EMBEDDINGS OF FINITE DIMENSIONAL OPERA TOR SPACES
INTO THE SECOND DUAL

ALVARO ARIAS AND TIMUR OIKHBER G

Abstra ct. We show that, if a a nite dimensional operator spaceE is suc
that X contains E C-completely isomorphically whenewer X  contains E com-
pletely isometrically, then E is 215C*!-completelyisomorphicto Ry, C,, for some
n;m 2 N[ fOg. The converseis alsotrue: if X contains R, C, -completely
isomorphically, then X contains R, C, (2 + ")-completely isomorphically, for
any " > 0.

1. Intr oduction

Local re exivity of Banad spaceswas rst discovered by J. Lindenstraussand
H. Roserthal in [17]. Later, W. Johnson,H. Roserthal, and M. Zippin [9] improved
on this result, and obtained:

Theorem 1.1. Supmse X is a Banach space, E and F are nite dimensional
subspesof X and X , respectively, and " > 0. Then there exists an operator
u:E! X st kuk< 1+ ", Ujg\x = lg\x, andhue;fi = he;fi for anye2 E and
f2F.

This immediately implies the result of [17]:

Corollary 1.2. Supmse E and X are Banach spaces, E is a nite dimensional
space, and E is contained in X  C-isomorphially (that is, there existsE®! X
suchthat d(E;E9 6 C). Then E is contained in X (C + ")-isomorphially, for any
"> 0.

In the non-comnutative case,the results quoted above do not hold in general.
It is well known that an in nite dimensional operator spaceneed not be locally
re exive. Moreover, for every n > 2 the space’’ (equipped with the maximal
operator spacestrbjcture) is cortained in B = K , while, by Theorem 21.5 of [16],

d('1;E) > n=2 n 1) forany E | K (here and belov, B and K denote the
spacesof boundedand compact operators on ",, respectively).
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2 A. ARIAS AND T. OIKHBER G

In this paper, we shav that a \non-commutative" analogueof the Corollary 1.2
holdsfor a nite dimensionaloperator spacekE if and only if E is completelyisomor-
phic to adirect sumofrow and columnspacegTheorem1.3). Wesay that X cortains
E C-completelyisomorphially (C-ci) if there existsF ] X s.t. dw(E;F) 6 C. X
is said to cortain E C+-ci if it cortains E C;-ci for every C; > C. A nite dimen-
sional operator spacekE is saidto be C-bidually representablg C-BDR, for short), if
an operator spaceX cortains E C-completelyisomorphicallywhenewer X cortains
a completelyisometric copy of E. E is saidto be C+-BDR if it is C;-BDR for any
C,>C.

Below, R, and C, stand for the spacesspannedby the rst row and the rst
columnofn n matrices,respectivel. means ; (the '; sum of spaces)unless
speci ed otherwise.

Theorem 1.3. (1) If E is -completelyisomorphicto R, C, for somem;n 2 Z,,
thenE is 2 2+-BDR.
(2) If E is +-BDR, then, for somem;n2 Z,, dw(E;R,y C,) 6 2¥° 11

Theorem 1.4. An operator space is 1-BDR if and only if it is 1-dimensional.

The rest of the paper is organizedasfollows: in Section2, we gather someessenal
facts about non-duallocal re exivit y, and prove item (1) of Theorem 1.3. The proof
of Theorem1.3(2) proceedsn two steps. First, we shav that E embeds\nicely” into
R C (Section3). In Section4 we completethe proof of Theorem 1.3(2). Section
5 is dewted to proving Theorem 1.4. Finally, in Section6, we considerour problem
in the setting of C -algebras.

The notation usedin this paper is, by and large, either standard, or explained
above. The minimal (also called injective, or spatial) tensor product of operator
spacesis denotedby . If T : X ! Y isa nite rank operator, T standsfor the
correspnding elemen of X Y (then kTk, = kTk). We often useM ,,, B, K, and
Ko { the spaceof n n matrices, the spaceof boundedoperators on ",, the space
of compactoperatorson ", and the spaceof compact operators with matrices with
nitely many non-zeroertries, respectively.

In the proofs, we usethe notion of exactnessf an operator space,and the notion
of a completeM -ideal in an operator space.

We sa that an operator spaceZ is C-exact(C > 0) if, for any nite dimensional
subspaceE | Z, and ewery " > 0, there existsN 2 Nand F ! My with the
property that d,(E;F) < C+ ". Z is saidto be exactif it is C-exact for someC.
The exactnessconstant of Z (denoted by ex(Z)) is the in m um of all the C's with
the above property. It is easyto seethat the row spaceR, the column spaceC, and
the spaceof compactoperators K are 1-exact. On the other hand, it is known that
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B is not exact. The readeris referredto [15], Chapter 17 of [16], or Chapter 14 of
[6] for more information.

A subspaceX of an operator spaceY is called a complete M -summandif Y =
Y , Z,forsomeZ ] Y. X isacompleteM-ideal in Y if X?? is a completeM -
summandin Y . We referthe readerto [5], or to Section4.8 of [2], for information
about completeM -ideals. For the theory of M -idealsin Banad spacessee[q].

