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Abstract
This article presents an overview of some topics in operator proba-

bility theory. We do not strive for generality and only simple methods
are employed. To give the reader a flavor of the subject we concen-
trate on the two most important topics, the law of large numbers and
the central limit theorem.

1 Introduction

This article surveys various aspects of operator probability theory. This type
of work has also been called noncommutative probability or quantum prob-
ability theory. The main applications are in quantum mechanics, statistical
mechanics and quantum field theory. Since the framework deals with Hilbert
space operators it is also of interest to operator theorists. The article is
directed toward mathematicians who are not experts in this field but who
want to learn something about it. For this reason we shall not strive for
great generality and shall concentrate on the two important topics, the law
of large numbers and the central limit theorem.

A lot of work has been devoted to probability theory on operator alge-
bras such as C∗-algebras and von Neumann algebras [1, 2, 3, 5, 6, 7, 8, 10].
However, to avoid various technicalities we shall only consider the full alge-
bra B(H) of bounded operators on a Hilbert space H. Also, we shall not
discuss important but technically difficult recent research such as noncom-
mutative measure and ergodic theory [2, 4, 5] and free probability theory
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[2, 11]. Strictly speaking , the results we shall present are not new. However,
we think that our methods are simpler and present a clearer picture. Since
some of our definitions are not standard we present some new versions of
known results.

2 Notation and Definitions

Let H be a complex Hilbert space and let B(H) be the set of bounded linear
operators on H. We denote the set of bounded self-adjoint operators on H by
S(H) and the set of positive trace class operators with unit trace by D(H).
The trace of a trace class operator T is denoted by tr(T ). We think of B(H)
as a set of (noncommutative) complex-valued random variables and D(H) as
a set of states (probability measures). If A ∈ S(H) with spectral measure
PA then

Pρ(A ∈ ∆) = tr
[
ρPA(∆)

]
is interpreted as the probability that A has a value in the Borel set ∆
for the state ρ. It is then natural to call the real probability measure
∆ �→ tr

[
ρPA(∆)

]
the distribution of A in the state ρ. It follows that

the expectation Eρ(A) of A in the state ρ is given by

Eρ(A) =

∫
λtr

[
ρPA(dλ)

]
= tr(ρA)

An arbitrary A ∈ B(H) has the unique representation A = A1 + iA2 for
A1, A2 ∈ S(H) given by A1 = (A + A∗)/2, A2 = (A − A∗)/2i. We then
write A1 = Re(A) and A2 = Im(A). Then A generates two distributions
∆ �→ Pρ(A1 ∈ ∆) and ∆ �→ Pρ(A2 ∈ ∆). It is natural to define the ρ-
expectation of A by

Eρ(A) = Eρ(A1) + iEρ(A2) = tr [ρ(A1 + iA2)] = tr(ρA)

We can now define other probabilistic concepts in the usual way. The ρ-
moments of A are tr(ρAn), n = 0, 1, . . . , and the ρ-variance of A is

Varρ(A) = Eρ

[
(A− Eρ(A)I)2

]
= Eρ(A

2)− Eρ(A)2

Notice that Varρ(A) may be complex and we have

Eρ(A
∗) = tr(ρA∗) = tr [(ρA)∗] = tr(ρA) = Eρ(A)
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and hence, Varρ(A
∗) = Varρ(A).

For A ∈ B(H) we write |A| = (A∗A)1/2 ∈ S(H). The ρ-absolute vari-
ance of A is

|Varρ| (A) = Eρ

[
|A− Eρ(A)I|2

]
= Eρ [(A− Eρ(A)I)∗(A− Eρ(A)I)]

= Eρ

[
A∗A + |Eρ(A)|2 I − Eρ(A)A− Eρ(A)A∗

]
= Eρ(A

∗A)− |Eρ(A)|2 = Eρ

(
|A|2

)
− |Eρ(A)|2

Since |Varρ| (A) ≥ 0 we conclude that |Eρ(A)|2 ≤ Eρ (|A|2) or

|tr(ρA)|2 ≤ tr
(
ρ|A|2

)
(2.1)

