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Abstra ct. We show that, if a a �nite dimensional operator space E is such
that X contains E C-completely isomorphically whenever X �� contains E com-
pletely isometrically, then E is 215C11-completely isomorphic to R m � Cn , for some
n; m 2 N [ f 0g. The converseis also true: if X �� contains R m � Cn � -completely
isomorphically, then X contains R m � Cn (2� + " )-completely isomorphically, for
any " > 0.

1. Intr oduction

Local re
exivit y of Banach spaceswas �rst discovered by J. Lindenstraussand
H. Rosenthal in [12]. Later, W. Johnson,H. Rosenthal, and M. Zippin [9] improved
on this result, and obtained:

Theorem 1.1. Suppose X is a Banach space, E and F are �nite dimensional
subspaces of X �� and X � , respectively, and " > 0. Then there exists an operator
u : E ! X s.t. kuk < 1 + ", ujE \ X = I E \ X , and hue;f i = he;f i for any e 2 E and
f 2 F .

This immediately implies the result of [12]:

Corollary 1.2. Suppose E and X are Banach spaces, E is a �nite dimensional
space, and E is contained in X �� C-isomorphically (that is, there exists E 0 ,! X ��

suchthat d(E; E 0) 6 C). Then E is contained in X (C + ")-isomorphically, for any
" > 0.

In the non-commutativ e case,the results quoted above do not hold in general.
It is well known that an in�nite dimensional operator spaceneed not be locally
re
exive. Moreover, for every n > 2 the space`n

1 (equipped with the maximal
operator spacestructure) is contained in B = K �� , while, by Theorem 21.5 of [16],
dcb(`n

1 ; E) > n=(2
p

n � 1) for any E ,! K (here and below, B and K denote the
spacesof boundedand compactoperators on `2, respectively).

1991Mathematics Subject Classi�cation. 46L07, 47L25.
Key words and phrases. local re
exivit y, dualit y of operator spaces.
Secondauthor supported in part by the NSF.

1



2 A. ARIAS AND T. OIKHBER G

In this paper, we show that a \non-commutativ e" analogueof the Corollary 1.2
holds for a �nite dimensionaloperator spaceE if and only if E is completely isomor-
phic to a direct sumof row andcolumnspaces(Theorem1.3). Wesay that X contains
E C-completelyisomorphically (C-ci) if there exists F ,! X s.t. dcb(E; F ) 6 C. X
is said to contain E C+ -ci if it contains E C1-ci for every C1 > C. A �nite dimen-
sional operator spaceE is said to be C-bidually representable(C-BDR, for short), if
an operator spaceX contains E C-completelyisomorphicallywhenever X �� contains
a completely isometric copy of E. E is said to be C+ -BDR if it is C1-BDR for any
C1 > C.

Below, R n and Cn stand for the spacesspannedby the �rst row and the �rst
column of n � n matrices, respectively. � means� 1 (the `1 sum of spaces),unless
speci�ed otherwise.

Theorem 1.3. (1) If E is � -completelyisomorphic to R m � Cn for somem; n 2 Z+ ,
then E is 2� 2+ -BDR.

(2) If E is � + -BDR, then, for somem; n 2 Z+ , dcb(E; R m � Cn ) 6 215� 11.

Theorem 1.4. An operator space is 1-BDR if and only if it is 1-dimensional.

The rest of the paper is organizedasfollows: in Section2, wegather someessential
facts about non-dual local re
exivit y, and prove item (1) of Theorem1.3. The proof
of Theorem1.3(2) proceedsin two steps. First, we show that E embeds\nicely" into
R � C (Section 3). In Section4 we completethe proof of Theorem 1.3(2). Section
5 is devoted to proving Theorem1.4. Finally, in Section6, we considerour problem
in the setting of C � -algebras.

The notation used in this paper is, by and large, either standard, or explained
above. The minimal (also called injective, or spatial) tensor product of operator
spacesis denoted by 
 . If T : X ! Y is a �nite rank operator, ~T stands for the
corresponding element of X � 
 Y (then kTkcb = k ~Tk). We often useM n , B , K , and
K 0 { the spaceof n � n matrices, the spaceof boundedoperators on `2, the space
of compact operators on `2, and the spaceof compact operators with matrices with
�nitely many non-zeroentries, respectively.

In the proofs, we usethe notion of exactnessof an operator space,and the notion
of a completeM -ideal in an operator space.

We say that an operator spaceZ is C-exact (C > 0) if, for any �nite dimensional
subspaceE ,! Z , and every " > 0, there exists N 2 N and F ,! M N with the
property that dcb(E; F ) < C + ". Z is said to be exact if it is C-exact for someC.
The exactnessconstant of Z (denoted by ex(Z )) is the in�m um of all the C's with
the above property. It is easyto seethat the row spaceR, the column spaceC, and
the spaceof compact operators K are 1-exact. On the other hand, it is known that
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B is not exact. The reader is referred to [15], Chapter 17 of [16], or Chapter 14 of
[6] for more information.

A subspaceX of an operator spaceY is called a completeM -summandif Y =
Y � 1 Z, for someZ ,! Y. X is a completeM -ideal in Y if X ?? is a completeM -
summandin Y �� . We refer the readerto [5], or to Section4.8 of [2], for information
about completeM -ideals. For the theory of M -ideals in Banach spaces,see[8].

Finally, Z+ = N [ f 0g is the set of non-negative integers.

2. Some remarks on bidual represent ability

To prove Theorem1.3(1), begin with

Prop osition 2.1. Suppose E and F are �nite dimensional operator spaces, X is
an operator space, u : E ! X �� and v : X �� ! F are linear maps, and " > 0.
Then there exist linear mapsu1 : E ! X and v1 : X ! F such that ku1kcbkv1kcb <
(1 + ")ex(E � )ex(F )kukcbkvkcb, and v1u1 = vu.

