CANCELLATION IN SKEW LATTICES

KARIN CVETKO-VAH, MICHAEL KINYON, JONATHAN LEECH, AND MATTHEW SPINKS

ABSTRACT. Distributive lattices are well known to be precisely those lattices that possess cancellation:
zVy=zVzand x Ay =z A z imply y = z. Cancellation, in turn, occurs whenever a lattice has neither
of the 5-element lattices M3 or N5 as sublattices. In this paper we examine cancellation in skew lattices,
where the involved objects are in many ways lattice-like, but the operations A and V no longer need be
commutative. In particular, we find necessary and sufficient conditions involving the nonoccurrence of
potential sub-objects similar to M3 or N5 that insure that a skew lattice is left cancellative (satisfying the
above implication) right cancellative (xVz = yVz and zAz = yAz imply = y) or just cancellative (satisfying
both implications). We also present systems of identities showing that left [right or fully] cancellative skew
lattices form varieties. Finally, we give some positive characterizations of cancellation.

1. INTRODUCTION

Recall that a lattice L := (L; A, V) is distributive if the identity z A (yV z) = (z Ay)V (x A z) holds on L.
One of the first results in lattice theory is the equivalence of this identity to its dual, V(yAz) = (zVy)A(zVz).
Distributive lattices are also characterized as being cancellative: xVy =z V z and x Ay = x A z jointly
imply y = z. Another characterization is that neither of the following 5-element lattices can be embedded
in the given lattice. (The relevant discussion is given in any introduction to lattice theory. See, e.g., [5].)
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Distribution is also basic in the study of skew lattices, that is, algebras (S;V,A), where V and A are
associative, idempotent binary operations satisfying the absorption identities:
(1.1) zA(zVy) =xz=@WHyVe)Az,
(1.2) xV(zAhy)=xz=@WYAx)Ve.

Give that both operations are associative and idempotent, these identities imply (and indeed are equivalent
to) the following pair of dualities:

(1.3) uAwv iff  wuvoev=w,
(1.4) UANV =0 iff  wuvoev=u.
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For instance, given u A v = u, then by (1.2), u Vv = (uAv) Vv =w.
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For skew lattices the distributive identities of primary interest have proven to be the identities
(1.5) s AyVz)Ahrz=(xAyAx)V(zAzAz),
(1.6) xV(yAz)Ve=(xVyVa)A(zVzVe).

Unlike the case for lattices, these identities need not be equivalent; however Spinks in 1998 obtained a
computer-generated proof of their equivalence for symmetric skew lattices (defined below). A precursor was
the 1992 result of Leech that the strengthened first identity z A (yV 2) Aw = (z Ay Aw) V (z Az Aw) implied
the second identity. (See M. Spinks [18, 19], K. Cvetko-Vah [7] and J. Leech [13].)

What about cancellation and the role of M3 and Nj in all this? It is remarkable how disentangled can-
cellation can be from distribution in the noncommutative context. In this paper we study left cancellative
skew lattices that satisfy the implication

(1.7) xVy=xVz and TAYy=x Az imply y==z,
their right cancellative duals which satisfy the implication
(1.8) xVz=yVz and TANz=yANz imply =1y

and cancellative skew lattices which by definition are both left and right cancellative. Cancellative skew
lattices are of special interest since the two classes of skew lattices studied the most over the last twenty
years, skew lattices in rings and skew Boolean algebras, are both cancellative. (See [1]-[4], [6], [9], [11], [12],
[16] and [20].) Our main goals are (1) to show that all three classes of cancellative skew lattices are varieties
and (2) to characterize each class by a short list of forbidden subalgebras, much as excluding M3 and Ny
characterizes distributive lattices.

This study is carried out in the five following sections, the next of which provides some background on

skew lattices. In Section 3 we study preconditions of full and partial cancellation. In particular, we introduce
a primitive form of cancellation called simple cancellation that includes the three cases already given and
is characterized by the implication
(1.9) TAzZAT=yANzAy and zVzVr=yVzVy imply T=y.
M3 and Ny play a role in characterizing simple cancellation as do two other skew lattices of small order.
In Section 4, we consider symmetry, or bi-conditional commutativity (zVy = yVz iff z Ay = y A z).
Symmetry along with forms of partial symmetry bridges the gap between the simple case and higher forms
of cancellation. Again, we find skew lattices of small order that allow us to characterize symmetry and
its partial forms in terms of forbidden subalgebras. Left, right and full cancellation are analyzed and
characterized in Section 5. Identities that characterize the corresponding varieties are given, along with lists
of forbidden subalgebras for each case. We conclude the section by examining some seemingly alternative
forms of cancellation. In the final section we consider positive characterizations of cancellation that, in
contrast to lists of forbidden algebras, describe how certain subalgebras must behave.

2. BACKGROUND

The introductory remarks and first sections of [11] and [15] are good background resources for both the
motivation of and basic results about skew lattices. We recall those results of greatest relevance to our
concerns in this paper.

Given a skew lattice (S;V,A), both algebraic reducts (S;V) and (S;A) are bands, that is, semigroups
whose elements are idempotent (#2 = z). Bands form a variety of algebras, with an important subvariety
being regular bands satisfying the “middle inclusion-exclusion identity”, zyzrzz = xyzx. Thanks to [11],
Theorem 1.15, we have:

Lemma 2.1. Both band reducts (S;V) and (S;A\) of a skew lattice (S;V,A) are reqular. Thus skew lattices
satisfy the identities:

(2.1) rVyVzVzVz=zVyVzVz and TAYANTAzAT=xANyANzAx.
Lemma 2.2. Given a skew lattice (S;V,N), for all x,y € S, one has:

(2.2) xVy=xz=yVzx iff TAYy=y=yAzx.

(2.3) rVyVr=ux if yAzrzAy=uy.
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Proof. Here (2.2) follows easily from (1.3) and (1.4). For (2.3), given zVyVz =z, both (zVy) Az =2 Vy
and x A (yVz) =y Va follow by (1.3) and (1.4). One thus has (xVy) Az Ay = (xVy) Ay =y and likewise
yAzA(yVaz)=y. Thus (2.1) combined with (1.1) gives

(2.1) (11)
y=yANzAyVa)AlzVy) Az Ay = yAzAyVa)AzAxVy) A AzAy = yAzAy.

The dual implication, that y A x Ay =y implies = V y V x = x, is similarly verified. O
Given a skew lattice S, the natural partial order on S is defined by
(2.4) x>y if zAy=y=yAx, orequivalently, zVy=z=yVz.

The relation > is easily seen to be reflexive, antisymmetric and transtive. The natural quasiorder is
defined on S by

(2.5) xry if yAzAy=y, orequivalently, zVyVae==zx.
The relation > is clearly reflexive. Given x = y = z, we get © = z as follows:

2.1
z/\m/\z=z/\y/\z/\x/\z/\y/\z(:)z/\y/\m/\y/\z:z/\y/\z:z.