Of course, if A ∈ S(H), then Varρ(A) = |Varρ| (A).
For x ∈ H with ‖x‖ = 1, we denote the one-dimensional projection

onto the span of x by Px. Of course, Px ∈ D(H) and if ρ = Px we have
Eρ(A) = 〈Ax, x〉 and

|Varρ(A)| =
〈
|A|2x, x

〉
− |〈Ax, x〉|2 = ‖Ax‖2 − |〈Ax, x〉|2

Elements of D(H) that have the form Px are called pure states. It is
well known that any state is a convex combination of pure states, that is, if
ρ ∈ D(H) then

ρ =
∑

λiPxi
(2.2)

where λi > 0 with
∑

λi = 1. In this case, xi is an eigenvector of ρ with
corresponding eigenvalue λi. Our first result shows that |Varρ| (A) = 0 only
under rare circumstances.

Lemma 2.1. (a) |Varρ| (A) = 0 for every ρ ∈ D(H) if and only if A = λI
for some λ ∈ C. (b) Suppose ρ has the form (2.2). Then |Varρ| (A) = 0 if
and only if Axi = Eρ(A)xi, i = 1, 2, . . . . (c) Suppose ρ = Px is a pure state.
Then |Varρ| (A) = 0 if and only if Ax = Eρ(A)x.

Proof. (a) If A = λI then λ = Eρ(A) so |Varρ| (A) = 0. Conversely, if
|Varρ| (A) = 0 for all ρ ∈ D(H) then |A− Eρ(A)I| = 0. It follows that
A = Eρ(A)I. (b) If Axi = Eρ(A)xi, i = 1, 2, . . . , then〈

|A− Eρ(A)I|2 xi, xi

〉
= ‖(A− Eρ(A)I) xi‖2 = 0
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Hence,

|Varρ| (A) = tr
[
ρ |A− Eρ(A)I|2

]
=

∑
λi

〈
|A− Eρ(A)I|2 xi, xi

〉
= 0 (2.3)

Conversely, if |Varρ| (A) = 0, then as in (2.3) we have∑
λi

〈
|A− Eρ(A)I|2 xi, xi

〉
= 0

It follows that

‖(A− Eρ(A)I) xi‖2 =
〈
|A− Eρ(A)|2 xixi

〉
= 0

for i = 1, 2, . . . . Hence, Axi = Eρ(A)xi, i = 1, 2, . . . .
(c) This follows directly from (b).

If we write ρ in the form (2.2), then {xi} forms an orthonormal set (not
necessarily a basis) in H. The range of ρ is Ran(ρ) = span {xi}. We say that
ρ is faithful if tr(ρA) = 0 for A ≥ 0 implies A = 0.

Lemma 2.2. The following statements are equivalent
(a) ρ is faithful. (b) Ran(ρ) = H. (c) {xi} forms an orthonormal basis for
H. (d) ρ is invertible.

Proof. (a)⇒(b) If Ran(ρ) �= H, then there exists an x ∈ H with ‖x‖ = 1
such that x ⊥ xi, i = 1, 2, . . . . But then Px ≥ 0 and Px �= 0, but tr(ρPx) = 0.
Hence, ρ is not faithful. (b)⇒(c) If Ran(ρ) = H then span {xi} = H so
that {xi} is an orthonormal basis. (c)⇒(d) If {xi} forms an orthonor-
mal basis, then all the eigenvalues of ρ are positive. It follows that ρ is
invertible. (d)⇒(a) Suppose ρ is invertible. If A ≥ 0 and tr(ρA) = 0,
then tr(ρ1/2Aρ1/2) = tr(ρA) = 0. Since ρ1/2Aρ1/2 ≥ 0, we conclude that
ρ1/2Aρ1/2 = 0. Since ρ1/2 is invertible, it follows that A = 0. Hence, ρ is
faithful.

It follows from Lemmas 2.1 and 2.2 that if ρ is faithful then |Varρ| (A) = 0
if and only if A = Eρ(A)I.