Proof. Pick biorthogonal systems(ei ; e�
i )n

i=1 and (f j ; f �
j )m

j =1 in E and F , respectively.
Write ~u =

P
i e�

i 
 x ��
i and ~v =

P
j f j 
 x ���

j , with x ��
i 2 X �� and x ���

j 2 X ��� . By
Proposition 3.2.1 of [6] (M N (X )) �� = M N (X �� ) isometrically, hence~v 2 X ��� 
 F
can be \approximated" by ~v1 =

P
j f j 
 x �

j 2 F 
 X � in such a way that (1)
k ~v1k <

p
1 + "ex(F )k~vk, and (2) hx �

j ; x ��
i i = hx ���

j ; x ��
i i for any pair (i; j ). Similarly,

there exists ~u1 2 E � 
 X s.t. k ~u1k 6
p

1 + "ex(E � )k~uk, and hx �
j ; x ��

i i = hx �
j ; x i i for

any pair (i; j ).
Now go back from tensor products to c.b. mapsu1 : E ! X and v1 : X ! F . By

the above, ku1kcb <
p

1 + "ex(E � )kukcb, and kv1kcb <
p

1 + "ex(F )kvkcb. Moreover,
for any i ,

v1u1ei =
X

j

hx �
j ; x i i f j =

X

i

hx ���
j ; x ��

i i f j = vuej :

Therefore,vu = v1u1, and ku1kcbkv1kcb < (1 + ")ex(E � )ex(F )kukcbkvkcb.

Proposition 2.1 implies:

Corollary 2.2. SupposeX is an operator space, and � > 0. Then:

(1) If X �� contains a � -injective �nite dimensionaloperator space E C-completely
isomorphically, then X contains E (�C ex(E)ex(E � ) + � )-completelyisomor-
phically.

(2) If X �� contains R m � Cn (n; m 2 Z+ ) C-completelyisomorphically, then X
contains R m � Cn (2C+ � )-completelyisomorphically. Consequently,R m � Cn

is 2+-BDR.
(3) SupposeE = R m , Cm , `2

1 , C � 1 R m , or C � 1 R m (m 2 N). If X �� con-
tains E C-completelyisomorphically, then X contains E (C + � )-completely
isomorphically. Consequently, E is 1+-BDR.
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Proof. (1) Considera subspaceE 0 ,! X �� , for which there exists a completely con-
tractiv e isomorphismuE ! E 0 with ku� 1kcb 6 C. As E is � -injective, there exists
v : X �� ! E , extending u� 1 (that is, vjE 0 = u� 1), of norm not exceeding�C .
By Proposition 2.1, for every " > 0 there exist u1 : E ! X and v1 : X ! E,
such that ku1kcbkv1kcb 6 (1 + ")ex(E)ex(E � )�C , and v1u1 = vu = I E . Therefore,
dcb(E; u1(E)) 6 (1+ ")ex(E)ex(E � )�C . Since" canbearbitrarily small, wearedone.

(2) The spaceR m � Cn embeds into M m+ n as 1-completelycomplemented sub-
space,henceex(R m � Cn ) = 1. Moreover, (R m � Cn )� = Cn � 1 R m is 2-completely
isomorphicto Cn � R m , henceex((R m � Cn )� ) 6 2. An application of part (1) yields
the desiredresult.

(3) Reasonas in the proof of part (2), and recall that ex(E) = ex(E � ) = 1 for any
E from the list (seeChapter 21 of [16]).

Remark 2.3. We return to the connectionsbetweeninjectivit y, exactness,and BDR
in Section 5. Meanwhile, note that by Theorem 1.4, C is the only 1-BDR space.
Hence,the condition of being 1-BDR is much stronger than being 1+-BDR.

The next result shows that bidual representabilit y is an isomorphicproperty.

Prop osition 2.4. SupposeX is an operator space, E is a �nite dimensionalsubspace
of X �� , dcb(E; F ) = C1, and ex(F ) < C2. Then there existsan operator space Y s.t.
dcb(X ; Y) < C1C2, and Y �� contains a completelyisometric copy of F .

Proof. Supposethe map u : E ! F is such that kukcb = C1, and ku� 1kcb = 1. By
renormingX , we shall construct a spaceY and a map T : X ! Y s.t. kTkcb < C1C2,
and T � 1 is completely contractiv e. To this end, �nd a subspaceF1 ,! M N and a
map v : F1 ! F s.t. kv� 1kcb = 1, and kvkcb < C2. Embedding F into B completely
isometrically, and applying Stinespring Extension Theorem, we obtain an operator
~v : M N ! B s.t. ~vjF1 = v, and k~vkcb = kvkcb. Let ~F = ~v(M N ).

Extend w = v� 1u to ~w : X �� ! M N s.t. k ~wkcb = kwkcb 6 C1, and ~wjE = w.
Let C0

1 = C1C2=kvkcb. The unit ball of X � 
 M N is weak� densein the unit ball of
X ��� 
 M N , hencethere exists an operator w1 : X ! M N s.t. kw1kcb < C0

1, and
w��

1 jE = w.
De�ne a new operator spacestructure Y on X by setting, for x 2 X 
 K 0,

kxkY 
 K = maxfk xkX 
 K ; k(~vw1 
 I K )xk ~F 
 K g:

Denote by T the formal identit y map from X to Y. Clearly, T � 1 is a complete
contraction, and kTkcb 6 k~vw1kcb < C1C2. Moreover, for x �� 2 X �� 
 K 0,

kx �� kY �� 
 K = maxfk x �� kX �� 
 K ; k(~vw��
1 
 I K )x �� k ~F 
 K g;

which implies that, for e 2 E 
 K 0, kekY �� 
 K = k(u 
 I K )ekF 
 K .

