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Abstract

We present a mathematical theory for a new type of quantum
computer called a duality quantum computer that has recently been
proposed. We discuss the nonunitarity of certain circuits of a duality
quantum computer and point out a paradoxical situation that occurs
when mixed states are considered. It is shown that a duality quantum
computer can measure itself without needing a separate measurement
apparatus to determine its final state.

1 Introduction

In a recent paper, Gui Lu Long proposed a new type of quantum computer
called a duality quantum computer [4]. According to Long, a duality quan-
tum computer is much more powerful than an ordinary quantum computer.
In fact, a duality quantum computer can solve an unstructured database
search problem in logarithmic time and can solve NP-complete problems in
polynomial time. Moreover, Long has presented proof-in-principle designs
for two possible duality quantum computers. This indicates that if a gen-
eral purpose quantum computer can be constructed, then a duality quantum
computer can probably also be constructed.

Simply stated, a quantum computer is a series of quantum gates, repre-
sented by unitary operators Uy, ... ,U, on a Hilbert space, that can be used
to perform a computation [1, 2, 3, 5. An initial state 1)y is input into the



quantum computer and then evolves into the output state ¢ = U, --- Uyty.
To gain information about the computation, we make a measurement on the
state 1. If the measurement has m possible outcomes, then we obtain one of
these outcomes with a probability depending on the state . This resulting
outcome gives information about .

A duality quantum computer exploits the duality property that quan-
tum systems can behave like both waves and particles. If a quantum system
evolves undisturbed then it acts like a wave and when it is observed or mea-
sured it acts like a particle. Now a quantum wave 1 can be decomposed into
parts using slits or beam splitters, for example. The wave parts or subwaves
can move along separate paths and then be combined at which point they
interfere. The subwaves are identical to 1 except they are at different loca-
tions along different paths. Because of these different locations, this does not
violate the no cloning theorem which says that an unknown quantum state
cannot be cloned exactly.

A duality quantum computer is a quantum computer that admits two new
operations, a divider operator and a combiner operator. The divider operator
decomposes the initial wave function into subwaves that are attenuated copies
of the initial wave evolving along different paths. Each of the paths can
contain quantum gates represented by unitary operators. After the subwaves
pass through the quantum gates they are collected together by the combiner
operator to form a final state. Finally, a measurement is performed on the
final state to gain information about the computation. These multiple paths
cause additional parallelism in a duality quantum computer and accounts for
their superiority over ordinary quantum computers.

This article provides mathematical details of some of the work in [4].
In particular, we discuss the nonunitarity of certain circuits in a duality
quantum computer. We also point out a paradoxical situation that occurs
when mixed states are considered for a duality quantum computer. Finally,
we show that a duality quantum computer can measure itself without needing
a separate measurement apparatus to determine its final state. In this paper
the states of a quantum system will refer only to the internal wave functions
and the position part of the wave functions will not be displayed. In this
way, the subwaves after a divider operation is applied will be copies of the
initial wave function except for an attenuation factor.



2 Divider and Combiner Operators

Let H be a complex Hilbert space and let p = (p1,...,p,) be a probability
distribution. Thatis, p; > 0,7 =1,... ,n,and > p; = 1. We use the notation

Ip|l = (S p2)"? and write H®" for &7 H; where H; = H,i=1,... ,n. The
divider operator D,: H — H®" is defined by

Dyy = SEH (pz¢)

1
ol
Thus, D, maps 1) into attenuated copies of ¢». We think of each copy of H
in H®" as a path

Lemma 2.1. The operator D, is a linear isometry.

Proof. 1t is clear that Dp is linear and D, is an isometry because

We conclude from Lemma 2.1 that D, is a unitary operator from H
onto its range R(D,). Of course, dimR(D;) = dim H. In particular, if
dimH = m < oo and {¢1,...,¢,} is an orthonormal basis for H then an
orthonormal basis for R(D,) is

1
{m(pl¢la... >pn¢1),--. (p1¢m,... ,pn¢m)}

1
Il
We next define the operator C: H®" — H by

n

C(%@'“@%Un):Z%‘

i=1

Again, C' is a linear operator and we have that

(CWr1® DY), C(or1 @+ D ¢y)) = <Z%Z¢j>
= Z(?/}i,cbj)

It follows that C' is not an isometry. However, if we define C, to be the
restriction of ||p||C to R(D,) then we have the following result.
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Lemma 2.2. The operator C, is a linear isometry and C, = Dj.