Thus > is a quasi-order. Its induced equivalence relation, denoted by D, is given by: x D y if and only if
x>y > ax,s0that tAyAz =z, yAx Ay =y and their duals hold. Equivalence classes are called D-classes.

Lemma 2.3. For any elements x,y of a skew lattice S, x Dy if and only if tVy =y A x.

Proof. If © Dy, then

(2.6) z\/y(lil)(y\/x\/y)/\(os\/y):y/\(x\/y).

Thus y Az (LD yANxA(zVy) (26 yANzAyA(xVy) =yA(zVy) (26 xVy, where we have used Dy in the

third equality. Conversely, if xVy = yAz, then x AyAx =z A(zVy) LD o and xVyVa = (yAz)Va (L2) x,

and thus x D y. O

Lemma 2.4. In every skew lattice, the identities
(2.7) (xAy)V(yAhz)=yAzAy and (xVy)A(yvVz)=yVzVy
hold for all x,y.

Proof. Since x AyDyAx, Lemma 2.3 gives (x Ay)V (yAzx) = (yAz)A(xAy) = yAxzAyand (zVy)A(yVz) =
(yva)V(zVy =yVzVy. O

Lemma 2.5. D is a congruence and S/D is a lattice. Given any congruence C' on S such that S/C is a
lattice, D C C. Thus S/D is the mazimal lattice image of S.

2.1 2.
Proof. Given zDy andu € S, uVaxVuVyVuVze (2 uVzVyVuVae @ uVzVyVzVuVe = uVzVuVe = uVe,

and likewise, u VyVuVaVuVy=uVy,sothat uVzDuVy. Similarlyy, u Az DuAy, xVuDyVuand
xAuDyAu so that D is indeed a congruence. Since both xVyDyVa and e AyDyAx for all z,y € S, S/D
is commutative. Suppose now that C is a congruence such that S/C is a lattice, and suppose that = D y.
Then zVy C yVz implies (x VyVz) C yVxVzx, which simplifies to x C yV x. Again, zVy C yVzx
implies y Vo Vy C yVyV z, which simplifies to y C yVa. Thusz C y, and so D C C. (]

A skew lattice S for which D is the universal relation is said to be rectangular. By Lemma 2.3, this is
equivalent to the identity

(2.8) rVy=yAz

holding for all z,y € S. If T is a subalgebra of a skew lattice S, then T’s own relation D is just the
restriction of the relation D in S to 7' x T. Thus if T itself is a rectangular subalgebra of S, it follows
that T is entirely contained in a D-class of S. Summarizing, each D-class of a skew lattice S is a mazimal
rectangular subalgebra of S.
A rectangular skew lattice can be envisioned as a (possibly infinite) rectangular array of points. Given
points x and y, point x A y is the unique point in the row of x and the column of y, while the point x V y is
3



the unique point in the column of z and the row of y. Every rectangular skew lattice is isomorphic to such
an array with just such operations.
T o ITAY
[ ] [ ] [ ]
zVy e Y
Thus a skew lattice S is roughly the result of taking a lattice L and hanging a rectangular skew lattice M,
at each of its points z. This is the Clifford-McLean Theorem, originally proved for bands, but also holding
for skew lattices: every skew lattice is a lattice (S/D) rectangular skew lattices (its D-class subalgebras).
When restricted to a common D-class, the operations V and A in a skew lattice are quite trivial (thanks
to the rectangular description above). Applying them to elements in distinct D-classes is another matter.
For some insight, consider a skew diamond consisting of a pair of incomparable D-classes, A and B, and
their join class J and their meet class M in the lattice of D-classes S/D.

A B
Lemma 2.6. Given the above skew diamond with a € A, b€ B, j € J and m € M :

i) m < both a,b iff aNb=m=0bAa.
ii) j > botha,biffavb=7=>bVa.
iii)
J={aVvb|lacAbeB, andaVb=>bVa},
M={anb|la€Abe B, andaANb=bAa}.
Proof. Since a Ab € M by Lemma 2.5,
aAb=(aAbD)AmA(aAD)=aA(bAmAa)ANb=aAmAb=m

if m < both a and b. The converse is trivial. Thus (i) holds and the proof of (ii) is similar. (iii) asserts that
all elements of J and M are obtained this way. Indeed, given, say, m € M and arbitrary u € A, v € B, upon
settinga=mVuVvVme Aand b=mVvVmée B, we get m <a,b. |

A pair of natural congruences, £ and R, refine D. We say that = is L-related to y (denoted z L y) if
Ay =z and y Az =y, or dually by (1.3) and (14), cVy =y and y Vo = z. Likewise,  and y are
R-related (xRy)ifx Ay=yand yAz =z, or dually, cVy=xz and yVz =y.

A skew lattice is left-handed if D = L so that t Ay = x = y V x on each rectangular subalgebra.
Left-handed skew lattices are characterized by various equivalent identities:

(2.9) rAyAhx=xAy or xA(yVa)=xz or zVyVe=yVz or (xAy)Vz==zx.

For instance, if z A y Az = x A y holds identically, then z A (y Va) =ax A (yVz)Ax W oonz =2 If

A (yVzx) =2z holds, then yV x (L2) (xA(yVa)VyVe=azxVyVe Similar arguments show that the third

identity implies the fourth and that the fourth implies the first.
Dually a skew lattice is right-handed if D = R so that z Ay = y = y Vz on each rectangular subalgebra.
Right-handed skew lattices are characterized by the following equivalent identities:

(2.10) rAyAx=yAz or (zVy)Az=z or zVyVe=zVy or zV(yAz)==x.

In the rectangular array described above, the rows are R-classes of mutually R-related elements while the
columns are L-classes. The quotient algebra S/R is the maximal left-handed image of S, while S/L is the
maximal right-handed image of S. In terms of rectangular arrays, S/R is a lattice of column subalgebras
satisfying z Ay = ¢ = y V x, while S/L is a lattice of row subalgebras satisfying Ay = y = y V . Since
LN R is the identity relation, S is isomorphic to a subalgebra of the direct product S/R x S/L.
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A subalgebra T is a skew lattice S is a sublattice of S if it is commutative and thus forms a lattice. Any
sublattice T intersects each D-class of S in at most one point. If T meets each D-class of S in exactly one
point, then T is called a lattice section of S. As such it is a maximal sublattice that is also an internal
copy inside S of the maximal lattice image S/D. Every skew lattice S that is a finite chain of D-classes
Ay > Ay > --- > Ay has a lattice section. (First pick arbitrary elements a; € A;, set aj = a; and then
aj 1 = ajNagp1 ANaj € Ay fori =1,... k. The chain of elements ay > a3 > -- - aj, is a lattice section of S.

Proposition 2.7. (Cvetko-Vah [8]) Let T be a lattice section of a skew lattice S intersecting each D-class
A of S at some (necessarily unique) point t . Then the union T[L] =J, L(ta) of the L-classes of the t4 is
a mazximal left-handed subalgebra of S that is isomorphic to S/R upon restricting to T[L] the natural map
from S to S/R. Dually, T[R] =J, R(ta) is a mazimal right-handed subalgebra of S that is isomorphic to
S/L.