Finally, Z, = N[ fOg is the set of non-negati\e integers.

2. Some remarks on bidual represent ability
To prove Theorem1.3(1), begin with

Prop osition 2.1. SupmseE and F are nite dimensional operator spaces, X is
an operator space, u : E!' X andv:X ! F arelinear maps,and" > 0.
Then there existlinear mapsu; : E! X andv; : X ! F suchthat ku;kepkviKep <
A+ "ex(E )ex(F)kukepkvke,, and viu; = vu.

Proof. PickaiorthogonaI systema(e.;q){‘=1 and (f;;f; )%, in E and F, respectively.
Write b= ;& X; andwv= ;f; x ,withx, 2X andx; 2X . By
Proposition 3.2.10of [6] (M (X)) = My (X ) isometrically, hencew 2 X F
can be \approximated” by vy = ;f; x; 2 F X in sud a way that (1)
kwk < © 1+ "ex(F)kvk, and (2) hx;;x, i = hx; ;x; i for any pair (i;j). Similarly,
there existsuq 2 E X st kihk 6 ° 1+ "ex(E )kuk, and hx;;x; i = hx;;x;i for

any pair (i; j ).

Now go bad from tensor productsto c.b. mapsu; :E! X andv;: X ! F. By
the above, kuike, < ° 1+ "ex(E )kuke, and kvike, < P 1+ "ex(F)kvky, Moreover,
for any i, X X

vilne = hxoxiifp = bk x; if; = vug:
] |
Therefore,vu = vyuy, and kuikepkvike, < (1 + ")ex(E )ex(F)kukpkvKep. [

Proposition 2.1 implies:

Corollary 2.2. SupmseX is an operator space, and > 0. Then:

(1) If X containsa -injective nite dimensionaloperator space E C-completely
isomorphially, then X contains E ( C ex(E)ex(E ) + )-completelyisomor-
phically.

(2) If X containsR, C, (n;m2 Z,) C-completelyisomorphially, then X
containsR,, C, (2C+ )-completelyisomorphially. Conseuently,R,, C,
is 2+-BDR.

(3) SupmseE = Ry, Cy, 2, C 1 Rp,orC 1 Ry (M2 N). If X con-
tains E C-completelyisomorphially, then X contains E (C + )-completely
isomorphially. Conseuently, E is 1+-BDR.
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Proof. (1) Considera subspaceE®] X , for which there exists a completely con-
tractive isomorphismuE ! E°with ku ks, 6 C. As E is -injective, there exists
v:X | E, extendingu ! (that is, vjco = u 1), of norm not exceeding C .
By Proposition 2.1, for every " > O thereexistu; : E! X andv; : X | E,
sudh that kuikepkvike, 6 (1 + ")ex(E)ex(E ) C , and viu; = vu = lg. Therefore,
deo(E;ui(E)) 6 (1+")ex(E)ex(E ) C . Since" canbe arbitrarily small, we are done.

(2) The spaceR,, C, embedsinto M ., as 1-completelycomplemered sub-
space,henceex(R,, C,)= 1. Moreover, (R, C,) =C, 1R is2-completely
isomorphicto C, R, henceex((R,, C,) )6 2. An application of part (1) yields
the desiredresult.

(3) Reasonasin the proof of part (2), and recallthat ex(E) = ex(E ) = 1 for any
E from the list (seeChapter 21 of [16]). ]

Remark 2.3. Wereturn to the connectionsbetweeninjectivity, exactnessand BDR
in Section5. Meanwhile, note that by Theorem 1.4, C is the only 1-BDR space.
Hence,the condition of being 1-BDR is much strongerthan being 1+-BDR.

The next result shavs that bidual represetabilit y is an isomorphic property.

Prop osition 2.4. SupmseX is an operator space, E is a nite dimensionalsubspce
of X , dw(E;F) = Cq, and ex(F) < C,. Then there existsan operator smpee Y s.t.
den(X;Y) < C,C,, andY  contains a completelyisometric copy of F.

Proof. Supposethe mapu: E ! F is sud that kuky, = Cq, and ku kg = 1. By
renorming X , we shall constructa spaceY andamapT : X ! Y s.t. kTke, < C1Cy,
and T ! is completely cortractive. To this end, nd a subspaceF; ] My and a
mapv:F;! F st kv kg = 1, and kvke, < C,. Embedding F into B completely
isometrically, and applying Stinespring Extension Theorem, we obtain an operator
v:My ! B st ¥g = v, and kvky, = kvke,. Let F = WM y).

Extendw = v lutow: X | My st kwkeyg = kwke, 6 Ci, and wWjg = w.
Let Cf = C1Co=kvk¢,. The unit ball of X My is weak densein the unit ball of
X M n, hencethere exists an operator wy; : X | My s.t. kwike, < Cf, and
Wi je = W.