Proof. To show that C), is an isometry, we have that

(Copp @ -+ @ pa), Cp(pro @ -+ D pnd))
= [[pI*(¥, ¢) = (P ® - B P, p1O & -+ - B prd)

To show that C), = D; we have that

CoDyh = C[H “ zw] > pb =1

Hence, C,D,, = Iy where Iy is the identity operator on H. l

We call C, the combiner operator. Suppose we apply D, and then a
unitary operator U; on each of the paths, ¢ = 1,... ,n and finally apply C,
to obtain

V= D= ” ® () = o || & () — (Do mli) v
We call " p;U; a generalized quantum gate. Unlike an ordinary quantum
computer, a duality quantum computer admits generalized quantum gates.

We now give another way to describe generalized quantum gates. Define the
operator &, U;: H®" — H®" by

QUi @ - @ ¢on) = U101 @ -+ @ Upoy

It is easy to check that @®U; is unitary and

S wl; = IplC(@U,)D,

Denoting the set of generalized quantum gates on H by G(H), it is easy
to show that G(H) is a convex set. Of course, any unitary operator on H is
in G(H) and in particular Iy € G(H). We would now like to show that Iy is
an extreme point of G(H). That is, > p;U; = Iy if and only if U; = Iy for
all 7. It is not hard to show that this latter result holds when dim H < oo
and the U; mutually commute. Indeed, in this case the U; are simultaneously
diagonalizable with matrix representations

Ui = dlag (Ailv s 7)\2771)



and since Y p;U; = Iy we have that >  pA; =1, 7 =1,...,m. Hence,
> piRe(\;j) = 1 and it follows that Re()\;;) = 1 for all ¢, j. Since |\;;| =1
we have that \;; = 1 for all ¢, j so that U; = Iy for all i. We now give a more
delicate argument to prove this result in general.

Theorem 2.3. The identity Iy is an extreme point of G(H).

Proof. Suppose that > p;U; = Iy. Letting v € H with ||| = 1 we have
that > p;U;0 = 1. By Schwarz’s inequality we obtain

L= =" pip (Ui, Uy <> pipy [(Usth, Upth)|
i,J i,J
< sz'pj = Zpinj =1
i,J i J

Hence,

sz‘pj [(Uih, Uph)| = 1

Since [(U;y, Uj1p)| < 1 we have that |(U;y, Ujp)| =1 for all ¢, j. But then

(Ui, Uyh)| = (U [ U5l

so we have equality in Schwarz’s inequality for all ¢, j. Hence, U;tp = aU;v
with |a| = 1. Thus, there exist o; € C with |o;| = 1 such that Uy = o; Uyt
for all i. We conclude that

Y= ZPz’Uﬂ/J = (szaz) Uy

Therefore, for any unit vector ¢ there exists an ay € C with |ay| = 1
such that U;v = ay; that is, every nonzero vector is an eigenvector of U;.
The only unitary operators with this property are aly, |a|] = 1. Hence,
Uy = aily with |ag]| = 1 and similarly U; = ;1 with |oy| =1,i=1,... ,n.
Therefore, Iy = > pia;Iy so that > p;a; = 1. But then > p;Re(qy) = 1
so that Re(a;) = 1, 4,... ,n. Hence, a; = 1 and we conclude that U; = Iy,
i1=1,...,n. O]

Corollary 2.4. The extreme points of G(H) are precisely the unitary oper-
ators H.



Proof. Suppose A € G(H) is an extreme point. Then A = Y p;U; which
implies that U; = A for all 7 so A is unitary. Conversely, suppose U is unitary.
To show that U is an extreme point of G(H) assume that U = ) p;U;. Then

Iy =UU" = (ZpiUZ) (ijUj>* = sz‘ijz‘U;
2%

Applying Theorem 2.3 we conclude that U;U; = Iy for all 4, j. In particular,
U; = Uy for all i. Hence,

U:Zpi[ﬁ =U, =U;
for all 7. O

We conclude from Corollary 2.4 that except for a degenerate probability
distribution, no generalized quantum gate is unitary; that is, no generalized
quantum gate is a quantum gate. Stated in another way, except for the
case of a single path no duality quantum computer can be described by an
ordinary quantum computer. In a sense, a duality quantum computer is a
mixture of ordinary quantum computers.

An example of a generalized quantum gate occurs in the following vector
selection algorithm. Let 1,... ¢y be an orthonormal basis for H and
suppose we want to select a marked but unknown vector ¢, from among
them. A quantum computer possess an oracle (black box) that recognizes 1,
and the oracle is given by the unitary operator U where Uth; = —(—1)%#4);.
Let p be the probability distribution p = (1/2,1/2) and let 1» = (N)~/23 4,
be the input state for a duality quantum computer. Form the generalized
quantum gate given by

1 1
Ipl| C(I ®U)D, = Sl +35U

Since %(IH + U)y; = 9,110 we have that %([H + U) = P, where Py is the
projection onto the one-dimensional subspace generated by . Moreover,
LI +U)y = (N)~V24y, so the duality quantum computer selects the marked
vector v, using a single query to the oracle. This is the mechanism behind
Long’s logarithmic time database search algorithm [4].