Lemma 2.8. A skew diamond S has a lattice section and thus also has internal copies of both S/R and

S/L.

Proof. Given S = AUBU JUM as before witha € Aand b€ B,set j=aVbVaeJ m=aAbAhae M
and b =mV (jAbA )V m € B. Since m < a,b < j, it follows that {m,a,b’,j} is indeed a lattice section
of S by Lemma 2.6. |

Since any skew lattice S is embedded in the product S/R x S/L, joint properties of S/R and S/L are
often passed on to S, and conversely. In particular, S/R and S/L both belong to a variety if and only if S
does. We also have:

Proposition 2.9. If V is a variety of skew lattices, then so are the following:

o the class V(modR) of skew lattices S for which S/R € V,
o the class V(modL) of skew lattices S for which S/L €V, and
o the class V(modD) of skew lattices S for which S/D lies in V.

Proof. If the identities u;(x;) = v;(z;), ¢ € I characterize V, then V(modR) is characterized by the relations
u;(zj) Rvi(xj), @ € I each of which decomposes into w;(z;) A vi(x;) = vi(z;) and v;(z;) A ui(x;) = ui(z;).
Similar sets of identities characterize V(mod£) and V(modD). O

We conclude the section with the following useful extension of Lemma 2.1:

Lemma 2.10. In any skew lattice S,

(2.11) a,b>=c implies aVeVb=aVb,
(2.12) a,b=<c implies aNcANb=aAb.
(2.5) (2.1) (2.5) . .
Proof. aVvVeVb =" (aVeVa)VeV (bVeVvbd) = (aVeVa)V(bVeVd) =" aVb. This establishes (2.11)
and the proof of (2.12) is similar. O

3. SIMPLE CANCELLATION

As indicated in the introduction, we begin our study of cancellation with a form that includes left and
right (and hence, full) cancellation as special cases. One obvious, if inelegant way of doing this is to pack
everything into the antecedent of the implication like so:

xVz=yVz, zVzx=zVy, _

(3.1) {ac/\z:y/\z, ZAT=2ANy = r=y-

This turns out to be equivalent to the more satisfactory form given in the following definition.
A skew lattice S is simply cancellative if for all z,y,z € S,

(SC) xVzVer=yVzVy and zAzAz=yAzAy = xz=y.

To see the equivalence of (SC) with (3.1), note that from zVz =yVzand zVz = 2Vy, aVzVz =yVzVy
must follow. Conversely, from xVzVe=yVzVywegetzVz=axVzVeVz=yVzVyVz=yVz and
similarly, z V z = z V y. Similar remarks hold for the equalities involving A. From the equivalence, we have
the following observation.



Lemma 3.1. Every left [right, fully] cancellative skew lattice is simply cancellative.
We next examine necessary conditions for simple cancellation.

A skew lattice S is quasidistributive if its lattice image S/D is distributive. By Proposition 2.9, qua-
sidistributive skew lattices form a variety of skew lattices. Indeed, since (x Ay) V (x Az) <x A (yV z) holds
for all lattices, these skew lattices are characterized by z A (y V z) = ( Ay) V (x A z), which is expressed by
the identity

(3.2) [AYVIA[(zAY) V(@A) A[zA(yV2)]=xzA(yVz2).

Distributivity and cancellativity are equivalent in the lattice S/D, and are characterized by the nonoc-
currence of M3 and N5 as subalgebras. We can lift these characterizations to S itself.

Theorem 3.2. For a skew lattice S, the following are equivalent.
i) S is quasidistributive.
i) S satisfies the implication

(QD) xVzVex=yVzVy and xANzANx=yANzAy = zDy.

iii) Neither M3 nor N5 occur as subalgebras of S.

Proof. (1)=-(ii): Suppose S is quasidistributive and suppose z,y,z € S satisfy © VzV e =y V zVy and
xAzAz=yANzAy. Thenin S/D,xzVzDxVyand x AzDx Ay. Since S/D is cancellative, y D z. Thus
(QD) holds.

(ii)=-(iii): Neither M3 nor Nj satisfy (QD).

(iii)=-(i) If S/D is not distributive, then it contains a copy of M3 or N5. We can lift this copy to a
sublattice copy in S. To see this, suppose first that a copy of M3 lies in S/D. Let

e

. f':

be inverse images of this copy in S, where the dotted lines indicate the quasiordering between the elements.
We convert this diagram to a copy of M3 in S as follows. First replace a, b, cand f by e AaAe, e AbAe,
eANcAeand eA f A e respectively. Renaming elements, we have e > a,b,c, f. Next replace a, b, ¢, by
fVvavf, fvbVv f, fVveV f. Renaming again we get e > a,b,c > f with a, b, ¢ being D-incomparable in S.
(Note that in changing and then renaming we do not change the relevant D-classes!) Since by Lemma 2.6,
eg,aVb=ecand aANb=f, {e,a,b,c, f} is the desired copy of M3 in S. Next suppose that a copy of Ny
lies in S/D and let

f
be inverse images of this copy in S. We similarly convert this to a copy of N5 in S by again replacing a, b, ¢
and f by eAaAe, eANbAe, e ANcAeand e f Ae and renaming, then replacing a, b, ¢, by aV fVa, bV f Vb,
¢V fV c and renaming, thus making e > a,b,c > f with a being D-incomparable with b and ¢, and finally
replacing ¢ by b A ¢ A b and again renaming to obtain b > ¢ and thus a copy of N5 in S. |

Corollary 3.3. Every simply (and hence, left, right or fully) cancellative skew lattice is quasidistributive.

Proof. The implication (QD) is trivially implied by (SC). |
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As (QD) suggests, quasi-distributivity is not sufficient for simple cancellativity. Minimal examples of
quasidistributive skew lattices which are not simply cancellative are given by a (horizontally) dual pair of
skew diamonds with the Hasse diagram below. We denote the right-handed case by NC;2 and its left-handed
dual by NCSC. The Cayley tables for the operations of NC5R are also given. Transposing them gives the
tables for NC%.

1 VIO a b ¢ 1 A0 a b ¢ 1

0|0 a b ¢ 1 00 0 0 0O O

a b___ . ala a 1 1 1 al0 a 0 0 a
blb 1 b b 1 b0 0 b ¢ b

cle 1 ¢ ¢ 1 c|0 0 b ¢ ¢

o 0 1(1 1 1 1 1 110 a b ¢ 1

We say that a skew lattice S is weakly simply cancellative if every skew diamond within S is simply
cancellative.

Lemma 3.4. Given a skew diamond T with incomparable D-classes A and B, join class J and meet class
M, the following are equivalent:

i) T is simply cancellative.
ii) Givene € J, f € M with e > f, unique a € A and b € B exist such that both e > a > [ and
e>b>f.
iii) Given e € J, f € M with e > f, unique a € A and b € B exist such thate = aVb="bV a and
f=anb=bAa.
iv) T contains no copy of NCg or NC?.

