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Abstract

Although a few new results are presented, this is mainly a review
article on the relationship between finite-dimensional quantum me-
chanics and finite groups. The main motivation for this discussion is
the hidden subgroup problem of quantum computation theory. A uni-
fying role is played by a mathematical structure that we call a Hilbert
∗-algebra. After reviewing material on unitary representations of finite
groups we discuss a generalized quantum Fourier transform. We close
with a presentation concerning position-momentum measurements in
this framework.

1 Introduction

Practically since its inception, quantum mechanics has had a close connection
to group theory. Most of the groups in this connection have been Lie groups
of infinite order. However, recently there has been considerable interest in
quantum mechanics associated with finite groups [3, 12, 13, 22]. The main
motivation for this interest stems from quantum computation and quantum
information theory in which finite-dimensional quantum mechanics plays a
crucial role [8, 17, 18, 19].

An important unsolved problem in quantum computation theory is the
hidden subgroup problem [5, 6, 7, 11, 12, 13, 22]. Let H be a subgroup
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of a finite group G and let X be a nonempty set. A function f : G → X
separates cosets of H if for every g1, g2 ∈ G, f(g1) = f(g2) if and only if
Hg1 = Hg2. Thus, f separates cosets if and only if f is constant on each
coset and different on different cosets. Now let G be a (known) group and
let H be an unknown subgroup of G. Suppose we have a computer that
contains a black box (oracle) that can evaluate f(g), g ∈ G, for a function
f that separates cosets of H. It is of interest to find the fewest number of
oracle calls (queries) necessary to determine H.

All known classical algorithms require O(|G|) oracle calls where |G| is the
order of G. The hidden subgroup problem is to find a quantum algorithm
that determines H in time O (poly (log |G|)) including oracle calls and any
needed classical post-processing time. This problem has been solved for
abelian groups G and essentially no others [12, 13]. In the case of a cyclic
group, this reduces to Shor’s algorithm for factoring integers [17, 20]. If this
problem could be solved for a general finite group it can be used to efficiently
solve some hard problems such as the graph isomorphism problem and the
shortest vector in a lattice problem [4, 10, 16].

In the quantum computation case we have the following situation. Let H
be a |G|-dimensional Hilbert space with orthonormal basis {|g〉 : g ∈ G}. Let
f : G → G be a function that separates cosets of the subgroup H. We have
two registers, the query and answer register each described by the |G|-qubit
space H. The answer register is initially set at a convenient start |G|-qubit
|y〉 ∈ H. The f -oracle is described by a unitary operator Uf : H⊗H → H⊗H
given by Uf (|x〉|y〉) = |x〉|yf(x)〉. Since

Uf

(
|x〉

∣∣zf(x)−1
〉)

= |x〉
∣∣zf(x)−1f(x)

〉
= |x〉|z〉

we see that Uf is indeed unitary because it sends the orthonormal basis
{|x〉|y〉 : x, y ∈ G} for H⊗H onto itself. The operator Uf represents a quan-
tum gate in the “circuit” of a quantum computer.

In the particular case of Shor’s algorithm, G is the cyclic group ZN =
{0, 1, . . . , N − 1} and H is the N -qubit space CN . In this case, a crucial
role is played by the quantum Fourier transform which is a unitary operator
F : CN → C

N given by

F |j〉 =
N−1∑
k=0

e2πijk/N |k〉
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It is widely believed [12, 13] that a solution to the hidden subgroup problem
will require a generalization of this quantum Fourier transform to an arbitrary
finite group G. The definition of such a generalization is one of the principal
points of this paper.

Although a few new results are presented, this article is mainly a review
of known results that are scattered in the literature. Our main contribution
is to unify, simplify and clarify these results. To aid the reader’s understand-
ing and to make this article self-contained we have included proofs of the
theorems. For the theory of unitary representations of groups we have relied
on [9, 14, 15, 21]. For more details concerning the hidden subgroup problem
and the generalized Fourier transform we refer the reader to [2, 3, 12, 13].