We have seen that G(H) is a convex set whose extreme points are the
unitary operators on H. Let B(H) be the set of bounded linear operators on

H and let RTG(H) be the positive cone generated by G(H). That is,
RYG(H) ={aA: A€ G(H),a >0}



The next result shows that if dim H < oo then a duality quantum computer
can simulate any operator on H.

Theorem 2.5. If dim H < oo, then B(H) =R*G(H).

Proof. For A € B(H) we must show that there exists an a > 0 such that A =
a Y p;U; where U; are unitary and (py, ... ,p,) is a probability distribution.
If A =0, then letting v = 0 we are finished, so suppose A # 0. Let P € B(H)
be a projection operator. Let 1y,... 1) be an orthonormal basis for R(P)
and extend to an orthonormal basis vq,... 1N for H. Define the unitary
operator U on H by

it i=1,..., M
Uwi:{‘”llz o

) if i=M+1,...,N

Then P = Iy + 3U € G(H). Now let A € B(H) be self-adjoint with
distinct eigenvalues \; # 0 and let a = > |\;)|. Let P; be the projection
onto the eigenspace for )\;. Then there exist unitary operators U; such that
P=1r;+ %Ui. Hence,

)
Al |Ail
A=Y 0P =aY Yp—aY )P,
; a - a - (sgn\;)
Al 1 1
— )\ -1 —U;
a g - sgn\; 5 H+2U

Y |Ai
=a [Z ‘Q—J(sgn)\i)]H + Z Qa‘ (Sgn/\i)Ul}

Now (sgn);)Iz and (sgn);)U; are unitary and a=' > |\;| = 1. Hence, A has
the required form and of course, so does i A (2 =1 ) Now suppose A
is an arbitrary operator on H. Then A = B + ¢C where B and C are self-
adjoint. Now from before we have that B = b>_ p;U; and C = ¢>_ ¢;V; in
the required form. Thus,

A=B+iC=(b+c) (ﬁBer—lkciC)

b c
=(b+¢) [mZpiUi-f—mqu‘Vi}

Since

b
Iwrcz:p“Lﬁccz:%:1

we are finished. O



Corollary 2.6. If dimH < oo, then A € B(H) is normal if and only if
A =a) pU; where a« >0, p; >0, > p; = 1 and U; are unitary operators
that mutually commute.

3 Mixed States

Suppose we have a duality quantum computer represented by the generalized
quantum gate > p;U;. If the input state is represented by a unit vector v,
then presumably the output state is represented by the unit vector

ZPiUﬂ/J/ HZPz‘Uﬂ/JH

Notice that it was necessary to renormalize the vector »_ p;U;ip because
> p;U; is not unitary in general. Instead of a pure state, suppose we in-
put a mixed state represented by a density operator p. In accordance with
the formalism of quantum mechanics, the divider operator D,, will transform
p to the state DypD, = D,pC,. Since

DyopCy [8(p:0)] = llpll Do (- pi60) = lIpll Dy
= &(pip¢) = (pip)¢

we conclude that D,pD; = @p;p. If we now apply the quantum gates &U;
along the various paths we obtain @®p;U;pU;. Finally, applying the operator
C gives > p;U;pU?.

The map E(p) = > p;U;pU; is called a quantum operation in the
literature [1, 2, 3, 5]. One advantage of this approach is that £(p) is again a
state so we do not have to renormalize. Indeed, clearly &£(p) is positive and
we have that

tr[E(p)] = tr (Z piUipUi*) =3 it (UpT7)
= ZPitT(P) =1

Unfortunately, even when p is pure, £(p) is pure only under very special
circumstances as the next result shows. The one-dimensional projection onto
the subspace spanned by a unit vector v is denoted by P,. Of course, Py is
a density operator representing the pure state 1.



Theorem 3.1. The state E(p) is pure if and only if p = Py is pure and there
exists a unit vector ¢ and o; € C, |oy| =1 such that Uy = a0 for every i.