Proof. (ii)<(iii): This follows from Lemma 2.6.

(i), (iii)=(iv): Neither NC& nor NCF satisfies the conditions of (ii) and (iii).

(iv)=(ii): Let e € J and f € M be such that e > f. Then given any ¢ € A and d € B, setting
a=fV(eANche)V fandb= fV(eANdAe)V [ gives a pair a, b satisfying the inequalities of (ii). To show
uniqueness, suppose € > a,a’ > f where aDa’. Then aRaAa’ La'. Thus if a # o’ then either a # a Aa’ or
aNa' #a'. Moreover, e > aAa’ > f so that either {a,a Ad',b,e, f} or {a’,aNa',b,e, f} is a copy of NC§
or NCF in T, contrary to (iv). Thus a is unique and similarly so is b. Thus (ii) holds.

(i)=(i): Let e € J and f € M be as in (ii) and (iii). As before, a € A and b € B exist such that
e>a,b> f. If a’ € Aissuchthat e > a’ > f also, then aVbVa =e=d'VbVva and aAbAa = f =a’ AbAa.
Simple cancellation yields a = a’. Similarly b is unique and (ii) follows.

(ii),(iii),(iv)=-(i): Suppose a,a’,b € T satisfy aVbVa=a'VbVad',aANbANa =da NbAd' and aDa’. Again,
if @ and b are comparable under >, then a = a/, as seen above. So we may assume they are incomparable
and hence, say a € A and b € B. Settinge=aVbVa=a'VbVa inJand f =aAbAa=d ANbAd in M,
we have e > a,a’ > f. By (ii), a = ¢’ and (i) follows. O

Theorem 3.5. For a skew lattice S, the following are equivalent.

i) S is weakly simply cancellative.
ii) S satisfies the implication
)

ii
(WSC
iii) Neither NCE nor NCE occur as subalgebras of S.

zVzVex=yVzVy, zAzAxz=yAzAy and xDy = zx=y.

Proof. (1)=-(ii): Suppose a,b,c satisfy bVaVb=cVaVec,bAaAb=cANaAcand bDc. By Lemma 2.10,
if b and ¢ were comparable to a under >, then b = ¢. Otherwise, A = {a}, B = {b,c}, M = {bAa Ab} and
J={bVaVb} forms a skew diamond.

(ii)=(iii): Neither NCF nor NC¥ satisfy (WSC).

(iii)<(i): This follows from Lemma 3.4. O



Theorem 3.6. The class of weakly simply cancellative skew lattices forms a variety of skew lattices with an
equational base given by the following identity where where e = xV (yAz)Va and f=x A (yAz)Ax:

(3.3) fVvienynzAe)V f=fV(enzAyAhe)V f.

Proof. Let u and v denote the left and right sides of (3.3). Since y AzD 2z Ay and D is a congruence (Lemma
2.5), we have u Dv. Also, one has e > x> f and e > u,v > f.

If = is »=-comparable with y A z and z A y, then u = v follows. Indeed if z K yAz,zAy, theneDyA z
and f =z sothat u=e=v. fyAz,zAy Xz, then f Dy Az and e = z so that u = f = v. Thus (3.3)
really pertains to the incomparable case.

Given NC? or NC?, assigning a to x, b to y and c to z leads to {u,v} = {b,c}, so that neither algebra
satisfies (3.3). Thus all skew lattices satisfying (3.3) contain copies of neither NCE nor NCE and so are
weakly simply cancellative by Theorem 3.5.

Conversely, a weakly simply cancellative skew lattice satisfies (3.3) in the case where the choice of x is
>-incomparable with the outcomes for y A z and z A y. For Lemma 2.6 implies that e is the commuting join
of x with both u and v while f is the commuting meet of z with both v and v and thus u = v by (WSC)
(Theorem 3.5(ii)). O

Theorem 3.7. For a skew lattice S, the following are equivalent.

i) S is simply cancellative.

il) S is quasidistributive and weakly simply cancellative.

iii) None of M3, N, NCZ—? nor NCé: occur as subalgebras of S.
Further, the class of all simply cancellative skew lattices forms a variety.
Proof. Evidently, (SC) is equivalent to the conjunction of (QD) and (WSC), and then Theorems 3.2 and 3.5
apply to give (i)<(ii)<(iii). For the rest, we have already noted that quasidistributive skew lattices form a
variety, and then Theorem 3.6 applies. |

4. SYMMETRY

Having characterized simple cancellation, we now wish to fill the gap between that notion and full can-
cellation. To this end, consider the following pair of Hasse diagrams corresponding to two right-handed
skew diamonds and their left-handed duals. (The dotted lines denote the natural partial order > and the
horizontal lines ‘=’ denote the relation D.)

Jr—J2 1
a1 7—70/2 bl — b2 ay _ a2 bl - b2

0" mip — Mo

The induced right-handed algebras are denoted respectively by NS?’O and NS?’l, and their left-handed
duals by NS?’O and NS?’I. Cayley tables for NS?’0 and NS?’1 are as follows, with tables for NS?’O and
NS?’1 obtained by transposing these:

V]0 an b jn A0 an by jn
00 ap by Jn 0/0 0 0 O
NS?’O: Am | Gm Qm Jm Jm am|0 a, 0 an,
b | bm Jm bm Jm b |0 0 b, by

where m,n =1,2 and r,s = 1, 2.
Note that NS?’0 and NS$’0 are horizontal duals (new x Vy =old yVz, new 2z Ay = old y A x), and
so are NS?’1 and NS?’l. Also, NS?’0 and NS$’1 are vertical duals (new xVy =old z Ay, new x Ay =
8



V |1l as by mg Al 1l as by mg

11 1 1 1 1|1 as by my

NS?1 : a. |1 a- 1 a, ar | ar as Mms Mg
b |1 1 b, b, b. | b, mg by my

m, |1 a, b, m, M, | My Mg Mg Mg

old z Vy with 0 and 1 switched), and so are NS?’1 and NS?’O. Thus any observation we make about one
of these algebras implies a variant observation about the other three. We will use this repeatedly in the
discussion that follows.

Lemma 4.1. Fach of NS?’O, NS?’O, NS?’1 and NS?’1 is simply cancellative. Further,

i) NS;avo and NS?’1 are right cancellative, but not left cancellative.
ii) NS?’0 and NS?’1 are left cancellative, but not right cancellative.

Proof. The first assertion follows from Theorem 3.7 because none of the four algebras contains a copy of
either NCg or NC?. That NS77Z’0 is right cancellative follows from directly checking its Cayley tables, while
that it is not left cancellative is because, for instance, a; V by = j1 = a1 V by and a1 A by =0 = a; A by but
b1 # by. As noted above, the remaining cases follow by various dualities. |

The preceding discussion leads us to recall a concept that is central in the study of skew lattices. A skew
lattice S is symmetric if for all x,y € S, zcVy=yVax if and only if z Ay =y Ax. It is upper symmetric
if z Ay =y Aximplies z Vy =y V x. Dually, a skew lattice is lower symmetric if xV y = y V x implies
TANYy=yANcx.