Prop osition 2.5. Supposethe space E is C+ -BDR. Then E is C-exact.
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Proof. Apply the de�nition of BDR to X = K .

Corollary 2.6. SupposeE andE 0 are operator spacesof the same(�nite) dimension,
E is C-BDR, dcb(E; E 0) = � , and ex(E) < � . Then an operator space X contains E
C�� -completely isomorphically wheneverX �� contains E 0 completely isometrically.
Consequently, E 0 is C� 2� -BDR.

Proof. SupposeE 0 is contained in X �� . Considera map u : E 0 ! E , s.t. kukcb = � ,
and ku� 1kcb = 1. By the proof of Proposition 2.4, there exists an operator spaceY
and a map T : X ! Y s.t. kTkcb < �� , kT � 1kcb 6 1, and T �� (E 0) = E. There exists
a subspaceF ,! Y, with dcb(E; F ) 6 C. Let F 0 = T � 1(F ) ,! X . Then

dcb(E; F 0) 6 dcb(E; F )dcb(F; F 0) 6 dcb(E; F )kTkcbkT � 1kcb < C��

Therefore,dcb(E 0; F 0) 6 dcb(E 0; E)dcb(E; F 0) < C� 2� .

3. Pr oof of Theorem 1.3(2): E is a subspace of R � C

In this section,we make the �rst step toward proving Theorem 1.3(2) by showing
that every C-BDR spaceembeds\neatly" into R � C. More precisely, we prove:

Theorem 3.1. For every N 2 N, there exists a separable operator space X such
that:

(1) X �� contains B as a completeM -summand.
(2) Suppose E is a �nite dimensional operator space, such that dcb(E; E 0) < C

for someE 0 ,! `1 (M N ), and X contains E c-completelyisomorphically for
somec < C. Then E is 4

p
2C3-completelyisomorphicto a subspace of R � C.

Consequently, any C+ -BDR space is 4
p

2C3-completelyisomorphic to a subspace of
R � C.

We start the proof by constructing the spaceX . At the Banach spacelevel, let
X = (� n>N M n )c, be the spaceof all sequenceswhoseelements are n � n matrices,
and which have a limit (in K ). Denote by Pn (once again, n > N ) the canonical
\truncation" from X to (

P n
k= N +1 M k)1 . Let X n = MAX n ((

P n
k= N +1 M k)1 ) (see

[13] or [11] for the de�nition and properties of the functor MAX n ), and set, for
x 2 X 
 K 0,

(3.1) kxk = sup
n

k(Pn 
 I K )xkX n 
 K :

It is easy to notice that the Banach spacestructure of X is as described above.
Denote by Y the space(� n>N M n )c0 , with the operator spacestructure inherited
from X .

For further use,we state the following easyconsequenceof (3.1).
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Lemma 3.2. Supposex is an elementof X 
 M m (m 2 N). Write x = (x i ) i>N ,
with x i 2 M i 
 M m . Then

kxkX 
 M m = maxfk xk(
P

n>N M n )c 
 M m ; max
N <n 6 m

k(Pn 
 I M m )xkX n 
 M m g:

Lemma 3.3. Y is a completeM -ideal in X .

Proof. For n > N , de�ne the map Tn : X ! Y by setting

Tn ((x i ) i>N ) = (xN +1 ; : : : ; xn ; 0; 0; : : :):

We needto show that the sequence(Tn ) is an M -completeapproximate identit y (see
De�nition 1.1 of [1]). Clearly, Tny ! y for any y 2 Y. Moreover, supposex = (x i )
and z = (zi ) are elements of X 
 M m . By Lemma 3.2, for n > m,

k(Tn 
 I M m )(x) + ((I � Tn ) 
 I M m )(z)k = k(xN +1 ; : : : ; xn ; zn+1 ; zn+2 ; : : :)k

= maxfk (xN +1 ; : : : ; xn ; zn+1 ; zn+2 ; : : :)k(
P

n>N M n )c 
 M m ;

max
N <k 6 m

k(xN +1 ; : : : ; xk)kX k 
 M m g

= maxf max
N <k 6 n

kxkk; sup
k>n

kzkk; max
N <k 6 m

k(xN +1 ; : : : ; xk)kX k 
 M m g

6 maxfk xk; kzkg:

Thus, (Tn ) is indeedan M -completely approximate identit y, and therefore,by The-
orem 1.1 of [1], Y is a completeM -ideal in X .

Lemma 3.4. The quotient X=Y is completelyisometric to K .

Proof. De�ne the map U : X=Y ! K by setting U([(x i ) i>N ]) = lim i x i . To show
that it is a completeisometry, �x m 2 N, and considerx = (x i ) i>N 2 X 
 M m . By
Lemma 3.2, k[x]kX =Y 
 M m = lim i kx i k = kU[x]kK 
 M m .

Conclusionof the proof of Theorem 3.1. Part (1) of the Theoremfollows from Lem-
ma 3.4. SupposeE is a �nite dimensionaloperator spaceasin part (2), u : E ! X is
a completecontraction, F = u(E), and ku� 1kcb < C. Let Fn = Pn (F ) be a subspace
of X n (here, Pn and X n are as in (3.1)), and let un = Pnu. By the de�nition of
MAX n ,

k(xN +1 ; : : : ; xn )kX n 
 M N = max
N <k 6 n

kxkk;

hencethere exists n > N s.t. k(un 
 I M N )ek > C � 1kek for any e 2 E 
 M N . By
Smith's lemma, ku� 1

n kcb < Cku� 1
n 
 I M N k < C2.