De ne a new operator spacestructure Y on X by setting, for x 2 X Ky,
kaY K = maxfk ka K s k(V‘\Nl I« )Xkr: kK 9

Denote by T the formal idertity map from X to Y. Clearly, T ! is a complete
contraction, and kTkeg, 6 kww ke, < C1Cs. Moreover, for x 2 X Ko,

kx ky k= maxtkx kx k;k(wvw; 1k)X Ke O
which impliesthat, fore2 E Ko, keky k = k(u Ix)eke k. [

Prop osition 2.5. Supmsethe space E is C+-BDR. Then E is C-exact.
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Proof. Apply the de nition of BDR to X = K. [ ]

Corollary 2.6. SupmseE and E °are operator spacesof the same( nite) dimension,
E is C-BDR, diw(E;E% = , andex(E) < . Then an operator space X contains E
C -completelyisomorphially wheneverX contains E° completelyisometrically.
Conseuently, E%is C 2 -BDR.

Proof. SupposeEis cortained in X . Consideramapu:E°! E, s.t. kukyg=
and ku kg, = 1. By the proof of Proposition 2.4, there exists an operator spaceY
andamapT:X ! Y st kTkep< KT kg6 1,andT (E9 = E. Thereexists
asubspaceF ! Y, with di(E;F)6 C. Let F°= T 1(F)! X. Then

dcb(E; F% 6 dcb(E; F)dcb(F; F() 6 dcb(E; F)kacka 1kcb <C
Therefore,d.,(E%¢F9 6 do(E%E)d(E;FY < C 2 . n

3. Proof of Theorem 1.3(2): E is a subspace of R C

In this section,we make the rst steptoward proving Theorem 1.3(2) by showving
that every C-BDR spaceenbeds\neatly” into R C. More precisely we prove:

Theorem 3.1. For every N 2 N, there exists a sefarable operator sppce X such
that:

(1) X ocontains B as a completeM -summand.

(2) SupwseE is a nite dimensional operator space, suchthat ds(E;E9 < C
for someE®! *; (My),.and X contains E c-completelyisomorphially for
somec< C. ThenE is4 2C3-completelyisomorphicto a subspeeof R C.

Consajuently, any C+-BDR space is 4p 2C3-completelyisomorphic to a subsce of
R C.

We start the proof by constructing the spaceX . At the Banad spacelevel, let
X = ( nsn My)e, bethe spaceof all sequencesvhoseelemerts aren  n matrices,
and which have a limit (in,K). Denote by P, (once again, n 5 N) the canonical
\truncation" from X t0 ( . Mi)1 - Let Xp = MAX(( ponsg MK)1) (see
[1F] or [11] for the de nition and properties of the functor MAX ), and set, for
x2 X Koy,

(3.1) kxk = supk(P, lg)xkx, «:
n

It is easyto notice that the Banad spacestructure of X is as described above.
Denote by Y the space( .-n Mn)c,, With the operator spacestructure inherited
from X.

For further use,we state the following easyconsequencef (3.1).
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Lemma 3.2. Supmsex is an elementof X M, (m 2 N). Write X = (Xj)isN »
with Xi 2 M M. Then

kxkx wm, = maxfk xk® o M Mm;NrIrl?éXm K(Pn  Im,)XKx, M,O

Lemma 3.3. Y is a completeM -ideal in X.

Proof. Forn > N, dene themap T, : X ! Y by setting
Ta((Xi)isn ) = (Xn+13::03%n;0;0;:10):
We needto shaw that the sequencdT,) is an M -completeappraximate idertity (see

De nition 1.1 o0f [1]). Clearly, T,y! yforanyy 2 Y. Moreover, supposex = (X;)
andz = (z) areelemens of X M. By Lemma3.2 for n > m,

K(Tn  Imo )OO+ (1 Tn)  Iwa (2K = K(XN+150005 X053 Znet s Zne2 s 22K

= maxtk (Xn+13:575 Xn; Zne s Znez s 10K N Mn)e Mms
max k(X Xk
yhax (XN +1 KKx, MmO
= maxf max kxyk;supkzk; max k(x Xk
Jhax K k>np kK; max. (XN +1 KKx, MmO

6 maxtk xk; kzkg:

Thus, (T,) is indeedan M -completely appraximate idertit y, and therefore,by The-
oreml.1of [1], Y is a completeM -ideal in X . [ ]

Lemma 3.4. The quotient X=Y is completelyisometric to K .