Combined results of Leech ([11], 2.3.) and Spinks [18] give:

Theorem 4.2. Let S be a skew lattice.
i) S is upper symmetric if and only if it satisfies:
(US) xVyV(@Ay)=yAz)VyVa.
ii) S is lower symmetric if and only if it satisfies:
(LS) cAyA(xzVy)=(YVr)AyAx.
Thus the class of [upper, lower] symmetric skew lattices forms a variety.

Proof. We will prove (i); the proof of (ii) follows similarly by vertical duality. It is easy to see that if S

satisfies (US), then it is upper symmetric. Indeed if x Ay = y Az, then = V y L2 o v yV(yAz) =

xVyV(zAy) () (y/\x)\/y\/x:(x/\y)\/y\/x(lz'Q)y\/x.

Now given z,y € S, set a = (x AyAz)VyV (xAyAz). We claim that z and a have commuting meet
x Ay A x. Indeed, if z Dy then a = z, in which case our claim is trivial; otherwise, we have both x and

a>xAyAz,andsox Aa=aAx=1zAyAz by Lemma 2.6(i).

Next note that a ‘= (xAyANz)VyV(yAz)V(zAy) (2 (xAyAz)VyV(xAy), and similarly,

a=(yANz)VyV(zAyAz).

Now suppose S is upper symmetric. It follows that x Va = a V x. Using the two different expressions for
a in the preceding paragraph, this is x V[(z AyAz)VyV (zAy)] = [(yAx)VyV (zAyAx)]Vz. Dropping the
brackets and applying (1.2) on both sides, we have z Vy V (z Ay) = (y Axz) Vy V z, that is, (US) holds. O

The above four 7-element algebras are the skew lattices of smallest order that are not fully symmetric,
although NS&? and NS‘?’0 are lower symmetric and NS' and NS?’1 are upper symmetric. This is due
to the following result.

Theorem 4.3. Let S be a right-[left-|handed skew lattice on two generators a and b. If a ANb=bAa but
aVb#b\Va, then S is isomorphic to NS?’0 [to NS?’O]. Dually, if aVb=bVa but aNb#bAa, then S is
isomorphic to NS [to NSZ!].



Proof. Thanks to duality, we need only prove the right-handed case of the first assertion, doing so in the
following steps:
1) S is a skew diamond whose incomparable D-classes separately contain a and b. In particular, ¢ and b are

>-incomparable. For suppose otherwise, say a = b. Then aAb = bAa = bAaAd 29) bsothat aVb=0Va=">

by (2.2), contradicting our assumption.

2) For all x € S, a ANb < z. Since a Ab="bA a, we have a A b < a,b. In general, v < v, w implies u < both
v Aw and v Vw. (Indeed, (2.4) implies u Av Aw = (u Av) Aw =uAwAu and similarly, v A w A u = u.
Likewise, u Vo Vw = (uVv) Vw = vV w and similarly, v Vw V u = vV w.) Henceforth we denote a Ab by
0. We have shown that 0 < x for all z € S.

We obtain at least the following elements in the four D-classes of S.

aVb—bVa
a—(rzr/\;(b\/a) b/\(a\/b)—b

Vra/\b/

3) All seven elements above are distinct, lie in the displayed D-classes and have precisely the indicated
partial order relationships. Indeed a, b, 0, a V b and bV a are distinct by our assumptions on a and b.
Since the images of a Vb and bV a, of a and a A (bV a) and of b and b A (a V b) agree in the lattice
S/D, each of these three pairs are D-related in S. By right-handedness, a V b (210) aVbVa > aand
bVa>((BVa)ANaAN(bVa) G2 4 A (bV a). Likewise, bVa >band aVb>bA (aVb). Suppose next that
a=aA (bVa). Then both a,b < bV a so that a and b would have a commuting join by Lemma 2.6, thus
forcing a Vb =bVa. Thus a # a A (bV a) and likewise b # b A (a V b). Finally, there is no more to the
partial order > between the displayed elements in the top D-class and any of the four displayed elements in
the middle. Since aVb#bVa,aVb>band bVa > a cannot occur. Suppose that aVbd > a A (bVa). Then
by definition of > and (2.7), a A (bVa) =aA(bVa)A(aVd)=aA(aVbVa)=a. ThusaVb>aA(bVa)
cannot happen and neither can bVa > bA (a Vb).

4) These seven elements are closed under A. Closure clearly occurs when one of the elements is 0 or both
elements lie in a common (R =) D-class where x A y = y holds. When they lie in distinct D-classes in the
middle, z Ay = 0 by Lemma 2.6. Suppose one element is in {aVb,bVa} and the other in, say, {a,aA(bVa)}.
From >, we have

(avb)ha=a=aNn(aVd) and (bVa)AlaAbVa)]=aA(bVa)=[aA(bVa)]A(Va).

Elements a and bV a meet to either a A (bV a) or to (bVa)Aa (L

(avVbd)Afan(bVa)]=[avb)Aa]A(DbVa)=aA(bVa),

a. Next since a Vb > a,

and

[an(dBVa)]A(avd)=aA][(bVa)A(aVbd)]=aA(aVDb) LD,
because x Ay = y holds on {a V b,bV a}. Likewise closure under A occurs between {a V b,bV a} and
{b,bA (aVb)}.
5) They are also closed under V. Again this occurs when one of the elements is 0 or both elements lie in a
common (R =) D-class where x V y = x holds. Consider the case of comparable, nontrivial D-classes with
one element in {a V b,bV a} and the other in, say, {a,a A (bV a)}. Again due to >,

(avb)Va=aVb=aV(aVD) and (bVva)V[an(bVa)]=bVa=[aN(bVa)]V(bVa).
Likewise a and b V a join to either a VbV a=aVbby (2.10) or tobVaVa=>bVa. NextsinceaVd>a,

-

@ve)viar ®va)] %2 @veva)viea®va)] 2 avievae 2 ave.
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Also
(4.1) [an(dVa)]V(avbd)=(aA(bVa)]Va)Vb=[aAN(bVa)]Vb=>bVa
since a A (bV a) R a and since bV a > b, a A (bV a) so that Lemma 2.6 applies. Thus closure under V occurs
on {aVbbVa,a,aA(bVa)}and similarly on {aV b,bV a,b,b A (aVb)}.