Sections 2, 3 and 4 discuss group algebras, regular representations, irre-
ducible representations and abelian groups. Most of this is known material
although our work on Hilbert ∗-algebras in Section 2 appears to be new.
Section 5 presents the generalized Fourier transform in a somewhat differ-
ent way than the existing literature. In Section 6 we consider position and
momentum vectors and their relationship to the generalized Fourier trans-
form. Finally, Section 7 presents a novel discussion of position-momentum
measurements.

2 Group Algebra

In this work all groups will be assumed to be finite and all Hilbert spaces
will be finite dimensional. A Hilbert ∗-algebra A is a complex ∗-algebra
with identity that is a Hilbert space that satisfies 〈AB | C〉 = 〈B | A∗C〉 and
〈A∗ | B〉 = 〈B∗ | A〉 for all A, B, C ∈ A. An example of a Hilbert ∗-algebra
is any ∗-subalgebra of the matrix algebra Mn(C) with the inner product
〈A | B〉 = tr(A∗B). Notice that we are assuming linearity in the second
argument of the inner product.

Let G be a group with elements denoted by lower case Latin letters
e, g, h, x, y, z, where e is the identity. The group algebra for G is the set
F(G) = {φ : G → C}. Now F(G) is a complex vector space under pointwise
addition and scalar multiplication. Moreover, F(G) becomes a Hilbert space
under the inner product

〈φ | ψ〉 =
∑
x∈G

φ(x)ψ(x)
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Denoting the order of G by |G| we see that F(G) has dimension |G| and
the functions δg, g ∈ G, given by δg(x) = δg,x form an orthonormal basis.
Any φ ∈ F(G) has the form φ =

∑
φ(g)δg. We also use the Dirac notation

|g〉 = δg and 〈φ| denotes the linear function 〈φ| (|ψ〉) = 〈φ | ψ〉. It follows
that φ(g) = 〈g | φ〉.

For φ, ψ ∈ F(G) define the convolution φ ◦ ψ ∈ F(G) by

φ ◦ ψ(x) =
∑
y∈G

φ(xy−1)ψ(y)

Moreover, we define the involution φ∗ ∈ F(G) by φ∗(x) = φ(x−1).

Theorem 2.1. The system (F(G), ◦, ∗) is a Hilbert ∗-algebra with identity
δe.

Proof. It is clear that δe is the identity and that φ◦(ψ1+ψ2) = φ◦ψ1+φ◦ψ2,
(φ1 + φ2) ◦ ψ = φ1 ◦ ψ + φ2 ◦ ψ, λ(φ ◦ ψ) = (λφ) ◦ ψ = φ ◦ (λψ)
To prove that convolution is associative we have

[φ ◦ (ψ ◦ η)] (x) =
∑

y

φ(xy−1)(ψ ◦ η)(y) =
∑
y,z

φ(xy−1)ψ(yz−1)η(z)

=
∑
g,z

φ(xz−1g−1)ψ(g)η(z) =
∑

z

(φ ◦ ψ)(xz−1)η(z)

= [(φ ◦ ψ) ◦ η] (x)

It is clear that (φ + ψ)∗ = φ∗ + ψ∗, (λφ)∗ = λφ∗ and φ∗∗ = φ. Moreover,

(φ ◦ ψ)∗(x) = (φ ◦ ψ)(x−1) =
∑

y

φ(x−1y−1)ψ(y) =
∑

z

ψ(zx−1)φ(z−1)

=
∑

z

ψ∗(xz−1)φ∗(z) = (ψ∗ ◦ φ∗)(x)

Thus, (φ ◦ ψ)∗ = ψ∗ ◦ φ∗ so (F(G), ◦, ∗) is a ∗-algebra. Now

〈φ ◦ ψ | η〉 =
∑

x

(φ ◦ ψ)(x)η(x) =
∑
x,y

φ(xy−1)ψ(y)η(x)

=
∑

y

ψ(y)
∑

x

φ∗(yx−1)η(x) =
∑

y

ψ(y)(φ∗ ◦ η)(y)

= 〈ψ | φ∗ ◦ η〉
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Finally, we have that

〈φ∗ | ψ〉 =
∑

x

φ(x−1)ψ(x) =
∑

y

ψ(y−1)φ(y) =
∑

y

ψ∗(y)φ(y)

= 〈ψ∗ | φ〉

The next result summarizes some of the properties of F(G).