Proof. De ne the map U : X=Y | K by setting U([(Xi)i>n ]) = lim;i x;. To show
that it is a completeisometry, x m 2 N, and considerx = (Xi)isn 2 X Mp,. By
Lemma3.2, K[X]kx=y m, = limikxik = kU[X]kx wm,,- [

Conclusionof the proof of Theorem 3.1. Part (1) of the Theoremfollows from Lem-
ma 3.4. SupposeE isa nite dimensionaloperator spaceasin part (2), u:E! X is
a completecortraction, F = u(E), andku ks, < C. Let F,, = P,(F) be a subspace
of X, (here, P, and X, are asin (3.1)), and let u, = P,u. By the de nition of
MAX ,

hencethere existsn > N s.t. k(u, Im,)ek > C lkek foranye2 E My. By
Smith's lemma, ku,, ke, < Cku,t 1y k< C2

X, is 1l-exact. Hence,by [17], ther%exist operatorsv : E! R C andw:
R C! X,, sothat kvkekwks, 6 4 2C, and u, = wv. Let G = v(E). Then
deo(E; G) 6 kvkepku, *wke, < 4 2C3,

To prove the last assertion,note that, by the reasoningabmﬁa and Proposition 2.5,
any N -dimensionalC+-BDR spaceE enmbedsinto Ry Cy 4 2(C+ ")3-completely
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isomorphically for any " > 0. Letting " approad 0, and applying a classicalcom-
pactnessargumen, we completethe proof. [ ]

4. Pr oof of Theorem 1.3(2): EisR, C,

In this section,we completethe proof of Theorem 1.3(2). For the convenienceof
working with Hilbert spacesas much as possible,we usethe sum ,: if X andY
are operator space,and x andy are elementss of X KgandyY Ky, respectively,
de ne

(4.2) kX ykix ,v) k = maxtk xk; kKyk; kx  ykminx ,v) k O

Clearly, Ruan's axiomsare satis ed, soX ,Y isindeedan operator space.
Note that any N-dimensionalsubspaceE of R , C is containedin Ry ,Cy.
In view of Theorem 3.1, the proof of Theorem 1.3(2) follows from:

Theorem 4.1. SupmseE is an N-%imensional subspce of Ry > Cy, whichis
-BDR. Then d,w(E;Rm 2Cn) 6 32 2 for suitablem;n 2 Z, .

Denoteby Ar and Ac the orthogonal projectionsfrom E on Ry and Cy, respec-
tively. By polar decompsition, there exists an orthonormal basis(e)Y, in E s.t.
Are = aPe®) with 06 a6 :::6 af) 6 1, and &) being an orthonormal

basisfod Ry. Then,for16 i 6 N, Ace = a1-(c)(-:«|(c), wheree,(c) is a unit vector, and
a® = 1 (a®))2 Notethat, fori 6 j,

. R): R R C C, R). .
f‘a,q( )I = |’H1( )e,-( )+a1-( )e,-( ),%-( )I =0
Moreover,

0= re:igi= ™ + e aPdR) + @i = fdre; i

and therefore, the vectors(ei(c))iN=1 form an orthonormal basisin Cy (certain minor

changesto this construction needto be madeif ai(c) = 0 for somei's). One canalso
show that he.;q-(c)i =0fori6j.

Lemma 4.2. ()Y, is a 1-completelyunconditional basisin E.

We have to shav that the operator = diag(( i)X,) is completely cortractive.
To this end, consideran operator ~ on Ry, Cy, mapping e®) (or &) into

&) (resp. €°)), for 16 i 6 N. By the discussionprecedingthe statemert of
this lemma, the restrictions of = to Ry and Cy are cortractive, hencecompletely
cortractiv e (row and column spacesare 1-homogeneous)Thus, by the homogeneiy
of minimal spacesand by (4.1), ~ is completely cortractive. To completethe proof,
obsene that the restriction of = to E coincideswith . |

This lemma, together with (4.1), yields:
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ES = spang ji 21]. Then Hleformal identity mapid :E! E, ,E/ is completely
contractive, and kid kg, 6 @ 2.

P
Proof. For simplicity, denotethe spaceE, » EI'-’ by F. Considerx = ;& X;2
E K. Then

X I oW
kxke k = max k (@) xik%k  (@9)xix k¥ kg XiKying 'y « O

i=1 i=1 i=1
while X ] X ] )
kxke x =max k (@) xik™%k (@), x k'
i2l 2l c
X X X
k@) xix K2k (@) xix Kk e Xikuney) kO
i2l i2l ¢ i=1
Comparing the two certered expressionsgyields the result. [ ]

Turning badk to tIBe proof of Theobem 4.1, denote by m the largest number i
for which a®) > 1= 2 (if a®) < 1= 2, setm = 0), andlet n = N m. Let
ErR = spangj16 i 6 m], Ec = spaffjejm < i 6 N]. For a compact operator
T2B(H;K) (H andK @re Hilbert spaces)we denoteby kTk, its Hilbert-Schmidt
norm. That is, kTko = (| t@lzz, wheret; > t, > :::> 0 arethe singular numbers
of T. Equivalertly, kTk3 = i jnTe;f;ij2, where (e) and (f;) are orthonormal
basesin H and K, respectively.

To completethe proof, it su ces to show that

maxftk ACjER kg, kARjEC kgg 6 16p é .

Indeed, this would imply that Egr and Ec are 32 -completelyisomorphicto R, and
C,, respectively. An application of Corollary 4.3 would then yield the result. Thus,
it remainsto prove:

Prop osition 4.4. In the alove notation, kAcje, k2 6 16p§ .