3 Types of Convergence

Various types of convergence have been discussed in the literature [2, 4, 8, 10]
and we shall now consider four of them. In the following definitions An ∈
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B(H) will be a sequence of operators and ρ ∈ D(H) will be a fixed state. A
sequence An converges to A almost uniformly [ρ] if for any ε > 0 there
exists a projection P such that tr [ρ(I − P )] < ε and lim

n→∞
‖(An − A)P‖ =

0. Projections are thought of as (noncommutative) events and the trace
condition is equivalent to tr(ρP ) > 1−ε. The definition says that for small ε
the event P is likely to occur and An converges to A uniformly on the range
of P .

A sequence An converges to A almost surely [ρ] if

lim
n→∞

Eρ

(
|An − A|2

)
= lim

n→∞
tr

(
ρ |An − A|2

)
= 0

We frequently write An → A a.s. [ρ] for almost sure convergence. We say
that An converges in ρ-mean to A if

lim
n→∞

Eρ(An − A) = lim
n→∞

tr [ρ(An − A)] = 0

and that An converges in ρ-probability to A if for any ε > 0

lim
n→∞

Pρ (|An − A| ≥ ε) = 0

In this definition, Pρ (|An − A| ≥ ε) is shorthand for Pρ (|An − A| ∈ [ε,∞)).
A fifth type of probabilistic convergence will be discussed in Section 5.

We say that a sequence An converges to A strongly on K ⊆ H if
lim

n→∞
‖(An − A)x‖ = 0 for all x ∈ K. If K = H then we just say that

An converges strongly to A. We now compare these various types of conver-
gence.

Lemma 3.1. If An → A a.s. [ρ] then An → A in ρ-mean.

Proof. Applying Equation (2.1) gives

|Eρ(An − A)|2 ≤ Eρ

(
|An − A|2

)
and the result follows.

Theorem 3.2. (a) An → A a.s. [ρ] if and only if An → A strongly on
Ran(ρ). (b) If ρ is faithful, then An → A a.s. [ρ] if and only if An → A
strongly.
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Proof. (a) Assuming ρ has the form (2.2) we have

tr
(
ρ |An − A|2

)
=

∑
j

λj

〈
|An − A|2 xj, xj

〉
=

∑
j

λj ‖(An − A)xj‖2

Hence, if An → A a.s. [ρ] then Anxj → Axj for every j so Anx → Ax
for all x in a dense subset of Ran(ρ). It follows that An → A strongly
on Ran(ρ). Conversely, suppose that An → A strongly on Ran(ρ). Let
A′n, A

′ : Ran(ρ)→ H denote the restrictions of An and A to Ran(ρ). By the
uniform boundedness theorem there is an M > 0 such that ‖A′n − A′‖2 ≤M
for all n. Let ε > 0 be given. Then there exists an integer N such that

∞∑
i=N+1

λi <
ε

2M

Moreover, there is an integer K such that n ≥ K implies

N∑
i=1

‖(A′n − A′)xi‖2 <
ε

2

Hence, n ≥ K implies

tr
(
ρ |An − A|2

)
=

N∑
i=1

λi ‖(A′n − A′)xi‖2 +
∞∑

i=N+1

λi ‖(A′n − A′)xi‖2

<
ε

2
+ M

∞∑
i=N+1

λi < ε

Hence, An → A a.s. [ρ]. Part (b) follows from Lemma 2.2.

It follows from Theorem 3.2 that if An → A and Bn → B a.s. [ρ] and
α, β ∈ C, then αCAn + βDBn → αCA + βDB a.s. [ρ]. The next result is a
version of Egoroff’s theorem.

Theorem 3.3. If An → A a.s. [ρ], then An → A almost uniformly [ρ].

Proof. Since An → A a.s. [ρ], Anx → Ax for every x ∈ Ran(ρ). Let ρ have
the form (2.2) and let Qn be the projection onto span {x1, . . . , xn}. Then
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Qn =
n∑

i=1

Pxi
and Q =

∑
Pxi

is the projection onto Ran(ρ). Then letting

Q⊥ = I −Q we have

tr [ρ(I −Qn)] = tr
[
ρ(Q + Q⊥ −Qn)

]
= tr [(Q−Qn)]

