P;0S+Y PjoS5 (4.6)
J#i
Taking the sequential product of both sides with P;; on the left gives
> Pio(P;oS;) =0
J#
Hence, P;;0(P;;05;) = 0 for every i, j with j # i. It follows that P;;(P;;05;) =
0 [19]. Applying (4.6) we have that P;S; = P,; 0 S; so P;S; = S;P;; for every
i. Hence, by (4.6) we have
Si = PiiSi+ZPijOSj
J#i
Therefore, for every ¢ we have
P'iS; = Si — PSi = Z#i Pj0.5; [

We next consider invariant states under unitary effect matrices and in-
variant singular states

Theorem 4.4. If A is unitary, then S = (S1,53,...) is invariant under A
if and only if A;j 0S; = A;S; for alli, j.

Proof. Suppose Ao S = S. Then for every i we have Zj Ajjo0S; =5;. For
k = i this gives

AipSi = Z A (Ai;SjA;;) = Aig o Sk
J

Hence, A;; 0 S; = S; Ai, for k # i so that
AyiS; = SiAy = Aj o S,

Thus, A;; 0o S; = A;;S; for all 4, j. Conversely, suppose that A;; o S; = A;;S;
for every 7, j. We then have

(AOS)i:ZAijOSj :ZAijS@':Si
J

J

Hence, Ao S =S5. H
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A 0-1 TEM is a TEM whose entries are all 0 or I. Thus, a 0-1 TEM has
exactly one [ in each column.

Theorem 4.5. (a) Let T' be the singular vector state T; = 6;;S. Then T is
invariant under the TEM S = [A;;] if and only if Agro S =S. (b) A TEM
A takes every singular state to a singular state if and only if A is a 0-1 TEM.

Proof. (a) If T is invariant under A, then we have

5ikS:Ti:(AOT)i:ZAijOTj:AikOS

J

Hence, Agr 0 S = S. Conversely, if Ay, oS =S5 we have that [19]
AppS = SA, =S

Therefore,
S=> SoA=S5+) Sody
J J#k
But this implies that S o Aj; = 0 for j # k. Hence, SAj;, = A;,S = 0 for
j # k. We conclude that

J

Thus, T is invariant under A.
(b) Let T; = 6,;51 and W; = 04,5 be singular vector states and suppose
AoT =W. Then for every i we have

(AOT)i:ZAijOTk:AirOSI :VVi:(SsiSQ
k

Hence, A;. 0 S; = 0 if i # s. Since this holds for every S; € D(H), A; =0
for every i # s. Therefore, A;. = d;.1. Since r is arbitrary A is a 0-1 TEM.
Conversely, suppose A is a 0-1 TEM. If T = ¢,;S5 is a singular vector state,
then we have

(AoT);=Aj0S=S5

for some ¢ and (Ao T); =0 for j # i. Hence, (Ao T); = 0;;S. We conclude
that Ao T = W where W; = §,;5. Hence, A takes singular vector states to
singular vector states. [l
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5 Equilibrium Vector States

A vector state S is an equilibrium vector state for a TEM A if there exists
a T € S(H) such that lim A, (S) = T in the strong operator topology.

We then call T an attractive vector state for A. Clearly, an invariant
vector state under A is an equilibrium and an attractive vector state for A.
Conversely, if T" is attractive for A with lim A¢,)(S) = T, then T is invariant
under A because

AoT =Ao nhi& A(m(S) = JLIEOA o) A(n)(S) = nhj{.lo A(n+1)(5) =T
Hence, a vector state is attractive for A if and only if it is invariant under A.
It appears to be quite difficult to characterize the equilibrium vector states
for a given TEM. We can nevertheless solve this problem completely for 2 x 2
pure projective TEMs. This is a special case of the 2 x 2 projective TEMs
considered in [17]. However, we shall employ a different technique here which
may be useful for more general cases.
Consider a pure projective TEM

A=

r1 %
T2 Y2

We shall derive the general form for the operator dynamics A™. Using the
notation (z,y) = |(z,y)|* for z,y € C* we obtain

1+ (y1,22) T (Y2, T2)To

AT = AT 0 AT = R SN
(4) (z1, 1) (22, 1)1 + U2

[(y2, z2) + (91,952)2] To
(Y2, 22) (T2, 1)1 + Vo

1+ (21, 91) (Y1, 22)

(A= [(z1, 1) + (22, 91)7]

Ty
n

(At
Ty (w1, 91) + (22,90 (Y1, 22)T2 (Y2, 22) (22, 91)% + (Y2, 22)] 2
[(z1,91) + (21, 91) (1, 22)°] T [(y2, 22) + (1, 22)%] (Y1, 22) 01 + T
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It is now clear that (AT)™ has the form

(AT)n _ i'\1 +fnf€\2 En/x\Q R
Cnl1 dn1 + Yo
We then have
(ATYH — T+ (Y1, T2) @2 [(z2, y1)dp + (2, 92)] 2
(@1, 91) + an(y1, 72)] 11 (Y1, 22)bn Y1 + U2
(AT)n+2
T+ (ylu yz) [(Ih?ﬂ) + an(y17$2)] To [(yl,%)zbn + ($2, yz)] To

[(xlv yl) =+ (yh 1'2)20”] 3//\1 (yla x2> [(3}2, yl)dn + (1‘2, y2)] ?/\1 + 3//\2
We now obtain the recurrence relation:

btz = (Y1, 22)°bn + (T2, 90)

Solving this recurrence relation with the initial conditions b; = 1, by =
(22, y2) we obtain:

+ (Y1, 22)" %] + (g1, 22)™"
4 (yh x2)2n—2]

bans1 = (€2,92) [1+ (y1,22)° + (41, 22)"

_|_ oo
bap = (z2,92) [1 + (Y1, 22)* + (Y1, 22)* + - - -
If (y1,22) # 1, then 0 < (y1,22) < 1 and we conclude that

(72, 12) _ 1 — (y1,22) _ 1

lim b, = =
n—00 L—(y,22)? 1= (y,22)%2 14 (y1,22)

If (y1,x2) =0, then (z1,y2) = 1 and we again obtain

1
limb,=1=—-——
n—00 I+ <y17x2>

Since a,, = 1 — b,, we conclude that

1
lim a, =1— _ ()
n—00 L4+ (y1,22) 14 (y1,22)
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Similar analyses apply to ¢, and d,, so that

llm Cp = ! ) hm dn - (yl’ x2)
n—o0 1+ (y1,22) n—o0 L+ (y1,22)

Letting a = (1, 22) = |(y1, 22)|° we conclude that in the strong operator
topology we have

~ ~ 1 A~

. xr1 + -2 ) —/ I
lim (AT)" = L Ita . Ia ™2
oo 1+a hn 14+a % + Y2

It follows from Theorem 2.3 that every vector state S = (51, 52) is an equi-
librium state for A and that

PORIPS IR g
lim Ay (s)= [ et mel
T B L+ |5
_ <51$1,Q31>EL’\1 + a<5112,12)512_;_2<52,y1,y1)§1 (5 1)
<52y2; y2>/y\2 + <Slx2’x2>x21‘:‘;<52y1,y1)y1

Moreover, all the attractive states have the form (5.1). Finally, the equi-
librium distribution is given by

lim b [Ag ()] = —— | {S170a0) F (Sagn,9) + atx(5)
n—00 (n) 1+a <81{L‘2, [E2> + <52y2, y2> + (Itl"(SQ)
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