Proof. If m = 0, thereis nothing to prove. If m > 1, denoteAcje, by A for simplicity
of notation. Let

X X
X1=( MAX 1 (Er))e; Y = ( MAX h(ER))cs X = X1 2Ec:

n>N n>N
By Proposition 3.2 of [1], Y is a complete M -ideal in X;. Imitating the proof of
Lemma 3.4, one can showv that X,=Y = Er completely isometrically. Therefore,
X, cortains Eg asa complete M -summand. Finally, M¢(X ) = (M¢(X)) for
any s2 N, henceX = X, ,Ec, and therefqre,X cortains E 2-completely
isomorphically By Corollary 2.6, X cortains E = 2 +-ci.
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Pick C > , and considera completecortraction u: E ! X, satisfyingku k., 6
2C. Denote the \natural truncation" of u to E¢ (or the n-th summand of X4,
n > N) by ug (respectively, u,). More precisely we view uq (resp. u,) asa map
from E to Ec (resp. MAX ,(Egr)). In this notation, F = kerug is an M -dimensional
subspaceof E (M > m). Let v be an isometry from Ry, onto F. To completethe
proof, it su ces to show that

(1) kvke, > maxt 1 kAk,=2g .

(2) kupvk,, 6 8foranyn> N

p

(4.2)

Indeed, then kuvke, = sup, kupvke, 6 8. On the other hand,v=u ! (uv), hence
the above inequalitiesimply

kA2k2 6 kvkgp < pECkuvkcba g 2c:
SinceC > is arbitrary, we concludethat kAjk, 6 16p 2.

We start by proving (4.2(1)). Denote by Q and Q? the orthogonal projections
from F onto Eg and Ec, respectively. Reasoningasin the proof of Lemma4.2 (see
alsothe discussionprecedingit), we can nd an orthonormal basis(f;)M, in F, s.t.
hQfi; Qf i = hQ?fi;Q?f;i.= 0if i 8 j. By changingthe erymeration if necessary
assumethat kQ?fik > 1= 2for16 i 6 >, and kQfik > 1= 2for < i 6 M. Let
F,=sparffij16 i6 '], F, = sparffij  <i6 M], and Gs = v (Fs) for s = 1;2.
We canidentify G; and G, with R- and Ry, -, respectively. Note that

kvkep > maxtk Vi, Kep; kVjc,keod > (KVjo, k3, + kvje,k3 b)1=2:p 5.

Howewer,
kvjg,kep > KQ? Vig,kea(ricu) = KQ Vig, ka2 > =
Similarly,
X _
kvjc,Kep > KAQVjg,Kee Ry -icw) = KAQVjg, k2 = KAQf k2

i="+1
To ewaluate kAk,, introduce the vectorsf?2 Eg (1 6 i 6 M) in sud a way that
Er = sparffj16 i 6 M], and, for ead i, kf % equalsO or 1, and f °= Qf;=kQf k
provided Qf; 6 O (this is possible,sinceM > m = dimEg). A is a cortraction,
hence

pd hd
kAks=  KAf%?6 "+ 2 KAQf k? 6 2(kvjg, k%, + kvjg,k%) 6 4kvkZ:
i=1 i="+1
Moreover, v is an isometry, thus (4.2(1)).
Next we tackle (4.2(2)). Fix n. By [17], there exist operators Tg : F ! Ry,
Tc : F ! CM, SR Ry ! MAXn(ER), and SC . CM ! MAXn(ER), so that
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Unje = SrTr + ScTe, and maxfk Tr KepkSr Kep; KTe KepkSc Kewg 6 2p 2. Then
kSR TR chb 6 kSR kckaR chb = kSR kckaR vk 6 2p é:

Moreover,
kSckep > KARSckea(cy :ry) = KARScKz > kSc k2=p 2;
hence
KSc TcVKep 6 KSc Te vk 6 KSc kokTevk 6 4:
Thus,
kKupVKep 6 KSg Tr VKep + KSc Te VK, 6 8:
This establisheq4.2(2)). |

Proof of Theorem 1.3(2). Supposean N -dimensionalspaceE is +-BDR. Pick C >

. By Theorem 3.1, there exists a subspaceF of Cy , Ry, S.t. dew(E;F) < 8C3.
By Corollary 2.6 and Proposition 2.5, F is 2°C8-BDR. By Theorem4.1, F is 22>2C8-
Cito Gc = Rmicy 2Cnc)- Thus, de(E; Gc) 6 2%72CH. Find a sequencegC)),
decreasingo , s.t. m= m(C;) foranyj (thenn= N m(C;) = n(C)). Clearly,
dn(E;Rm 1 Cp) 6 215 10, |

5. Proof of Theorem 1.4, and similar lo wer estima tes

This sectionis dewted to the proof of Theorem1.4. Clearly, C is 1-BDR. A series
of lemmas helps us rule out other spaces. The rst lemma seemsto be a partly
folklore.

Lemma 5.1. (1) Supmslg(Ek)ﬁ:1 is a sequene of Banachsmeaes,and E is a nite
dimensionalsubspce of (|, Ex)c,. 'Ehenthere existsN 2 N suchthat E is isometric
to a nite dimensionalsubspce of ( E=1 Ex)i .