= tr

(
ρ
∞∑

i=n+1

Pxi

)
= tr

( ∞∑
i=n+1

λiPxi

)
=

∞∑
i=n+1

λi

Given ε > 0 there exists an n such that tr [ρ(I −Qn)] < ε. Letting P = Qn

we have that tr [ρ(I − P )] < ε. Let ε′ > 0. Now there exists an integer
N such that m ≥ N implies ‖(Am − A)xi‖ < ε′

n
, i = 1, . . . , n. Then for

any x ∈ H with ‖x‖ ≤ 1 we have ‖Px‖ ≤ 1 and Px =
n∑

i=1

cixi where∑ |ci|2 = ‖Px‖2 ≤ 1. Hence, |ci| ≤ 1, i = 1, . . . , n. Thus, for m ≥ N we
have

‖(Am − A)Px‖ =
∥∥∥(Am − A)

∑
cixi

∥∥∥ ≤∑
|ci| ‖(Am − A)xi‖

<
ε′

n

∑
|ci| ≤ ε′

Therefore, m ≥ N implies that ‖(Am − A)P‖ ≤ ε′ so An → A almost
uniformly [ρ].

The converse of Theorem 3.3 does not hold. However, it is shown in [5]
that if An are uniformly bounded then An → A uniformly [ρ] implies that
An → A a.s. [ρ].

4 Law of Large Numbers

We first present some standard probabilistic results.

Lemma 4.1. (Markov) If A ≥ 0 and a > 0, then

Pρ(A ≥ a) ≤ Eρ(A)

a

Proof. By the spectral theorem we have

A =

∫ ∞

0

λPA(dλ) ≥
∫ ∞

a

λPA(dλ) ≥ a

∫ ∞

a

PA(dλ) = aPA ([a,∞))
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Taking expectations gives

Eρ(A) ≥ aEρ

[
PA ([a,∞))

]
= aPρ(A ≥ a)

Corollary 4.2. If An → A a.s. [ρ], then An → A is ρ-probability.

Proof. By Lemma 4.1 and Equation (2.1) we have

Pρ (|An − A| ≥ ε) ≤ Eρ (|An − A|)
ε

≤ 1

ε

[
Eρ

(
|An − A|2

)]1/2

The result now follows

Corollary 4.3. (Chebyshev) If A ∈ B(H) with µ = Eρ(A), σ = |Varρ| (A),
then for any k > 0 we have

Pρ (|A− µI| ≥ k) ≤ σ2

k2

Proof. By Lemma 4.1 we have

Pρ

(
|A− µI|2 ≥ k2

)
≤ Eρ

(
|A− µI|2

)
k2

=
σ2

k2

But Pρ (|A− µI| ≥ k) = Pρ

(
|A− µI|2 ≥ k2

)
.

The following results are called one-sided Chebyshev inequalities.

Corollary 4.4. If A ∈ B(H) is self-adjoint, µ = Eρ(A), σ2 = Varρ(A) and
a > 0, then

Pρ (A ≥ µ + a) ≤ σ2

σ2 + a2
, Pρ (A ≤ µ− a) ≤ σ2

σ2 + a2

Proof. First assume that µ = 0. For b > 0 we have

Pρ(A ≥ a) = Pρ(A + bI ≥ a + b) = Pρ

[
(A + bI)2 ≥ (a + b)2

]
Applying Lemma 4.1 gives

Pρ(A ≥ a) ≤ Eρ [(A + bI)2]

a2 + b2
=

σ2 + b2

(a + b)2
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Letting b = σ2/a we obtain

Pρ(A ≥ a) ≤ σ2

σ2 + a2
(4.1)

Now suppose that µ �= 0. Since A−µI and µI−A have mean 0 and variance
σ2, by (4.1) we have

Pρ(A− µI ≥ a) ≤ σ2

σ2 + a2
, Pρ(µI − A ≥ a) ≤ σ2

σ2 + a2

The result now follows

For A, B ∈ B(H) we define the ρ-correlation coefficient by

Corρ(A, B) = Eρ [(A− Eρ(A)I)∗ (B − Eρ(B)I)]

= Eρ(A
∗B)− Eρ(A

∗)Eρ(B)

Notice that Corρ(A, A) = |Varρ| (A). We say that A and B are uncorrelated
if Corρ(A, B) = 0. Of course, A and B are uncorrelated if and only if
Eρ(A

∗B) = Eρ(A
∗)Eρ(B). Also, A and B are uncorrelated if and only if B

and A are uncorrelated. It is easy to check that

Corρ(A + aI, B + bI) = Corρ(A, B) (4.2)

for all a, b ∈ C. It follows from (4.2) that if A and B are ρ-uncorrelated then
A + aI and B + bI are ρ-uncorrelated.