X �
n is 1-exact. Hence, by [17], there exist operators v : E ! R � C and w :

R � C ! X n , so that kvkcbkwkcb 6 4
p

2C, and un = wv. Let G = v(E). Then
dcb(E; G) 6 kvkcbku� 1

n wkcb < 4
p

2C3.
To prove the last assertion,note that, by the reasoningabove and Proposition 2.5,

any N -dimensionalC+-BDR spaceE embedsinto R N � CN 4
p

2(C + ")3-completely
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isomorphically, for any " > 0. Letting " approach 0, and applying a classicalcom-
pactnessargument, we completethe proof.

4. Pr oof of Theorem 1.3(2): E is R m � Cn

In this section,we completethe proof of Theorem 1.3(2). For the convenienceof
working with Hilbert spacesas much as possible,we use the sum � 2: if X and Y
are operator space,and x and y are elements of X 
 K 0 and Y 
 K 0, respectively,
de�ne

(4.1) kx � yk(X � 2Y )
 K = maxfk xk; kyk; kx � ykMIN (X � 2Y )
 K g:

Clearly, Ruan's axiomsare satis�ed, so X � 2 Y is indeedan operator space.
Note that any N -dimensionalsubspaceE of R � 2 C is contained in R N � 2 CN .

In view of Theorem3.1, the proof of Theorem1.3(2) follows from:

Theorem 4.1. Suppose E is an N -dimensional subspace of R N � 2 CN , which is
� -BDR. Then dcb(E; R m � 2 Cn ) 6 32

p
2� for suitablem; n 2 Z+ .

Denoteby AR and AC the orthogonalprojections from E on R N and CN , respec-
tively. By polar decomposition, there exists an orthonormal basis (ei )N

i=1 in E s.t.
AR ei = a(R )

i e(R )
i , with 0 6 a(R )

N 6 : : : 6 a(R )
1 6 1, and e(R )

i being an orthonormal
basisfor R N . Then, for 1 6 i 6 N , AC ei = a(C )

i e(C )
i , wheree(C )

i is a unit vector, and

a(C )
i =

q
1 � (a(R )

i )2. Note that, for i 6= j ,

hei ; e(R )
j i = ha(R )

i e(R )
i + a(C )

i e(C )
i ; e(R )

j i = 0:

Moreover,

0 = hei ; ej i = ha(R )
i e(R )

i + a(C )
i e(C )

i ; a(R )
j e(R )

j + a(C )
j e(C )

j i = a(C )
i a(C )

j he(C )
i ; e(C )

j i ;

and therefore,the vectors(e(C )
i )N

i=1 form an orthonormal basisin CN (certain minor
changesto this construction needto be madeif a(C )

i = 0 for somei 's). One can also
show that hei ; e(C )

j i = 0 for i 6= j .

Lemma 4.2. (ei )N
i=1 is a 1-completelyunconditional basis in E.

Proof. Suppose� 1; : : : ; � N are complexnumbers, of absolutevalue not exceeding1.
We have to show that the operator � = diag(( � i )N

i=1 ) is completely contractiv e.
To this end, consider an operator ~� on R N � 2 CN , mapping e(R )

i (or e(C )
i ) into

� i e
(R )
i (resp. � i e

(C )
i ), for 1 6 i 6 N . By the discussionprecedingthe statement of

this lemma, the restrictions of ~� to R N and CN are contractiv e, hencecompletely
contractiv e (row and column spacesare 1-homogeneous).Thus, by the homogeneity
of minimal spaces,and by (4.1), ~� is completelycontractiv e. To completethe proof,
observe that the restriction of ~� to E coincideswith �.

This lemma, together with (4.1), yields:
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Corollary 4.3. SupposeI is a subsetof f 1; : : : ; N g. Let E I = span[ei j i 2 I ], and
E ?

I = span[ei j i =2 I ]. Then the formal identity map id : E ! E I � 2 E ?
I is completely

contractive, and kid � 1kcb 6
p

2.

Proof. For simplicity, denote the spaceE I � 2 E ?
I by F . Considerx =

P
i ei 
 x i 2

E 
 K . Then

kxkE 
 K = max
�

k
NX

i =1

(a(R )
i )2x �

i x i k1=2; k
NX

i =1

(a(C )
i )2x i x �

i k1=2; k
NX

i =1

ei 
 x i kMIN( `N
2 )
 K g;

while

kxkF 
 K = max
�

k
X

i 2I

(a(R )
i )2x �

i x i k1=2; k
X

i 2I c

(a(R )
i )2x �

i x i k1=2;

k
X

i 2I

(a(C )
i )2x i x �

i k1=2; k
X

i 2I c

(a(C )
i )2x i x �

i k1=2; k
NX

i =1

ei 
 x i kMIN( `N
2 )
 K g;

Comparing the two centered expressionsyields the result.

Turning back to the proof of Theorem 4.1, denote by m the largest number i
for which a(R )

i > 1=
p

2 (if a(R )
1 < 1=

p
2, set m = 0), and let n = N � m. Let

ER = span[ei j 1 6 i 6 m], EC = span[ei j m < i 6 N ]. For a compact operator
T 2 B(H; K ) (H and K are Hilbert spaces),we denoteby kTk2 its Hilbert-Schmidt
norm. That is, kTk2 = (

P
n t2

n )1=2, wheret1 > t2 > : : : > 0 are the singular numbers
of T. Equivalently, kTk2

2 =
P

i;j jhTei ; f j ij 2, where (ei ) and (f j ) are orthonormal
basesin H and K , respectively.

To completethe proof, it su�ces to show that

maxfk AC jER k2; kAR jEC k2g 6 16
p

2�:

Indeed,this would imply that ER and EC are 32� -completelyisomorphicto R m and
Cn , respectively. An application of Corollary 4.3 would then yield the result. Thus,
it remainsto prove:

Prop osition 4.4. In the abovenotation, kAC jER k2 6 16
p

2� .