Theorem 2.2. (i) δx ◦ δy = δxy, (ii) δ∗x = δx−1, (iii) (φ ◦ δx)(y) = φ(yx−1),
(δx ◦ φ)(y) = φ(x−1y), (iv) ‖φ∗‖ = ‖φ‖ (v) (φ∗ ◦ φ)(e) = ‖φ‖2 ≤ ‖φ∗ ◦ φ‖,
(vi) ‖φ ◦ ψ‖ ≤ |G|1/2‖φ‖ ‖ψ‖.

Proof. (i) (δx ◦ δy)(z) =
∑

g δx(zg−1)δy(g) = δx(zy−1) = δxy(z)

(ii) δ∗x(y) = δx(y
−1) = δx(y

−1) = δx−1(y)

(iii) (φ ◦ δx)(y) =
∑

z φ(yz−1)δx(z) = φ(yx−1)

(δx ◦ φ)(y) =
∑

z δx(yz−1)φ(x) = φ(x−1y)

(iv) ‖φ‖2 =
∑

x |φ(x)|2 =
∑

x

∣∣φ(x−1)
∣∣ =

∑ |φ∗(x)|2 = ‖φ∗‖2

(v) (φ∗ ◦ φ)(e) = 〈δe | φ∗ ◦ φ〉 = 〈φ | φ〉 = ‖φ‖2

Applying Schwarz’s inequality gives
‖φ‖2 = 〈δe | φ∗ ◦ φ〉 ≤ ‖φ∗ ◦ φ‖ ‖δe‖ = ‖φ∗ ◦ φ‖

(vi) By Schwarz’s inequality we have

‖φ ◦ ψ‖2 =
∑

x |(φ ◦ ψ)(x)|2 =
∑

x

∣∣∣∑y φ(xy−1)ψ(y)
∣∣∣2

≤ ∑
x

[∑
y |φ(xy−1)| |ψ(y)|

]2

≤ ∑
x

[∑
y |φ(xy−1)|2 ∑

z |ψ(z)|2
]

= |G| ‖φ‖2‖ψ‖2

Notice that F(G) is not a C∗-algebra. In fact, F(G) is not even a Banach
∗-algebra because the factor |G|1/2 in Theorem 2.2(vi) is sharp. For example,
let φ ∈ F(G) be defined by φ(x) = 1 for all x ∈ G. Then ‖φ‖2 = |G| but

(φ ◦ φ)(x) =
∑

y

φ(xy−1)φ(y) = |G|

Hence, ‖φ ◦ φ‖ = |G|3/2 so that ‖φ ◦ φ‖ = |G|1/2‖φ‖2. We shall see later that
F(G) can be endowed with a different norm so that it becomes a C∗-algebra
but we shall not need to do this.
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Recall that x, y ∈ G are conjugate (x ∼ y) if there is a z ∈ G such
that zxz−1 = y. Now ∼ is an equivalence relation and {y ∈ G : y ∼ x} is
called the conjugacy class of x. The number of conjugacy classes is the
conjugacy number of G. A function φ ∈ F(G) is a class function if φ
is constant on conjugate classes. Thus, φ is a class function if and only if
φ(yxy−1) = φ(x) for all x, y ∈ G. Equivalently, φ is a class function if and
only if φ(xy) = φ(yx) for all x, y ∈ G. Applying Theorem 2.2(iii), we see
that φ is a class function if and only if φ◦ δx = δx ◦φ for all x ∈ G. It follows
that φ is a class function if and only if φ◦ψ = ψ ◦φ for every ψ ∈ F(G), that
is, φ is in the center Z (F(G)) of F(G). Now Z (F(G)) is a commutative
Hilbert ∗-algebra that is a sub ∗-algebra of F(G) and dim Z (F(G)) is the
conjugacy number of G.