Finally consider joins from the middle classes, {a,a A (bV a)} and {b,b A (a vV b)}. Many outcomes are
trivial. We directly get a Vb and bV a from a and b. The partial order also gives a Vb from a and bA (a V b),

and gives bV a from a A (bVa) and b. Finally we join bA (aVb) and a A (bVa). Since bA (aVb)V(aA(bVa))
lies in the (R =) D-class of bV a, we have

A @V VIaADBVa)]=DbA@VEVaABVAV OV BA(@VE]V(GVa)

which reduces to a V b by the a-b dual of (4.1) above. Similarly, [a A (bV a)] V [b A (a V b)] reduces to bV a.
6) Thus given a Ab=bAa but aVb#bVa in any right-handed skew lattice, the elements a and b generate
a T-element subalgebra Ty, ;; whose elements have ezactly the description in terms of a and b given in part
(3) above, and whose binary outcomes are ezactly as described in parts (4) and (5) above. Hence all such
(sub)algebras are isomorphic. In particular they are isomorphic to NS?’O. An isomorphism of NS?’0 with
T4} is given by:
j1 —aVb jz —bVa
a = a ag —aA(bVa) by = bA(aVDd) by = b

0—=>aAbd
(In both algebras = A y is the unique element m in the meet D-class such that y > m, while z Vy = y if
2 = 0 or else it is the unique element u in the join D-class such that u > x.) O

Theorem 4.4. Let S be a skew lattice.
i) S is upper symmetric if and only if neither NS?’0 nor NS?’0 occurs as a subalgebra.

il) S is lower symmetric if and only if neither NS?’1 nor NS?’1 occurs as a subalgebra.
iii) S is symmetric if and only if none of these four skew lattices occur as subalgebras.

Proof. Since neither NS?’0 nor NS?’0 is upper symmetric, any skew lattice containing a copy of one of
them cannot be upper symmetric. Conversely, if S is not upper symmetric, elements a,b € S exist such that
aNb=bAabut aVb#bVa. LetT be the subalgebra of S generated by a and b. T is also a subalgebra of
the product T/L x T/R with both factor algebras generated also from pairs of generators, with each pair
being the images of a and b. Moreover, t Ay =y A x but =V y # y V x must be passed on to at least one of
these pairs of generators, else it would not be the case for a and b. By Theorem 4.3, either T/L or T/R is a
copy of NS?’O or NS?’O respectively. By Lemma 2.8, T itself and hence also S must have a copy of one of
these algebras. Thus (i) follows by double contraposition. Part (ii) follows by duality and (iii) follows from
(i) and (ii). |
Corollary 4.5. Cancellative skew lattices are symmetric.

Proof. Such a skew lattice cannot contain a copy of NS?’O7 NS?’I, NS?’0 or NS?’l. O

Upper and lower symmetry can be bisected in turn in left-right fashion to give a four-fold partition of
symmetry that will prove useful in the next section.

Theorem 4.6. Given a skew lattice S:
i) S/L being upper symmelric is equivalent to either of the following:
a) S contain no copy of NS?’O.
b) S satisfiesxVyVaez=(yAz)VyVz.
ii) S/R being upper symmetric is equivalent to either of the following:
a) S contain no copy of NS?’O.
b) S satisfiesxVyVez=xVyV(zAy).
iii) S/R being lower symmetric is equivalent to either of the following:
a) S contain no copy of NS?’l.
b) S satisfiesx AyAz=(yVz)AyAz.
11



iv) S/L being lower symmetric is equivalent to either of the following:
a) S contain no copy of NS?’l.
b) S satisfiesx AyAz=xAyA(zVy).

The above four conditions hence determine four varieties of skew lattices.

Proof. Being right-handed, S/L is upper symmetric if and only if S/L itself contains no copy of NS?’O, or
put otherwise, no skew diamond in S/£ contains a copy of NSX®. Thus the equivalence of (i)(a) with the
upper symmetry of S/L follows from Lemma 2.8. As for (i)(b), by (US), S/L is upper symmetric if and only
if (yAx)VyVaeLaxVyV (zAy) holds. Using the definition of £, the latter can be expressed by

(4.2) [xVyV(eAyVIyAz)VyVe]=(yAhz)VyVe
and
(4.3) [(ynz)VyVz]VizVyV(zAy)=zVyV(zAy).

Since both 2z Vy and y Va = z Ay and y A z, (4.2) reduces to (i)(b) by Lemma 2.10. Upon replacing
(yAz)VyVae by xVyVein (4.3), we obtain the redundant triviality zVyVezVaVyV(zAy) =zVyV(zAy)
which we drop. The other three cases are similar. The final assertion is now clear. |

Corollary 4.7. A skew lattice S is upper (lower, fully) symmetric if and only if S/L and S/R are thus.
Proof. This follows from Theorems 4.2 and 4.6. (]

5. CHARACTERIZING CANCELLATIVE SKEW LATTICES
We begin by stating the main result of this paper, which in spirit extends Theorem 3.6.
Theorem 5.1. (The Main Theorem)

1) The following are equivalent for a skew lattice S.
i) S is left cancellative.
ii) None of M3, N5, NCg, NC?, NS;Q’0 nor NS?’1 occur as subalgebras of S.
iii) S is simply cancellative, S/L is upper symmetric, and S/R is lower symmetric.
2) The following are equivalent for a skew lattice S.
i) S is right cancellative.
ii) None of M3, N, NC§, NC?, NS?’1 nor NS?’O occur as subalgebras of S.
iii) S is simply cancellative, S/R is upper symmetric, and S/L is lower symmetric.
3) The following are equivalent for a skew lattice S.
i) S is cancellative.
ii) None of the above 5- or 7-element algebras occur as subalgebras of S.
iii) S is simply cancellative and symmetric.
4) Left [right, fully] cancellative skew lattices form a variety.

Proof. We begin with (1). If S is left cancellative, then S cannot contain copies of any of the algebras listed
in (ii) since none of them are left cancellative. Thus (i) implies (ii). The equivalence of (ii) and (iii) follows
from Theorems 3.6 and 4.6. Now assume S satisfies (iii), and suppose a,b,c € S satisfy a Vb = a V ¢ and
aANb=aAc. Since S/L is upper symmetric, Theorem 4.6 gives

bVavVb=(aAb)VaVvb=(aANc)VaVc=cVaVec.
Since S/R is lower symmetric, Theorem 4.6 gives
bAanb=(aVb)ANaANb=(aVc)NaAhc=cAhaAc.

By simple cancellativity, b = ¢. Therefore S is left cancellative, that is, (i) holds. The proof of (2) is similar.

Indeed, (2) follows from (1) by horizontal duality (new zVy = old yV x; new z Ay = old y Ax). As for (3),

the equivalence of (i) with (ii) follows from the corresponding equivalences of (1) and (2). The equivalence

of (ii) with (iii) follows from the corresponding equivalences of (1) and (2) and Corollary 4.7. Finally, (4)

now follows from parts (iii) and (1), (2) and (3) plus Theorems 3.7, 4.2 and 4.6. O
12



This theorem has an immediate consequence. Recall that a skew lattice S is totally quasi-ordered if
for all x,y € S, either a > b or b = a.

Corollary 5.2. Totally quasi-ordered skew lattices are cancellative.

Equational bases. To reprise what has been done, equational bases for some of the varieties of cancella-
tive skew lattice encountered in this paper are as follows:

Simply cancellative skew lattices:

(5.1) [EA(yV)A[(xAy)V(eA)A[zA(yVz)]=xA(yVz)

(5.2) fVlenynzne)V f=fV(eAzAyNe)V f

wheree=zV (yAz)Vzand f=zA(yAz)Azx.