Proof. If m = 0, there is nothing to prove. If m > 1, denoteAC jER by A for simplicity
of notation. Let

X 1 = (
X

n>N

MAX n (ER ))c; Y = (
X

n>N

MAX n (ER ))c0 ; X = X 1 � 2 EC :

By Proposition 3.2 of [1], Y is a complete M -ideal in X 1. Imitating the proof of
Lemma 3.4, one can show that X 1=Y = ER completely isometrically. Therefore,
X ��

1 contains ER as a complete M -summand. Finally, M s(X �� ) = (M s(X )) �� for
any s 2 N, henceX �� = X ��

1 � 2 EC , and therefore,X �� contains E
p

2-completely
isomorphically. By Corollary 2.6, X contains E

p
2� +-ci.
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Pick C > � , and considera completecontraction u : E ! X , satisfying ku� 1kcb 6p
2C. Denote the \natural truncation" of u to EC (or the n-th summand of X 1,

n > N ) by u0 (respectively, un ). More precisely, we view u0 (resp. un) as a map
from E to EC (resp. MAX n (ER )). In this notation, F = keru0 is an M -dimensional
subspaceof E (M > m). Let v be an isometry from R M onto F . To completethe
proof, it su�ces to show that

(4.2)
(1) kvkcb > maxf 1; kAk2=2g
(2) kunvkcb 6 8 for any n > N :

Indeed, then kuvkcb = supn kunvkcb 6 8. On the other hand, v = u� 1 � (uv), hence
the above inequalities imply

kAk2

2
6 kvkcb <

p
2Ckuvkcb 6 8

p
2C:

SinceC > � is arbitrary, we concludethat kA2k2 6 16
p

2� .
We start by proving (4.2(1)). Denote by Q and Q? the orthogonal projections

from F onto ER and EC , respectively. Reasoningas in the proof of Lemma 4.2 (see
also the discussionprecedingit), we can �nd an orthonormal basis(f i )M

i=1 in F , s.t.
hQf i ; Qf j i = hQ? f i ; Q? f j i = 0 if i 6= j . By changing the enumeration if necessary,
assumethat kQ? f i k > 1=

p
2 for 1 6 i 6 `, and kQf i k > 1=

p
2 for ` < i 6 M . Let

F1 = span[f i j 1 6 i 6 `], F2 = span[f i j ` < i 6 M ], and Gs = v� 1(Fs) for s = 1; 2.
We can identify G1 and G2 with R ` and R M � ` , respectively. Note that

kvkcb > maxfk vjG1kcb; kvjG2kcbg > (kvjG1k
2
cb + kvjG2k

2
cb)

1=2=
p

2:

However,

kvjG1kcb > kQ? vjG1 kCB (R ` ;C M ) = kQ? vjG1k2 >
p

`=2:

Similarly,

kvjG2kcb > kAQvjG2 kCB (R M � ` ;C M ) = kAQvjG2k2 =
� MX

i = `+1

kAQf i k2
� 1=2

:

To evaluate kAk2, introduce the vectors f 0
i 2 ER (1 6 i 6 M ) in such a way that

ER = span[f 0
i j 1 6 i 6 M ], and, for each i , kf 0

i k equals0 or 1, and f 0
i = Qf i =kQf i k

provided Qf i 6= 0 (this is possible,since M > m = dim ER ). A is a contraction,
hence

kAk2
2 =

MX

i =1

kAf 0
i k

2 6 ` + 2
MX

i = `+1

kAQf i k2 6 2(kvjG1k
2
cb + kvjG2k

2
cb) 6 4kvk2

cb:

Moreover, v is an isometry, thus (4.2(1)).
Next we tackle (4.2(2)). Fix n. By [17], there exist operators TR : F ! R M ,

TC : F ! CM , SR : R M ! MAX n (ER ), and SC : CM ! MAX n (ER ), so that
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un jF = SR TR + SC TC , and maxfk TR kcbkSR kcb; kTC kcbkSC kcbg 6 2
p

2. Then

kSR TR vkcb 6 kSR kcbkTR vkcb = kSR kcbkTR vk 6 2
p

2:

Moreover,

kSC kcb > kAR SC kCB (C M ;R N ) = kAR SC k2 > kSC k2=
p

2;

hence
kSC TC vkcb 6 kSC TC vk2 6 kSC k2kTC vk 6 4:

Thus,
kunvkcb 6 kSR TR vkcb + kSC TC vkcb 6 8:

This establishes(4.2(2)).

Proof of Theorem 1.3(2). Supposean N -dimensionalspaceE is � +-BDR. Pick C >
� . By Theorem 3.1, there exists a subspaceF of CN � 2 R N , s.t. dcb(E; F ) < 8C3.
By Corollary 2.6and Proposition 2.5, F is 26C8-BDR. By Theorem4.1, F is 223=2C8-
ci to GC = R m(C) � 2 Cn(C) . Thus, dcb(E; GC ) 6 229=2C11. Find a sequence(Cj ),
decreasingto � , s.t. m = m(Cj ) for any j (then n = N � m(Cj ) = n(Cj )). Clearly,
dcb(E; R m � 1 Cn ) 6 215� 10.

5. Pr oof of Theorem 1.4, and similar lo wer estima tes

This sectionis devoted to the proof of Theorem1.4. Clearly, C is 1-BDR. A series
of lemmas helps us rule out other spaces. The �rst lemma seemsto be a partly
folklore.

Lemma 5.1. (1) Suppose(Ek)1
k=1 is a sequence of Banachspaces, and E is a �nite

dimensionalsubspace of (
P

k Ek)c0 . Then there existsN 2 N suchthat E is isometric
to a �nite dimensionalsubspace of (

P N
k=1 Ek)1 .