Proof. 1f the condition holds then

E(p) = piUipU; = > pUiPyU; = piPuy
= Zpipd, = P¢

Hence, &(p) is pure. Conversely, suppose E(p) is pure so that E(p) = Py.
Then

> opilUr e, pUre) = pile, UipU; ) = (6, €(p)¢)
= (¢, Pyo) = 1

It follows that (Uf¢, pUf¢) = 1 for every i. Hence, p = P, for some unit
vector ¢ and p is pure. Moreover,

(6, Pup®) = (¢, UiP, U §) = 1

for every i. We conclude that Py,y, = Py so that U;y) = o;¢ with |a;| = 1 for
every 1. O]

It follows from Theorem 3.1 that this approach for mixed states is not a
generalization of the previous approach where we had ¢ — (> p;U;)¢. In
fact, we can show this directly as follows. If p = P, is a pure state then

E(p) =E(Py) = ZpiUiPin* = ZpiPU“j;

which is a lot different than (> p;U;) ¥. The two approaches are equivalent if
and only if ) p; Py, is a one-dimensional projection for every unit vector .
But this holds if and only if all the U; coincide up to multiplicative constants
of modulus 1. But then

Elp) = ZB‘UlpwUf = ZpiPUlzp = Puyy

which is an ordinary quantum computer.

This gives a definite puzzle of how to treat mixed states in a duality quan-
tum computer. If we are to truly understand duality quantum computers,
this paradox must be resolved. Notice that for ordinary quantum comput-
ers there is no such paradox. In this case there is only one path and pure
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states are transformed by ¢ — U while mixed states are transformed by
p— UpU~. Representing a pure state 1) by P, we have

P¢|—>UP¢U*IPU¢,

which is equivalent to Uw. Thus, the two approaches are equivalent for an
ordinary quantum computer.

Moreover, in this second approach we seem to lose the greater power con-
tained in the first approach. For example, in the vector selection algorithm
we have that Uy = Iy and Ustp; = —(—1)%#; as before. Again, if the initial
state is the uniform superposition ¢ then

1 1 1 1

E(P)) ==P — Py, ==Py,+ =P
(Py) = 5 P + 5 Py = 5 Py + 5 Py
If we now measure the basis 11, ... ,1y then we have N possible outcomes
each with probability
111

(EPLbe, ) = 5 1000 + 5 WO ) = i+ o =
This gives no information at all. In general, the state E(p) = > p;U;pU;* is
a mixture of states on each path so £(p) is a mixture of states each of which
evolves according to an ordinary quantum computer. Thus, £(p) cannot
give more information about the result of a computation than an ordinary
quantum computer.

Long mentions that the decomposition into subwaves can be iterated so
that any subwave can be further decomposed into sub-subwaves [4]. In this
way, more complex duality quantum computers can be constructed. How-
ever, as we now show, these iterations do not give anything new that cannot
already be accomplished with a single decomposition into subwaves. For
example, after producing ¢ — ||p||=* ® p;U;¢b suppose we apply a divider
operator to the first path to obtain

<||p||| la ||pl@‘”v3w> (ll I @pz ”)

After applying the combiner operator we obtain

D1 Z q; VUi + ZPiUﬂD
j=1 =2
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But this can be obtained using the single generalized quantum gate

> pig ViU + ) pils
j=1 i=2

4 Projective Measurements

This section shows that projective measurements can be directly incorporated
into a duality quantum computer. To be precise, we show that a projective
quantum measurement can be performed using a generalized quantum gate.

A general quantum operation has the form £(p) = > A;pAl where A; are
arbitrary operators on H satisfying > AfA; = Iy. If the A; are projection
operators P; satisfying > P, = Iy, then £ is called a projective mea-
surement. Notice that a generalized quantum gate also gives a quantum
operation because we can write

= ZpiUipUi* = Z Vi Uipy/pi Uf

where

Y WU (Vo U) =) pUiUi = pidu =1y

Theorem 4.1. Let dimH < oo and let E(p) = > PipP; be a projective
measurement. Then there exists a generalized quantum gate > p;U; such
that £(p) = > p:U;pU;-.

Proof. We shall employ the unitary freedom theorem [5] which states that
two quantum operations £(p) = > A;pA; and F(p) = > B;pB; coincide if
and only if there exists a unitary matrix [u;;| such that E; =), uy; Fj, for all
i,j. Letting i = v/—1, the discrete Fourier transform is given by the unitary
n x n matrix [n~'/2e?"*/"] " Define the unitary operators U;, j = 1,... ,n,
by

n
Uj _ E eQTrz]k/nPk
k=1

We can then write

n

1 1 g
Uj _ eZﬂz]k/nPk
n —1 n
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Applying the unitary freedom theorem, we conclude that

o) =S Pop =3 (% Ui) / (% U) =3 Lo s

References

[1] M. Brooks, Quantum Computing and Communications, Springer-Verlag,
London, 1999.

2] J. Gruska, Quantum Computing, McGraw-Hill, London, 1999.
[3] M. Hirvensalo, Quantum Computing, Springer-Verlag, Berlin, 2001.

[4] G. L. Long, The general quantum interference principle and the duality
computer, arxiv: quant-ph/0512120, 2005.

[5] M. Nielsen and J. Chuang, Quantum Computation and Quantum Infor-
mation, Cambridge University Press, Cambridge, 2000.

12