It is clear that Varρ(λA) = λ2Varρ(A) and that

|Varρ| (λA) = |λ|2 |Varρ| (A)

In general

|Varρ| (A + B) �= |Varρ| (A) + |Varρ| (B)

but additivity does hold in the uncorrelated case.

Lemma 4.5. (a) For A, B ∈ B(H) we have

|Varρ| (A + B) = |Varρ| (A) + |Varρ| (B) + 2Re Corρ(A, B)

(b) If A and B are uncorrelated, then |Varρ| (A+B) = |Varρ| (A)+|Varρ| (B).
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Proof. (a) The result follows from

|Varρ| (A + B) = tr [ρ(A + B)∗(A + B)]− |tr [ρ(A + B)]|2

= tr(ρA∗A) + tr(ρB∗B) + tr(ρA∗B) + tr(ρB∗A)

− [tr(ρA) + tr(ρB)] [tr(ρA∗) + tr(ρB∗)]

= |Varρ| (A) + |Varρ| (B) + Corρ(A, B) + Corρ(A, B)

= |Varρ| (A) + |Varρ| (B) + 2Re Corρ(A, B)

(b) this follows directly from (a).

The next result gives the core of the proof of the law of large numbers.

Theorem 4.6. Let Ai ∈ B(H) be mutually ρ-uncorrelated with a common

mean µ = Eρ(Ai), i = 1, 2, . . . . If Sn = 1
n

n∑
i=1

Ai, then for any λ ∈ C we have

tr
[
ρ |Sn − λI|2

]
=

1

n2

n∑
i=1

|Varρ| (Ai) + |µ− λ|2

Proof. First assume that µ = 0. Then

tr
[
ρ |Sn − λI|2

]
= tr

[
ρ

(
S∗nSn + |λ|2 I − λSn − λS∗n

)]
= tr(ρS∗nSn) + |λ|2 − λtr(ρSn)− λ tr(ρSn)

=
1

n2

n∑
i=1

tr(ρA∗i Ai) +
1

n2

n∑
i�=j=1

tr(ρA∗i Aj) + |λ|2

=
1

n2

n∑
i=1

tr(ρA∗i Ai) +
1

n2

n∑
i�=j=1

tr(ρA∗i )tr(ρAj) + |λ|2

=
1

n2

n∑
i=1

|Varρ| (Ai) + |λ|2

If µ �= 0, then by Equation (4.2), Ai − µI are mutually uncorrelated with
mean 0 and

S ′n =
1

n

n∑
i=1

(Ai − µI) = Sn − µI
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Hence, by our preceding work

tr
[
ρ |Sn − λI|2

]
= tr

[
ρ |S ′n + (µ− λ)I|2

]
=

1

n2

n∑
i=1

|Varρ| (Ai − µI) + |µ− λ|2

=
1

n2

n∑
i=1

|Varρ| (Ai) + |µ− λ|2

The law of large numbers says that under certain conditions, if Ai are
mutually ρ-uncorrelated with common mean µ, then their average Sn =
1
n

n∑
i=1

Ai converges to the mean operator µI. We now present several versions

of this law.

Theorem 4.7. (Strong law of large numbers)
Let Ai be mutually ρ-uncorrelated with common mean µ = Eρ(Ai), i =
1, 2, . . . , and suppose there exist real numbers M > 0, 0 < r < 2 such

that
n∑

i=1

|Varρ| (Ai) ≤ Mnr for all n. If Sn = 1
n

n∑
i=1

Ai, then Sn → λI a.s. [ρ]

if and only if λ = µ.