(2) Supmﬁg(Ek)ﬁzl is a sequene of operator spaces,and E is a nite dimensional
subspce of (|, Ex)e,. Then there elgistsN 2 N suchthat E is completelyisometric
to a nite dimensionalsubsjpce of ( ::':1 Ex)1 .

Proof. We prove part (2), sincepart (1) canbetackled in a similar manney. Letn=
Bim E. Suppose(e)L, is an Auerbad basisin E { that is,max;j ij6 k , k6
p ] 1] for eadr sequenceof scalars( ;). In particular, the projectionR; :E! E:

i i& 7! ;g iscortractive for every j. Sinceit is a rankane projection, it must
alsobe completelycortractive. Thus,for any (&)L, K,k ;& ek> max kak.

Now write & = (ex)i.,;, with ex 2 Eyx. There existsN 2 N s.t. kegk < 1=n for
any16 i 6 n,andany k > N. Forsud k, andfor any ()., K,k ;& exk<

max; ka;k. Therefore,
X X X
K | a; ak—SIkak | a; akk—lgnk%k i g exk;
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P
which implies that E is completely isometric to a subspaceof ( Ex)L.,, spanned
by the vectorse = (ex)k.; (16 i 6 n). n

We next apply this lemmato our situation.

Lemma 5.2. Supmsea nite dimensional operator space E is 1-BDR. Then, for
someN 2 N, E emledsinto ") isometrically, andinto M y completelyisometrically.

2 E of norm 1 sothat, for any e2 E,
max jhe;ej > (1 2 ")kek:

16 k6 M n

De ne the operator spacekE, by setting, fore2 E Ky,

kekg, k = max (1 2 ")keke KJIGTGB-,\)A( k(e Ik )ekg

Note that, for e2 E,

(5.1) keke, = max jhe,; el
P
Let X = ( ., En)e. Then the map
X
u:e! X =( Ep), e’ (ee;::)
n=1

is a completeisometry. Onthe otrﬁar hand, if E enmbedsinto X isometrically, then, by
Lemmab5.1, it must embed into ( ﬁ 1 En)1 , for someK 2 N. By (5.1, 'l_.:, enmbeds
isometrically into “¥'». Therefore, E errbedssomeglcallylnto (N = . Mp).

I:,Next test 1-bidual represemability with X = ( ,_; My)e. The spaceX =
( &:1 M)1 cortains B, hepceit alsocontains E. Therefore, X cortains E. By
Lemma5.1, E enbedsinto (., M) , for someM. A fortiori, E embeds com-
pletely isometrically into M v, with N = M (M + 1)=2. [ ]

Corollary 5.3. If a 1-BDR space E hasdimensionat least 2, then E is not strictly
convex.

Recall that a Banad spaceE is called strictly convexif, for any e;;e, 2 E, the
equality ke, + eok? = 2(ke;k? + keyk?), implies e, = e,.

Proof. By Lemma 5.2, there exist linear functionals f;:::;fy 2 E s.t. kek =
maxssign JHfi; € for any e 2 E. Therefore,there exist i and two distinct elemens
er; & of the unit ball of E, satisfying

keik = kepk = jHfi; eij = jhfi; el = 1:
Then 4 = ke, + ek? = 2(kek? + kek?). n
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Proof of Theorem 1.4. Suppose,for the sake of cortradiction, that dimE > 1, and
E is 1-BDR. By Lemma 5.2, E enmbeds into My completely isometrically,. We
then construct an operator spaceX , isomorphicto co(M ), which is strictly cornvex
(hence, by Corollary 5.3, X cannot cortain E isometrically), but sud that X
cortains M y completelyisometrically.

To this end, nd a densesequence(f,-)jlzl in the unit ball of M. For x =
(X1;X2;::7) 2 (M), set

X . 1=2
(5.2) kxkx = supkxk,: where kxk, = kx,k?+ 10 (HIFRGRE Xy 2
: ik =1

Obsene that

b3 b3
10 (n+j+k)jhfj;xkij2 6 10 (n+1) 10 (+k 1) = 10 (n+1) *10 :

jik=1 ik =1 "=0
= 10 (n+1) ; 2 < 1:25 10 (n+1) .
1 1=10 ' '
(5.3) kxkn < kxpk+ 10 "kxKeym y);

hencek kyx is well dened. To show that k k, is a norm, note that kxk, =
kInXKm 5N Ny, Where

Jn:c(Mpy)! My 2 2N N):x7!(xn;(10 (n+j+k)|’fj;xki)j;k);

(5.3), lim,kJ,xk = 0 for any x, hence(5.2) descrikes X as a subspaceof

( (MN  272)e, and k kx is anorm, too. Thus, X isisomorphicto "3 (My),
and the norm is alsogiven by (5.2).

Finally, note that the supremum in (5.2) is attained. Indeed, if kxke, v,y = 1, nd
K 2 N s.t. kxpk? + 10 " < 1=4 for n > K. For suc n, kxk, < 1, while kxkyx > 1.
Therefore, kxkxy = max,« kxKp.