There are Hilbert ∗-algebras that are not isomorphic to a group algebra.
For example, the Hilbert ∗-algebra M2(C) of complex 2 × 2 matrices cannot
be isomorphic to the group algebra F(G) of a group G. If this were the case,
then

|G| = dimF(G) = dim M2(C) = 4

However, groups of order 4 are abelian so F(G) must be commutative. But
M2(C) is noncommutative which leads to a contradiction. The next result
gives a necessary and sufficient condition for a Hilbert ∗-algebra to be isomor-
phic to a group algebra. An element U of a Hilbert ∗-algebra is unitary if
UU∗ = U∗U = I. A unitary basis for A is an orthonormal basis of unitary
elements Ui, i = 0, 1, . . . , n − 1, where U0 = I, for every i, j there exists a k
such that UiUj = Uk and for every i there exists a j such that U∗j = Ui.

Theorem 2.3. A Hilbert ∗-algebra A is Hilbert ∗-isomorphic to a group al-
gebra if and only if A possesses a unitary basis.

Proof. Applying Theorem 2.2(i) and (ii) we conclude that {δx : x ∈ G} is a
unitary basis for F(G). Hence, if A is isomorphic to F(G), then A possesses
a unitary basis. Conversely, suppose that A has a unitary basis Ui, i =
0, 1, . . . , n − 1. It is easy to check that G = {U0, U1, . . . , Un−1} is a group
under the product UiUj = Uk. For A =

∑
λiUi ∈ A define α(A) ∈ F(G) by

α(A) =
∑

λiδUi
. Then clearly α : A → F(G) is a bijective linear map. Since

α maps an orthonormal basis onto an orthonormal basis, α is a Hilbert space
isomorphism. Moreover,

α(A∗) =
∑

λiδU∗i =
∑

λiδU−1
i

=
∑

λiδ
∗
Ui

= α(A)∗

6



so α preserves the involution. Finally, since

α(UiUj) = α(Uk) = δUk
= δUiUj

= δUi
◦ δUj

= α(Ui) ◦ α(U1)

it follows by linearity that α(AB) = α(A) ◦ α(B) for all A, B ∈ A. Hence, α
is a Hilbert ∗-isomorphism.

For every x ∈ G, let Rx : F(G) → F(G) be the linear operator given by
(Rxφ)(y) = φ(yx). Then

(RxRyφ)(z) = (Ryφ)(zx) = φ(zxy) = (Rxyφ)(z)

so that RxRy = Rxy. Thus, R is a representation of G on the Hilbert space
F(G). Moreover,

〈Rxψ | Rxφ〉 =
∑

y

(Rxψ)(y)Rxφ(y) =
∑

y

ψ(yx)φ(yx)

=
∑

z

ψ(z)φ(z) = 〈ψ | φ〉

so that R is a unitary representation called the right regular representa-
tion. Notice that

(Rxδy)(z) = δy(zx) = δyx−1(z)

so Rxδy = δyx−1 for every x, y ∈ G. Under the adjoint operation ∗ let R(G)
be the ∗-algebra generated by {Rx : x ∈ G}. It is clear that A ∈ R(G) if
and only if A =

∑
αxRx, αx ∈ C. Also, R(G) is a Hilbert space with inner

product 〈A | B〉 = |G|−1tr(A∗B). Furthermore,

〈AB | C〉 = |G|−1tr(B∗A∗C) = 〈B | A∗C〉
〈A∗ | B〉 = |G|−1tr(A) = |G|−1tr(B∗∗A) = 〈B∗ | A〉

so that R(G) is a Hilbert ∗-algebra. Notice that

1

|G| tr(Rx) =
1

|G|
∑

y

〈δy | Rxδy〉 =
1

|G|
∑

y

〈δy | δyx−1〉 = δx,e

Hence,

〈Rx | Ry〉 =
1

|G| tr(R∗xRy) =
1

|G| tr(Rx−1y) = δx,y
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Therefore, {Rx : x ∈ G} is a unitary basis for R(G) and dimR(G) = |G|.
We call R(G) the right algebra of G. The right commuting algebra of
G is the commutant

R(G)′ = {A ∈ B (F(G)) : ARx = RxA for all x ∈ G}

where B (F(G)) denotes the set of all linear operators on F(G).
In a similar way, we define Lx ∈ B (F(G)) by (Lxφ)(y) = φ(x−1y). Then

(LxLyφ)(z) = (Lyφ)(x−1z) = φ(y−1x−1z) = (Lxyφ)(z)

so that LxLy = Lxy. As before, L is a unitary representation of G called the
left regular representation. Again,

(Lxδy)(z) = δy(x
−1z) = δxy(z)

so Lxδy = δxy. As before, the |G|-dimensional Hilbert ∗-algebra L(G) gen-
erated by {Lx : x ∈ G} is called the left algebra of G and its commutant
L(G)′ is the left commuting algebra.