Proof. Since

lim
n→∞

1

n2

n∑
i=1

|Varρ| (Ai) ≤ lim
n→∞

Mnr−2 = 0

applying Theorem 4.6 gives

lim
n→∞

tr
[
ρ |Sn − λI|2

]
= |µ− λ|2

Hence, lim
n→∞

Eρ

(
|Sn − λI|2

)
= 0 if and only if λ = µ.

A simple condition that implies the variance property of Theorem 4.7
is the uniform boundedness condition |Varρ| (Ai) ≤ M for all i. Applying
Corollary 4.2 and Theorem 4.7 we obtain the following result.

Corollary 4.8. (Weak Law of large numbers) Under the same assumptions
as in Theorem 4.7 we have that Sn → µI in ρ-probability.
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We can even relax the common mean condition in Theorem 4.7 to obtain
the following stronger version.

Theorem 4.9. Let Ai be mutually ρ-uncorrelated, let µi = Eρ(Ai), i =
1, 2, . . . , and suppose there exist real numbers M > 0, 0 < r < 2 such

that
n∑

i=1

|Varρ| (Ai) ≤Mnr. If Sn = 1
n

n∑
i=1

Ai then

Sn −
(

1

n

n∑
i=1

µi

)
I → 0 a.s. [ρ]

Proof. Let A′i = Ai − µiI and S ′n = 1
n

n∑
i=1

A′i. Then A′i are mutually ρ-

uncorrelated and Eρ(A
′
i) = 0, i = 1, 2, . . . . As in the proof of Theorem 4.6

we have

tr
(
ρ |S ′n|

2
)

=
1

n2

n∑
i=1

|Varρ| (A′i) ≤Mnr−2

Hence, lim
n→∞

tr
(
ρ |S ′n|2

)
= 0. But

S ′n =
1

n

n∑
i=1

(Ai − µiI) =
1

n

n∑
i=1

Ai −
1

n

n∑
i=1

µiI = Sn −
(

1

n

n∑
i=1

µi

)
I

Since S ′n → 0 a.s. [ρ], the result follows

5 Central Limit Theorem

We say that A, B ∈ B(H) are independent in the state ρ if

tr(ρAn1Bm1 · · ·AnrBmr) = tr(ρAn1+···nr)tr(ρBm1+···+mr)

for all n1, . . . , nr, m1, . . . , mr ∈ N. For example, if A ∈ B(H1), ρ1 ∈ D(H1),
B ∈ B(H2), ρ2 ∈ D(H2) then A⊗ I ∈ B(H1 ⊗H2) and I ⊗B ∈ B(H1 ⊗H2)
are independent in the state ρ1 ⊗ ρ2. In this case the operators commute
and it is not surprising that they are independent. However, there are simple
examples of noncommuting independent operators. For example, suppose
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Ax = αx, Bx = βx ‖x‖ = 1. Then A and B are independent in the pure
state Px. Indeed,

〈An1Bm1 · · ·AnrBnrx, x〉 = αn1+···+nrβm1+···+mr

=
〈
An1+···+nrx, x

〉〈
Bm1+···+mrx, x

〉
The moment generating function of A ∈ B(H) relative to ρ ∈ D(H)

is the function Mρ,A : R → R given by Mρ,A(t) = Eρ(e
tA) the terminology

comes from the fact that

dn

dtn
Mρ,A(t) |t=0= Eρ(A

n)

which is the n-the moment.

Lemma 5.1. If A and B are independent in the state ρ, then Mρ,A+B =
Mρ,AMρ,B.

Proof. Since A and B are independent we have

Eρ [(A + B)n] =
n∑

k=0

(
n

k

)
Eρ(A

n−k)Eρ(B
k)

Hence,

Eρ

[
et(A+B)

]
= Eρ

[
I + t(A + B) +

t2
2!

(A + B)2 + · · ·
]

= 1 + t [Eρ(A) + Eρ(B)] + · · ·+ tn

n!

n∑
k=0

(
n

k

)
Eρ(A

n−k)Eρ(B
k) + · · ·

=

[
1 + tEρ(A) + · · ·+ tn

n!
Eρ(A

n) + · · ·
]

[
1 + tEρ(B) + · · ·+ tn

n!
Eρ(B

n) + · · ·
]

= Eρ(e
tA)Eρ(e

tB)

We conclude that Mρ,A+B(t) = Mρ,A(t)Mρ,B(t).