To show that X is strictly corvex, supposekx® + x@k? = 2(kxMk? + kx@k?) for
somex®;x@ 2 X . By the obsenation above, there existsn 2 N s.t. kx® + x@k =
kx® + x®@k,. Therefore (writing x® = (x{)1_,),

0> 2(kxWk2 + kx@k?)  kx® + x@k2 = 2(kxPk? + kx@Pk?)  kx{) + xPk?
R :
+ 10 ™0 2 ke x®ij 2+ jhf s x P02 i x® + xPij?
jik =1
But, by the triangle inequality,
2(kxVk? + kx®@k?) > kx® + x@ K2

and

2 jhf; xDij 2+ jhtxPij2 > jhf;;xD + xPij 2
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In the last centered line, the equality holds if and only if x(kl) = x(kz) for ewery k.
Thus, x® = x@,
De ne the operator spacestructure on X by setting, for x 2 X Ky,

kxk = maxfk XkM|N( X) Kor kaco(M N) Ko9:

In other words, the operator spacestructure on X is generatedby its \natural"
embedding into MIN(X) ¢(My). Then X  enbedsinto MIN(X ) "1 (My),
and, for x 2 X Ko,

(5.4) kxk = maxkakN”N(x ) Ko;ka‘l Mn) Ko

Dene U : My ! X :a7 (1 10Ma)l.,. By (5.2 and the discussion
following it, and by (5.4), U is a complete cortraction. Furthermore, for any a 2
Mn Ko,

k(U |K)akx K > Sup(l 10 ”)kakMN K = kak;
n

henceU is a completeisometry. [ ]

Remark 5.4. In a similar way one can prove the comnutative version of Theo-
rem 1.4 if a nite dimensionalBanadt spaceE is sud that a Banad spaceX con-
tains E isometricallywhenewer X cortains E isometrically, then E is 1-dimensional.
Indeed,onecanimitate the proof of Lemma5.2to show that sud an E embedsinto
"N for someN. Then, as above, one constructs a strictly corvex Banad spaceZ,
whosedual cortains Y.

Next we investigatethe smallestC for which the given spaceE is C-BDR.

Theorem 5.5. SupmseE is a nite dimensional C-injective operator space, which
is +-BDR. Then > ex(E )=(Cex(E)).

Proof. Suppose, for the sake of cortradiction, that < ex(E )=Cex(E)). Pick
C, > ex(E), C; < ex(E ), and C3 > , s.t. C,=5C,C3) > C. Following the proof
of Theorem3.1, nd E; ] My, s.t. dw(E;E;) < C;. Also, de ne the spacesX,
(n> N) and X asin the proof of that theorem. We know that X cornains B asa
completeM -summand. SupposeX cortains E Cs-ci. Asin the proof of Theorem3.1,
we concludethat, for somen > N, X, cortains E C;Cs-ci. That is, there exists a
subspaceF | X, and a completecortraction u: F ! E, with ku ks, 6 C,Cs. E
is C-injective, thusthere existsamap t: X, ! E s.t. tjp = u, and kek, 6 C.

As ex(E ) > C,, there exists an operatorv : E ! B s.t. kvky, > C,, and
kv Iy, k< 1(to seethis, apply Theorem18of [15] to E , and dualize). Note that

Kvike, > KvUKg, > ;
VErGed VUKeb ku 1kcb C.Cs
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On the other hand, by de nition of X,
kvekkep, = kver Iy k6 kv 1y Kkdke, < C:

This cortradicts our assumptionthat C,=(C,C3) > C. [

Corollary 5.6. If ] is C-BDR, thenC > n:(2p n 1)

Proof. Weknow that E = ! is 1-injective, and 1-exact. Moreover (seeTheorem21.5

of [16]), exXE ) > n=(2" n 1). We completethe proof by applying Theorem5.5. m

6. C -algebras and bidual represent ability

Passingfrom operator spaceso C -algebras,we obtain:

Prop osition 6.1. SupmpseX is a C -algebm, and n 2 N. Then the following are
equivalent:

(1) X contains M, completelyisometrically.

(2) X ocontains M, asa subC -algeba.

(3) X contains M , completelyisometrically.

(4) X oontains M, c-completelyisomorphially, for somec< n=(n 1).

(5) There existsan irr educiblerepresentationof X into B(H), with dimH > n.

Remark 6.2. J. Roydor [1E] proved a related result: if a C -algebra X enbeds
into C( ;M ,) (for some) completelyisometrically, then X is a C -subalgebraof
C( %M,), for someset °

Below, we denoteby (Ej )j -; the canonicalmatrix units in M .

Lemma 6.3. Supmsen> m, andT :M,! M, is a completecontraction. Then

X
kT IMn( Eij Eij)ka Mn6m:

Corollary 6.4. If | is a set, m < n, and E is an n2-dimensional subsjpce of
1 (1;My), thendey(M p; E) > n=m.