(2) Suppose(Ek)1
k=1 is a sequence of operator spaces,and E is a �nite dimensional

subspace of (
P

k Ek)c0 . Then there existsN 2 N suchthat E is completelyisometric
to a �nite dimensionalsubspace of (

P N
k=1 Ek)1 .

Proof. We prove part (2), sincepart (1) can be tackled in a similar manner. Let n =
dim E. Suppose(ei )n

i=1 is an Auerbach basisin E { that is, maxi j� i j 6 k
P

i � i ei k 6
P

i j� i j for each sequenceof scalars(� i ). In particular, the projection Rj : E ! E :
P

i � i ei 7! � j ej is contractiv e for every j . Sinceit is a rank oneprojection, it must
alsobe completelycontractiv e. Thus, for any (ai )n

i=1 � K , k
P

i ai 
 ei k > maxi kai k.
Now write ei = (eik )1

k=1 , with eik 2 Ek . There exists N 2 N s.t. keik k < 1=n for
any 1 6 i 6 n, and any k > N . For such k, and for any (ai )n

i=1 � K , k
P

i ai 
 eik k <
maxi kai k. Therefore,

k
X

i

ai 
 ei k = sup
k

k
X

i

ai 
 eik k = max
16 k6 N

k
X

i

ai 
 eik k;
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which implies that E is completely isometric to a subspaceof (
P

Ek)N
k=1 , spanned

by the vectors ~ei = (eik )N
k=1 (1 6 i 6 n).

We next apply this lemma to our situation.

Lemma 5.2. Suppose a �nite dimensional operator space E is 1-BDR. Then, for
someN 2 N, E embeds into `N

1 isometrically, and into M N completelyisometrically.

Proof. SupposeE is a �nite dimensional1-BDR space.For n 2 N, �nd e�
1n ; : : : ; e�

M n n

2 E � of norm 1 so that, for any e 2 E,

max
16 k6 M n

jhe�
kn ; eij > (1 � 2� n )kek:

De�ne the operator spaceEn by setting, for e 2 E 
 K 0,

kekEn 
 K = max
�

(1 � 2� n )kekE 
 K ; max
16 k6 M n

k(e�
kn 
 I K )ekK

	
:

Note that, for e 2 E,

(5.1) kekEn = max
16 k6 M n

jhe�
kn ; eij :

Let X = (
P 1

n=1 En )c0 . Then the map

u : E ! X �� = (
1X

n=1

En )`1 : e 7! (e;e;: : :)

is a completeisometry. On the other hand, if E embedsinto X isometrically, then, by
Lemma5.1, it must embed into (

P K
n=1 En )1 , for someK 2 N. By (5.1), En embeds

isometrically into `M n
1 . Therefore,E embedsisometrically into `N

1 (N =
P K

n=1 Mn ).
Next test 1-bidual representabilit y with X = (

P 1
k=1 M k)c0 . The spaceX �� =

(
P 1

k=1 M k)1 contains B , henceit also contains E. Therefore, X contains E. By
Lemma 5.1, E embeds into (

P M
k=1 M k)1 , for someM . A fortiori , E embedscom-

pletely isometrically into M N , with N = M (M + 1)=2.

Corollary 5.3. If a 1-BDR space E hasdimensionat least 2, then E is not strictly
convex.

Recall that a Banach spaceE is called strictly convexif, for any e1; e2 2 E, the
equality ke1 + e2k2 = 2(ke1k2 + ke2k2), implies e1 = e2.

Proof. By Lemma 5.2, there exist linear functionals f 1; : : : ; f N 2 E � s.t. kek =
max16 i6 N jhf i ; eij for any e 2 E. Therefore, there exist i and two distinct elements
e1; e2 of the unit ball of E, satisfying

ke1k = ke2k = jhf i ; e1ij = jhf i ; e2ij = 1:

Then 4 = ke1 + e2k2 = 2(ke1k2 + ke2k2).
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Proof of Theorem 1.4. Suppose,for the sake of contradiction, that dim E > 1, and
E is 1-BDR. By Lemma 5.2, E embeds into M N completely isometrically. We
then construct an operator spaceX , isomorphicto c0(M N ), which is strictly convex
(hence, by Corollary 5.3, X cannot contain E isometrically), but such that X ��

contains M N completely isometrically.
To this end, �nd a densesequence(f j )1

j =1 in the unit ball of M �
N . For x =

(x1; x2; : : :) 2 c0(M N ), set

(5.2) kxkX = sup
n

kxkn ; where kxkn =
�

kxnk2 +
1X

j;k =1

10� (n+ j + k) jhf j ; xk ij 2
� 1=2

:

Observe that
1X

j;k =1

10� (n+ j + k) jhf j ; xk ij 2 6 10� (n+1)
1X

j;k =1

10� (j + k� 1) = 10� (n+1)
1X

`=0

`10� `

= 10� (n+1)
� 1

1 � 1=10

� 2
< 1:25� 10� (n+1) :

(5.3) kxkn < kxnk + 10� nkxkc0 (M N ) ;

hence k � kX is well de�ned. To show that k � kn is a norm, note that kxkn =
kJnxkM N � 2 `2(N� N) , where

Jn : c0(M N ) ! M N � 2 `2(N � N) : x 7! (xn ; (10� (n+ j + k)hf j ; xk i ) j;k ):

By (5.3), limn kJnxk = 0 for any x, hence (5.2) describes X as a subspaceof
(
P

(M N � 2 `2))c0 , and k � kX is a norm, too. Thus, X �� is isomorphic to `1 (M N ),
and the norm is alsogiven by (5.2).

Finally, note that the supremum in (5.2) is attained. Indeed,if kxkc0 (M N ) = 1, �nd
K 2 N s.t. kxnk2 + 10� n < 1=4 for n > K . For such n, kxkn < 1

2, while kxkX > 1.
Therefore,kxkX = maxn<K kxkn .