13



We say that a sequence {Ai} is independent in the state ρ if Ai+1 is
independent of A1 + · · ·+Ai for all i ∈ N. Notice that if {Ai} is independent,
then by Lemma 5.1 we have

Mρ,A1+···+An(t) = Eρ

[
et(A1+···+A1)

]
= Eρ

[
et(A1+···+An−1)

]
Eρ(e

tAn)

= · · · = Eρ(e
tA1)Eρ(e

tA2) · · ·Eρ(e
tAn)

= Mρ,A1(t) · · ·Mρ,An(t) (5.1)

We say that A and B are identically distributed in the state ρ if Eρ(A
n) =

Eρ(B
n) for all n ∈ N. A sequence {Ai} converges in distribution relative

to ρ if lim Mρ,An(t) = Mρ(t) for all t ∈ R, where Mρ(t) is the moment
generating function of a classical random variable. We do not require that
Mρ(t) = Mρ,A(t) for an A ∈ B(H). It is well known that the moment
generating function for the classical normal distribution with zero mean and
variance one is M(t) = et2/2. The central limit theorem says that if {Ai}
is an independent, identically distributed sequence then suitably normalized
averages of the {Ai} converge in distribution to the normal distribution.

Theorem 5.2. Let {Ai} be independent, identically distributed in the state
ρ with common mean Eρ(Ai) = µ and common variance Varρ(Ai) = σ2. If

Tn =
n∑

i=1

(
Ai − µI

σ
√

n

)

then lim Mρ,Tn(t) = et2/2 for all t ∈ R.

Proof. First assume that µ = 0 and σ2 = 1 and let Tn = 1√
n

n∑
i=1

Ai. Then by

Equation (5.1) we have

Mρ,Tn(t) =
[
Mρ,A1(t/

√
n )

]n
(5.2)

Let L(t) = ln Mρ,A1(t). Note that L(0) = 0 and

L′(0) =
M ′

ρ,A1
(0)

Mρ,A1(0)
= µ = 0

L′′(0) =
Mρ,A1(0)M ′′

ρ,A1(0)−M ′
ρ,A1

(0)2

Mρ,A1(0)
= Eρ(A

2
1) = 1 (5.3)
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We want to prove that

lim
n→∞

Mρ,Tn(t) = et2/2 (5.4)

Applying (5.2), Equation (5.4) is equivalent to

lim
n→∞

[
Mρ,A1(t/

√
n )

]n
= et2/2 (5.5)

and Equation (5.5) is equivalent to

lim
n→∞

nL(t/
√

n ) =
t2

2
(5.6)

To verify Equation (5.6) we apply (5.3) and L’Hospital’s rule to obtain

lim
n→∞

L(t/
√

n )

n−1
= lim

n→∞

[
L′(t/

√
n )t

2n−1/2

]
= lim

n→∞

[
L′′(t/

√
n )

t2

2

]
=

t2

2

Now suppose that µ and σ2 are arbitrary and let A′i = Ai−µI
σ

. Then {Ai} is an
independent, identically distributed sequence with Eρ(A

′
i) = 0,Varρ(A

′
i) = 1.

Then letting T ′n = 1√
n

n∑
i=1

A′i, by Equation (5.4) we have limMρ,T ′n(t) = et2/2.

However,

Tn =
n∑

i=1

(
Ai − µI

σ
√

n

)
=

n∑
i=1

σA′i + µI − µI

σ
√

n
=

1√
n

n∑
i=1

A′i = T ′n

Hence, lim Mρ,Tn(t) = et2/2.

The next result gives a version of the usual central limit theorem.

Corollary 5.3. If {Ai} is an independent, identically distributed sequence
in the state ρ and Ai ∈ S(H), i = 1, 2, . . . , then

lim
n→∞

Pρ

(
A1 + · · ·+ An − nµ

σ
√

n
≤ a

)
=

1√
2π

∫ a

−∞
e−x2/2 dx

Proof. The distribution functions of Tn converge to the distribution function
of the standard normal random variable Z because the moment generating
functions Mρ,Tn converge to MZ(t) = et2/2 [9].
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