Left [right] cancellative skew lattices: (5.1) and (5.2) plus respectively from Theorem 4.6,

(LC) zVyVae=(yAz)VyVe anddually zAyAz=(yVz)AyAzx,

(RC) xAyAz=xAyA(xzVy) anddually zVyVe=zVyV(zAy).

Cancellative skew lattices: all of the above, with possibly (LC) and (RC) replaced by the identities for
symmetry, (US) and (LS), given in Theorem 4.2.

Given non-commutativity, other forms of cancellation can be formulated. Consider, for instance, the
following variant forms of cancellation.

(5.3) xANy=xAz and yVax=zVz imply y=z
(5.4) xANz=yANz and zVz=zVy imply xz=y
(5.5) xAy=zAz and yVz=zxzVz imply y==z
(5.6) xAy=zAz and xzVy=zVz imply y==z2.

It turns out that none of these forms of cancellation introduce anything substantially new; they do, however,
provide succinct criteria for cases of cancellation already encountered.

Theorem 5.3. Given a skew lattice S, the following hold:

i) S is right-handed and simply cancellative if and only if it satisfies (5.3).
i) S is left-handed and simply cancellative if and only if it satisfies (5.4).
iii) S is a distributive lattice if and only if it satisfies (5.5).

iv) S is cancellative if and only if it satisfies (5.6).

Proof. To begin, if S satisfies any of the four implications introduced above, it is at least simply cancellative
since all four special 5-element (sub)algebras are ruled out. When restricted to D-classes, (5.3) forces them
to be right-handed and thus S to be the same. Conversely, if S is both right-handed and simply cancellative,
then the implication yVaxVy=zVaVzand yAz Ay =z Az Az imply y = z reduces to: xVy =z V z and
yAx =z Az imply y = z. This establishes (i), and (ii) is similar. For (5.5), observe that the two equalities
of the condition are equivalent on any D-class. On a D-class, z Ay = z A x holds precisely when y £ x and
z R x, which would force y = 2z, making that class trivial. Thus S is a cancellative, and hence distributive,
lattice. The converse is clear and so (iii) holds. Finally, (5.6) clearly rules out M3, N, NCg and NC?. In
NS?’1 one has a1 Aby =my =byANay and a3 Vb, =1 = by V ag, but by # by. Thus NS?’1 is also ruled
out. Similarly, so are NS?’O, NS? 1 and NS?’O. Hence any skew lattice satisfying (5.6) is fully cancellative.
Conversely, given full cancellation, S is symmetric. Let a Ab=cAa and a Vb= cVain S with both sides
respectively equaling a AbAa (and a AcAa)and aVbVa (and aVeVa). We get

aVbVa=aVeVa=(cNa)VeVa=(aAb)VaVb=bVaVb,

where we have used Theorem 4.6(i(b)) in the second and fourth equalities. Thus a VbV a=>bV a Vb, from

which a Vb= bV a follows. Similarly a Ab=bA a and we get both bAa=cAaand bV a=cV a. Since S

is cancellative, b = ¢ and (5.6) is demonstrated. O
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Consider the following lattice of varieties:

Simply cancellative
skew lattices

Left cancellative Right cancellative
skew lattices skew lattices

VVCancellativerr
skew lattices

While the bottom variety is the intersection of the middle varieties, we do not know if the top variety is
generated from the middle varieties and thus is their join in the lattice of all skew lattice varieties. The bottom
variety is, of course, the intersection of each variety with the variety of symmetric skew lattices. Using the
model builder MACE4 [17], we found four distinct minimal cases of order 12 exist that are simply cancellative,
but are neither left nor right cancellative. These turn out to be the fibered product NS£° x555 NS&! of
NSZ? and NS5 over their maximal lattice image 2 x 2; the splice of NS&* with NS5' obtained by
identifying the join class of NS? ¥ with the meet class of NS? 1. the two right-handed duals.

6. POSITIVE CHARACTERIZATIONS

Much of our discussion has occurred in the context of skew diamonds (often viewed as potential subalgebras
of skew lattices) since a quasidistributive skew lattice is (simply, left-, right- or fully) cancellative precisely
when all of its skew diamonds are such. But the emphasis has thus far been on what cannot occur in a skew
diamond if it is to have a type of cancellation. But what, positively, must occur?

A skew diamond S with D-classes J > A, B, > M is pointed above if J = {j}. It is pointed below if
M = {m}. S is doubly pointed if J and M are singletons. The unique element in the involved class(es) is
often denoted by 1 or 0, respectively.

A I {1

M o0 o

Clearly NS?’0 and NSZ? are pointed below, NS?’1 and NST! are pointed above and NCE and NCE are
doubly pointed. Lemma 3.4 gives us

Theorem 6.1. A quasidistributive skew lattice is simply cancellative if and only if all of its doubly pointed
skew diamond subalgebras are sublattices.

Now we consider full cancellation. Recall that a skew lattice S is primitive if it consists of just two
distinct D-classes C' > D. Given primitive skew lattices S; and Sy, the product S; x Sy is a skew diamond
that must be cancellative since both factors are cancellative by Corollary 5.2. While this is an easy way to
obtain cancellative skew diamonds, not all cancellative skew diamonds factor this way. We do have, however:

Theorem 6.2. A quasidistributive skew lattice is cancellative if and only if all of its pointed skew diamond
subalgebras factor as products of primitive skew lattices.

Proof. Given a quasidistributive skew lattice S, the condition on its pointed subalgebras excludes copies of

NC%, NCEF, NS?’O, NS?’O7 NS?’1 and NS;Q’1 from being subalgebras since in each of these six cases the

order of either the join or meet classes is inconsistent with factorization. Thus S is cancellative by Theorem

5.1. Conversely, given a cancellative skew lattice, we show that its pointed subalgebras factor as stated. Our
14



task quickly reduces to the case of a cancellative pointed skew diamond. So let S consisting of D-classes
J > A, B > M be cancellative and pointed (say) below, with M = {0}. A pair of primitive subalgebras are
given by A° = AU {0} and B® = BU{0}. We define o : A’ x BY — S by

ol(z,y)] =xVy for 2€ A’ and ye BY.

o is surjective by Lemma 2.6(iii). It is clearly bijective from {0} x {0} to {0}, from A x {0} to A and from
{0} x B to B. Thus we need only show it is bijective from A x B to J. Since S is symmetric, a Vb = bV a for
every (a,b) € A x B, since a Ab= 0= b A a. Hence bijectivity at the top must follow from Lemma 3.4(iii).
Finally for all ;,25 € A° and y1, . € B,
ol(w1,91) V (22, 92)] = o[(x1 V 22,91 Vy2)l = 21 Va2 Vy1 Ve
=z VyiVaaVy:  =of(z,y)]Vol(z,p2)],

since elements from A° commute with elements from B°. Expanding o[(x1,91) A (22, y2)] and o[(x1,y1)] A
o[(z2,y2)], we get respectively:

(1 Ax2) V (y1 A y) and (1 Vy1) A (w2 Vy2).