To show that X is strictly convex, supposekx (1) + x(2) k2 = 2(kx(1) k2 + kx(2) k2) for
somex(1) ; x(2) 2 X . By the observation above, there existsn 2 N s.t. kx (1) + x(2) k =
kx(1) + x(2) kn . Therefore(writing x(s) = (x(s)

n )1
n=1 ),

0 > 2(kx(1) k2
n + kx(2) k2

n ) � kx(1) + x(2) k2
n = 2(kx(1)

n k2 + kx(2)
n k2) � kx(1)

n + x(2)
n k2

+
1X

j;k =1

10� (n+ j + k)
�

2
�
jhf j ; x(1)

k ij 2 + jhf j ; x(2)
k ij 2

�
� jhf j ; x(1)

k + x(2)
k ij 2

�
:

But, by the triangle inequality,

2(kx(1)
n k2 + kx(2)

n k2) > kx(1)
n + x(2)

n k2;

and

2
�
jhf j ; x(1)

k ij 2 + jhf j ; x(2)
k ij 2

�
> jhf j ; x(1)

k + x(2)
k ij 2:
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In the last centered line, the equality holds if and only if x (1)
k = x(2)

k for every k.
Thus, x(1) = x(2) .

De�ne the operator spacestructure on X by setting, for x 2 X 
 K 0,

kxk = maxfk xkMIN( X )
 K 0 ; kxkc0(M N )
 K 0 g:

In other words, the operator spacestructure on X is generatedby its \natural"
embedding into MIN (X ) � c0(M N ). Then X �� embeds into MIN (X �� ) � `1 (M N ),
and, for x 2 X �� 
 K 0,

(5.4) kxk = maxfk xkMIN( X �� )
 K 0 ; kxk`1 (M N )
 K 0 g:

De�ne U : M N ! X �� : a 7! ((1 � 10� n)a)1
n=1 . By (5.2) and the discussion

following it, and by (5.4), U is a complete contraction. Furthermore, for any a 2
M N 
 K 0,

k(U 
 I K )akX �� 
 K > sup
n

(1 � 10� n)kakM N 
 K = kak;

henceU is a completeisometry.

Remark 5.4. In a similar way one can prove the commutativ e version of Theo-
rem 1.4: if a �nite dimensionalBanach spaceE is such that a Banach spaceX con-
tains E isometricallywhenever X �� contains E isometrically, then E is 1-dimensional.
Indeed,onecan imitate the proof of Lemma 5.2 to show that such an E embedsinto
`N

1 , for someN . Then, as above, one constructs a strictly convex Banach spaceZ ,
whosedual contains `N

1 .

Next we investigatethe smallestC for which the given spaceE is C-BDR.

Theorem 5.5. SupposeE is a �nite dimensionalC-injective operator space, which
is � + -BDR. Then � > ex(E � )=(Cex(E)).

Proof. Suppose, for the sake of contradiction, that � < ex(E � )=(Cex(E)). Pick
C1 > ex(E), C2 < ex(E � ), and C3 > � , s.t. C2=(C1C3) > C. Following the proof
of Theorem 3.1, �nd E1 ,! M N , s.t. dcb(E; E1) < C1. Also, de�ne the spacesX n

(n > N ) and X as in the proof of that theorem. We know that X �� contains B asa
completeM -summand. SupposeX contains E C3-ci. As in the proof of Theorem3.1,
we concludethat, for somen > N , X n contains E C1C3-ci. That is, there exists a
subspaceF ,! X n and a completecontraction u : F ! E, with ku� 1kcb 6 C1C3. E
is C-injective, thus there exists a map ~u : X n ! E s.t. ~ujF = u, and k~ukcb 6 C.

As ex(E � ) > C2, there exists an operator v : E ! B s.t. kvkcb > C2, and
kv 
 I M n k < 1 (to seethis, apply Theorem18 of [15] to E � , and dualize). Note that

kv~ukcb > kvukcb >
kvkcb

ku� 1kcb
>

C2

C1C3
:
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On the other hand, by de�nition of X n ,

kv~ukcb = kv~u 
 I M n k 6 kv 
 I M n kk~ukcb < C:

This contradicts our assumptionthat C2=(C1C3) > C.

Corollary 5.6. If `n
1 is C-BDR, then C > n=(2

p
n � 1).

Proof. Weknow that E = `n
1 is 1-injective, and 1-exact. Moreover (seeTheorem21.5

of [16]), ex(E � ) > n=(2
p

n � 1). We completethe proof by applying Theorem5.5.

6. C � -algebras and bidual represent ability

Passingfrom operator spacesto C � -algebras,we obtain:

Prop osition 6.1. SupposeX is a C � -algebra, and n 2 N. Then the following are
equivalent:

(1) X �� contains M n completelyisometrically.
(2) X �� contains M n as a sub-C � -algebra.
(3) X contains M n completelyisometrically.
(4) X �� contains M n c-completelyisomorphically, for somec < n=(n � 1).
(5) There existsan irr educiblerepresentationof X into B(H ), with dim H > n.

Remark 6.2. J. Roydor [18] proved a related result: if a C � -algebra X embeds
into C(
 ; M n ) (for some
) completely isometrically, then X is a C � -subalgebraof
C(
 0; M n ), for someset 
 0.

Below, we denoteby (E ij )n
i;j =1 the canonicalmatrix units in M n .

Lemma 6.3. Supposen > m, and T : M n ! M m is a completecontraction. Then

kT 
 I M n (
nX

i =1

E ij 
 E ij )kM m 
 M n 6 m:

Corollary 6.4. If I is a set, m < n, and E is an n2-dimensional subspace of
`1 (I ; M m ), then dcb(M n ; E) > n=m.