Theorem 2.4. (i) R(G)′ = L(G) and L(G)′ = R(G). (ii) The Hilbert ∗-
algebras F(G), R(G) and L(G) are Hilbert ∗-isomorphic.

Proof. (i) Since

(LxRyφ)(z) = (Ryφ)(x−1z) = φ(x−1zy) = (Lxφ)(zy) = (RyLxφ)(z)

we have that LxRy = RyLx for every x, y ∈ G. Hence, L(G) ⊆ R(G)′. Now
let A ∈ R(G)′ and define B ∈ L(G) by

B =
∑
x∈G

(Aδe)(x)Lx

Then

(Bδy)(x) =
∑

x

(Aδe)(x)(Lxδy)(z) =
∑

x

(Aδe)(x)δxy(z) = (Aδe)(zy−1)

= Ry−1(Aδe)(z) = A(Ry−1δe)(z) = (Aδy)(z)

Hence, Bδy = Aδy for all y ∈ G so that A = B ∈ L(G). It follows that
R(G)′ = L(G). We then have that

R(G) = R(G)′′ = L(G)′
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(ii) It is easy to show that R(G) and L(G) are Hilbert ∗-algebra isomorphic
via the map

∑
αxRx �→

∑
αxLx. To show that F(G) and R(G) are Hilbert

∗-algebra isomorphic, for every φ ∈ F(G) define Tφ ∈ R(G) by Tφ =∑
φ(x)Rx. It is clear that φ �→ Tφ is linear and bijective. Since Tδx = Rx we

have that

Tδx◦δy = Tδxy = Rxy = RxRy = TδxTδy

Hence, by linearity Tφ◦ψ = TφTψ. Also, since Tδx = Rx it follows by linearity
that φ �→ Tφ preserves inner products. Finally,

Tφ∗ =
∑

x φ∗(x)Rx =
∑

x φ(x−1)Rx =
∑

x φ(x)Rx−1 =
∑

x φ(x)R∗x =T ∗φ

Corollary 2.5. For φ ∈ F(G) define the linear operator Sφ ∈ R(G)′ by
Sφ =

∑
x φ(x)Lx. Then φ �→ Sφ is a Hilbert ∗-algebra isomorphism of F(G)

onto R(G)′. Moreover, we have that

Sφ(ψ) =
∑

x

ψ(x)Rx−1(φ)

for every φ, ψ ∈ F(G).

Proof. As in the proof of Theorem 2.4(ii) we have that φ �→ Sφ is a Hilbert
∗-algebra isomorphism. For the second statement we have

(Sφψ)(y) =
∑

z

φ(z)(Lzψ)(y) =
∑

z

φ(z)ψ(z−1y) =
∑

x

ψ(x)φ(yx−1)

=
∑

x

ψ(x)(Rx−1φ)(y)

and the result follows.

We now begin presenting a quantum mechanical flavor for this framework.
We think of the elements of G as representing the location or position of a
quantum system such as a quantum particle. For x ∈ G, let Px ∈ B (F(G))
be the one-dimensional projection onto the subspace generated by δx. The
Hilbert ∗-algebra A(G) generated by the projections Px, x ∈ G is called
the position algebra. The algebra A(G) is commutative, |G|-dimensional
and consists of all operators of the form

∑
αxPx, αx ∈ C. Since (Rxφ)(y) =
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φ(yx), we may think of Rx as a “translation” to a new position. We therefore
view R(G) as a “momentum” algebra. Of course, L(G) would be just as good.