Case 1) At least one of the x; and one of the y; is 0. Here both expressions reduce to 0.
Case 2) Just one of the x; or y; is 0, say one of the y; = 0. We get x1 A 2 on the left and (z1 V y1) Az or
21 A (2 V y2) on the right. But

(xl\/yl)/\asg:(ml\/yl)/\xg/\(xl\/yl)]/\xgle/\xg.

Indeed both zq, [(x1 Vy1) Aza A (21 V y1)] < 21 V y1. Since both also lie in A, they are equal by Lemma
3.4(ii). Likewise z1 A (x2 V y2) = x1 A x2. The case where some x; = 0 and the outcome is y; A ys is similar.
Case 3) None of the z; or y; is 0. Since uV v = v A u holds in every D-class, we have:

(1 ANa2)V (W1 Ay2) =22Va1 VyaVyr and (z1 Vyr) A(xaVys) =x2Vys VI Vy.

By A — B commutation in the middle, zo Vx1 Vys Vys =x2 Vys V1 Vy;. O

In general, every skew diamond S is a union of mazimal pointed subalgebras in two ways: S =
SVm)=U,;c; (G ASAj) where

meM(m\/

(6.1) mVSvm={mVvzVml|reS}t={zeSx>m} and
JASANj={jNnxAjlzeS}={xreS|j>z}

are pointed respectively below and above. One can show that if S is cancellative, then all the m VvV SV m
are mutually isomorphic and all the j NS N\ j are mutually isomorphic. Thus in this case, instances of each
mV SVmor jASAjserve as a parameter for the entire skew diamond.

We next consider a related criterion for skew diamonds to be cancellative. To begin, given comparable
D-classes C' > D in any skew lattice, with ¢ € C' and d € D:

dvCVvd={dvevd|ceC}={ceC|c>d}
is the #mage under > of d in C, and
cANDANc={cANdNc|deD}={deD|c>d}

is the 4mage under > of ¢ in D. One easily shows that |dV CVd| = |d VvV C Vv d| for all d,d’ € D and
likewise [c A D Ac| =|cd AD A for all ¢,¢ € C. For instance, defining f : dVCVd — d vV CVd and
g:dvVCVd —-dvCVdby f(x) =d Vavd and g(y) = dVyVd gives an inverse pair of functions. This
is due to regularity (2.1) plus the fact that  Vy V = x in every D-class. The index [C : D] of D in C is
the common size |d vV C' V d| for all d; dually, the index [D : C] of C in D is the common size [c A D A ¢| for
all ¢. No relationship need exist between [C' : D] and [D : C]. In particular, they need not be equal. But
together they measure the behavior of > on the primitive subalgebra C' U D.
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Our interest here is with opposite sides of a skew diamond, i.e., A > M and J > Bor B> M and J > A
The following “Parallelogram Laws” of Cvetko-Vah [6] state that opposite sides of a cancellative skew lattice
always share the same indices.

J
[J,: A [J: B]

[M 4 M ;éj'
M

Theorem 6.3. Let S be a cancellative skew diamond {J > A,B > M}. Then:
i) [A: M]=[J:B] and [M : A] = [B: J].
i) [B: M]=1[J:A] and [M : B]=[A:J].
In detail, given j € J, a € A, b€ B and m € M such that j > a,b > m, isomorphisms
a:{zeAlz>m}={yeJ|y>blandB:{ueBlu<j}={veM|v<a}

are defined by a(x) = VbV x and B(u) = uAa Awu. Isomorphisms between other pairs of index sets are
defined similarly. Conversely, if S is a skew diamond for which all such maps are isomorphisms, then S is
cancellative.

Proof. We show « to be an isomorphism. The case for § is dual. The immediate context of « is the
pointed subalgebra S’ = m V S V m with class structure J' > A’ B’ > M’ where J' = mV JVm, ...,
M’ =mvV MVm = {m}. Thus, at the outset we may assume that S is cancellative, pointed and of the form
A® x B9 of the previous proof. Thus upon resetting m as (0,0), {z € Alz > m} as A x {0}, b as (0,b) and
{y € Jly > b} as A x {b}, « is just the evident homomorphism (a,0) — (a,b) from A x {0} to A x {b}. The
situation for S is similar. Conversely, if all such maps are bijections in a skew diamond S, then NC?, NCg
and the four 7-element algebras cannot arise in S, making it cancellative. (|

REFERENCES

(1] R. J. Bignall and J. Leech, Skew Boolean algebras and discriminator varieties, Algebra Universalis 33 (1995), 387—-398.
[2] R. J. Bignall and M. Spinks, Propositional skew Boolean logic, Proc. 26th International Symposium on Multiple-valued
Logic, 1996, IEEE Computer Soc. Press, 43-48.

3 , Implicative BCS-algebra subreducts of skew Boolean algebras, Sci. Math. Japon. 58 (2003), 629-638.
4 , On binary discriminator varieties, I: Implicative BCS-algebras, Internat. J. Algebra Comput., to appear.
5] G. Birkhoff, Lattice Theory, 3rd ed., AMS Colloquium Publications 25, Providence, 1967.

(3]
[4]
(5]
[6] K. Cvetko-Vah, Skew Lattices in Rings. Dissertation, University of Ljubljana, 2005.
[7]
(8]
[9]

7 , A new proof of Spinks’ Theorem, Semigroup Forum 73 (2006), 267-272.
8 , Internal decompositions of skew lattices, Comm. Algebra 35 (2007), 243-247.
9] K. Cvetko-Vah and J. Leech, Associativity of the V-operation on bands in rings, Semigroup Forum 76 (2008), 32-50.

[10] J. E. Leech, Towards a theory of noncommutative lattices, Semigroup Forum 20 (1986), 1-4.

[11] , Skew lattices in rings, Algebra Universalis 26 (1989), 48-72.

[12] , Skew Boolean algebras, Algebra Universalis 27 (1990), 497-506.

[13] , Normal skew lattices, Semigroup Forum 44 (1992), 1-8.

[14] , The geometric structure of skew lattices, Trans. Amer. Math. Soc. 335 (1993), 823-842.
[15] , Recent developments in the theory of skew lattices, Semigroup Forum 52 (1996), 7—24.

[16] J. E. Leech and M. Spinks, Skew Boolean algebras derived from generalized Boolean algebras, Algebra Universalis, to
appear.

[17] W. W. McCune, Mace/, version Dec-2007, http://www.cs.unm.edu/mccune/mace4, 2007.

[18] M. Spinks, Automated Deduction in Non-Commutative Lattice Theory, Tech. Report 3/98, Gippsland School of Computing
and Information Technology, Monash University, June 1998.

[19] —, On middle distributivity for skew lattices, Semigroup Forum 61 (2000), 341-345.

[20] M. Spinks and R. Veroff, Aziomatizing the skew Boolean propositional calculus, J. Automated Reasoning 37 (2006), 3—20.

16