Proof. Consider a complete contraction T : M n ! E . By Lemma 6.3, kT 

I M n (

P n
i=1 E ij 
 E ij )k 6 m. However, k

P n
i;j =1 E ij 
 E ij kM n 
 M n = n.

Proof of Lemma6.3. Consider a complete contraction T : M n ! M m . By Stine-
spring RepresentationTheorem, there exists a Hilbert space ~H , a unital represen-
tation � : M n ! B ( ~H ), and contractions U 2 B( ~H ; `m

2 ), V 2 B(`m
2 ; ~H ), such that

Ta = U� (a)V for any a 2 M n . Note that, for each i , pi = � (E ii ) is a projec-
tion. Denote the range of this projection by H i . Then � (E ij ) is a partial isometry,
with initial and terminal projections H i and H j , respectively. Let H = H1, and
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ui = � (E i 1) : H ! H i (onceagain, 1 6 i 6 n). Then `n
2 (H ) can be identi�ed with

~H , via (� i )n
i=1 7!

P n
i=1 ui � i .

For 1 6 i 6 n, let Ui = Uui 2 B(H; `m
2 ), and Vi = ui pi V 2 B(`m

2 ; H ). Then we can
identify U with

P n
i=1 E1i 
 Ui (viewed as an operator from `n

2 (H ) to `m
2 ). Similarly,

we identify V with
P n

i=1 E i 1 
 Vi 2 B(`m
2 ; `n

2 (H )). Then

kVk = k
nX

i =1

E i 1 
 Vi k = k
nX

i =1

V �
i Vi k1=2 6 1; and

kUk = k
nX

i =1

E1i 
 Ui k = k
nX

i =1

Ui U�
i k1=2 6 1:

Moreover, TE ij = Ui Vj for any i and j . Therefore,

kT 
 I M n (
nX

i;j =1

E ij 
 E ij )kM m 
 M n = k
nX

i;j =1

Ui Vj 
 E ij k

= k(
X

i

Ui 
 E i 1)(
X

j

Vj 
 E1j )k:

However,

k
X

i

Ui 
 E i 1k = k
nX

i =1

U�
i Ui k1=2 6

�
Tr(

nX

i =1

U�
i Ui )

� 1=2

=
�
Tr(

nX

i =1

Ui U�
i )

� 1=2
6

p
mk

nX

i =1

Ui U�
i k 6

p
m;

and similarly, k
P

j Vj 
 E1j k 6
p

m. Thus,

kT 
 I M n (
nX

i;j =1

E ij 
 E ij )k 6 k
X

i

Ui 
 E i 1k � k
X

j

Vj 
 E1j k 6 m:

Remark 6.5. In a similar fashion,onecanshow that k
P n

i=1 E i 1 
 E i 1kC n 
 C n =
p

n,
and

kT 
 I C n (
nX

i =1

E i 1 
 E i 1)kM m 
 C n 6
p

m;

whenever T : Cn ! M m is a completecontraction. From this, one concludesthat
dcb(Cn ; E) >

p
n=m for every n-dimensional subspaceE of `1 (I ; M m ) (provided

n > m).

Lemma 6.6. Suppose� : Y ! B(H ) is an irr educiblerepresentationof a C � -algebra
Y on a Hilbert space H of dimension at least n. Then Y contains M n completely
isometrically as an operator system.
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Proof. If p is a projection of rank n on H , then, by the transitivit y of irreducible
representations (TheoremII.4.18of [20]), � (Y)p = B(H )p. Denoteby A the setof all
y 2 Y, satisfying � (y)p = p� (y) (= p� (y)p). Clearly, A is a C � -subalgebraof Y, and
� (A) canbe identi�ed with B(p(H )) � M n . Moreover, A hasa separablesubalgebra
(call it A1), s.t. � (A1) canagainbe identi�ed with M n . In other words,M n = A1=J,
whereJ = ker � \ A1 is a closedtwo-sidedideal. By Theorem 3.10 of [3], M n lifts
to A1 completelypositively. Thus, A1 contains M n completely isometrically.

Remark 6.7. A similar lifting technique was used in [7]. Earlier, lifting methods
wereusedin [19, 21] to prove that a C � -algebrawhich is not (n � 1)-subhomogeneous
contains a completely positive copy of M n .

Proof of Proposition 6.1. The implications (2) ) (1) ) (4) and (3) ) (1) are clear.
(1) ) (2): By Section 6.4 of [10], we can decomposethe von Neumann algebra

X �� into a direct sum of components of type I k (k 2 N [ f1g ), I I , and I I I .
By Lemma 6.4, at least one of the summandsof type I k (k > n), I I , and I I I is
non-trivial. All such summandscontain M n as a subalgebra(seee.g. Comparison
Theoremfor projections in a von Neumannalgebras,Theorem6.2.7of [10]).

(1) ) (5): Suppose,for the sakeof contradiction, that (5) fails. Viewing X �� asthe
envelopingalgebraof X , we embed it into `1 (I ; M n� 1) for someset I . Therefore,by
Lemma6.4, X �� cannot contain M n c-completelyisomorphicallywith c < n=(n � 1).

(4) ) (1) and (5) ) (3): If there are no irreducible representation of X �� (or
X ) on Hilbert spaceswith dimension> n, then X �� (respectively, X ) embeds into
`1 (I ; M n� 1), hence,by Lemma 6.4, X �� cannot contain M n c-completely isomor-
phically when c < n=(n � 1). Otherwise, X �� (or X ) contains M n completely iso-
metrically, by Lemma 6.6.

Remark 6.8. By Lemma 6.6, items (1) and (4) of Proposition 6.1 guarantee that
X (or X �� ) contains M n as an operator system. However, X neednot contain M n

as a subalgebra. Indeed, let X be the left regular algebra of a free group on two
generators.By [4], X hasno non-trivial projections, henceit cannot contain M n as
a subalgebra.
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