Proo[D Consider a complete cortraction, T : M, ! E. By Lemma 6.3 KT
IMn( in=1 Eij Eij )k 6 m. Hower, k |n] =1 Eij Eij an M, = N |

Proof of Lemma6.3. Considera complete cortraction T : M, ! M. By Stine-
spring RepresentationTheorem, there exists a Hilbert spaceH, a unital represen-
tation M, ! B(H), and cortractions U 2 B(H;'T'), V 2 B('J'; H), sud that
Ta= U (aV for any a 2 M,. Note that, for eadr i, pj = (E;) is a projec-
tion. Denote the range of this projection by H;. Then (E;) is a partial isometry,
with initial and terminal projections H; and H;, respectively. Let H = H4, and
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u = (Ejy):H !P H; (onceagain,16 i 6 n). Then "5(H) canbeidertied with
H, via( i)in=1 7! in=1 Ui j.

For16 i 6 n,IJet U =Uu 2B(H; 7)), andV, = uipV 2 B('J';H). Thenwe can
identify U with i”:p Ei U (viewed asan operator from "5(H) to "T'). Similarly,
weidentify V with L, Eiz Vi 2 B('J;"3(H)). Then

X X B
kVk=k Ei Vik=k V, Vik¥6 1; and

1 i=1

|
kUk=k E; Uk=k UU k™6 1
i=1 i=1
Moreover, TE; = UV, for any i andj. Therefore,

x x
KT IMn( Eij Eij)ka M n k U|VJ Eij k
i =1 ig(=1 X
k(U Ed( Vi Eyk
i j

However,
X X0 i X -
k U Eik=k UUK¥6 Tr( U )
i i=1 i=1
X _ X _
- 1 uu) PePmk” uuke Pm:
i=1 i=1
_— P p__
and similarly, k ;v  Eyk6 = m. Thus,
X X X

KT IMn( Eij E|J)k6 k Ui Eilk k VJ Eljk6 m:
ij =1 i j
|

P _
Remark 6.5. In asimilar fashion,onecanshow that k i”=1 Ei1 Eiikc, ¢, = P n,

and

xXn p_
KT lc,( Ein Ein)kwy, c, 6 m;

i=1
wheneer T : C, ! M, is a completecortraction. From this, one concludesthat
deo(Ch;E) > n=m for ewery n-dimensional subspaceE of "; (I ;M) (provided
n>m).

Lemma 6.6. Supmse :Y ! B(H) is anirreduciblerepresentationof a C -algeba
Y on a Hilbert spmee H of dimensionat least n. Then Y contains M, completely
isometrically as an operator system.
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Proof. If p is a projection of rank n on H, then, by the transitivit y of irreducible
represemations (TheoremI1.4.180f [2(]), (Y)p= B(H)p. Denoteby A the setof all
y 2 Y, satisfying (y)p=p (y) = p (y)p). Clearly, A isa C -subalgebraof Y, and
(A) canbeidertied with B(p(H)) M ,. Moreover, A hasa separablesubalgebra
(callit Aj), s.t. (A;) canagainbeidentied with M ,. In otherwords,M , = A;=J,
whereJ = ker \ A, is a closedtwo-sidedideal. By Theorem 3.100f [3], M, lifts
to A; completely positively. Thus, A; contains M , completelyisometrically. [ ]

Remark 6.7. A similar lifting technique was usedin [7]. Earlier, lifting methods
wereusedin [19, 21] to provethat aC -algebrawhich isnot (n  1)-subhomogeneous
cortains a completely positive copy of M .

Proof of Proposition 6.1. The implications (2)) (1)) (4) and(3)) (1) areclear.
(1) ) (2): By Section6.4 of [1(], we can decompmsethe von Neumann algebra
X into a direct sum of componerts of type Iy (k 2 N[ fig ), Il, and II1.
By Lemma 6.4, at least one of the summandsof type I (k > n), I, and 111 is
non-trivial. All sud&h summandscortain M, as a subalgebra(seee.g. Comparison
Theoremfor projectionsin a von Neumannalgebras,Theorem6.2.7 of [1(]).

(1)) (5): Suppose,for the sale of cortradiction, that (5) fails. Viewing X asthe
ervelopingalgebraof X , we embedit into "y (I ;M ;) for somesetl . Therefore,by
Lemma6.4, X cannotcortain M, c-completelyisomorphicallywith c< n=(n 1).

4)) (1) and (5) ) (3): If there are no irreducible represetation of X  (or
X)) on Hilbert spaceswith dimension> n, then X (respectively, X) embedsinto
1 (I;My, 1), hence,by Lemma 6.4, X cannot cortain M, c-completely isomor-
phically whenc < n=(n 1). Otherwise, X (or X) cortains M, completely iso-
metrically, by Lemma6.6. [ ]

Remark 6.8. By Lemma6.6, items (1) and (4) of Proposition 6.1 guarartee that
X (or X ) cortains M, asan operator system. Howewer, X neednot cortain M ,
as a subalgebra. Indeed, let X be the left regular algebraof a free group on two
generators.By [4], X hasno non-trivial projections, henceit cannot cortain M , as
a subalgebra.
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