For ∆ ⊆ G, x ∈ G we define ∆x = {yx : y ∈ ∆}. Moreover, we define the
projection operator P∆ ∈ A(G) by P∆ψ = χ∆ψ. Notice that P{x} = Px as
previously defined. It is clear that ∆ �→ P∆ is a projection-valued measure.
That is, PG = I and P∆1∪∆2 = P∆1 + P∆2 whenever ∆1 ∩ ∆2 = ∅. We now
verify the covariance condition R∗xP∆Rx = P∆x. Indeed,

(R∗xP∆Rxψ)(y) = (P∆Rxψ)(yx−1) = χ∆(yx−1)(Rxψ)(yx−1)

= χ∆(yx−1)ψ(y) = χ∆(y)ψ(y) = (P∆xψ)(y)

A projection-valued measure P∆ that satisfies the covariance condition is
called a system of imprimitivity base on G for R.

3 Irreducible Representations

As usual, G will denote a finite group. A representation of G is a map
U : G → B (H(U)) where H(U) is a finite-dimensional complex linear space
and U satisfies Uxy = UxUy for all x, y ∈ G. If H(U) is a Hilbert space and
Ux is unitary for all x ∈ G, then U is a unitary representation of G.

Lemma 3.1. If U is a representation of G, then we can always endow H(U)
with an inner product so that U is a unitary representation of G.

Proof. We can always construct an inner product 〈φ, ψ〉 on H(U). If U is
not a unitary representation relative to this inner product, form a new inner
product

〈ψ | ψ〉 =
∑

x

〈Uxφ, Uxψ〉

Then for every y ∈ G we have that

〈Uyφ | Uyψ〉 =
∑

x

〈Ux(Uyφ), Ux(Uyψ)〉 =
∑

x

〈Uxyφ, Uxyψ〉 = 〈φ | ψ〉

Hence, Uy is unitary under this new inner product.

Because of Lemma 3.1 we can always assume a representation of G is
unitary. For this reason, when we say that U is a representation we shall
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mean that U is a unitary representation. If U and V are representations of
G, U and V are equivalent (denoted by U ≈ V ) if there is an invertible
linear transformation T : H(U) → H(V ) such that TUxT

−1 = Vx for all
x ∈ G. (Applying the polar decomposition of T it follows that there is a
unitary transformation S : H(U) → H(V ) such that SUxS

−1 = Vx, but we
shall not need this here.) The direct sum of two representations U and V
of G is the unique representation U ⊕ V on H(U) ⊕H(V ) defined by

(U ⊕ V )x(φ, ψ) = (Uxφ, Vxψ)

for all x ∈ G, φ ∈ H(U), ψ ∈ H(V ). When there are n summands of the
same representation, we use the notation

nU = U ⊕ · · · ⊕ U

If U is a representation of G and K is a subspace of H(U) then K is
invariant if UxK ⊆ K for all x ∈ G. If K is invariant then the restriction
U | K is a representation of G called the subrepresentation defined by K.
Note that if K is invariant then so is its orthogonal complement K⊥. Indeed,
if ψ ∈ K⊥, then for any φ ∈ K we have that

〈Uxψ | φ〉 = 〈ψ | U∗xφ〉 = 〈ψ | Ux−1φ〉 = 0

Hence, Uxψ ∈ K⊥ for every x ∈ G. We then have that

U = U | K ⊕ U | K⊥

Any representation U has the two subrepresentations defined on H(U) itself
and on {0}. The other subrepresentations, if they exist, are called proper.
A representation with no proper subrepresentation is irreducible. It is clear
that any representation is the direct sum of irreducible representations.

A linear transformation T : H(U) → H(V ) such that TUx = VxT for
every x ∈ G is an intertwining operator. The set of all intertwining
operators is a vector space denoted by I(U, V ) and i(U, V ) = dim I(U, V ) is
the intertwining number of U and V . Of course, I(R, R) = R(G)′ is the
commuting algebra considered in Section 2.

Theorem 3.2. The space I(U, V ) = {0} if and only if no nonzero subrep-
resentation of U is equivalent to any nonzero subrepresentation of V .
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Proof. Suppose T ∈ I(U, V ) with T �= 0 and let NT = Null(T ), RT =
Range(T ). Then NT �= H(U) is an invariant subspace of H(U). Indeed, if
Tφ = 0 then TUxφ = VXTφ = 0 for every x ∈ G so that UxNT ⊆ NT . Also
RT �= {0} is an invariant subspace of H(V ). Indeed, if ψ = Tφ for some
φ ∈ H(U) then

Vxψ = VxTφ = TUxφ

So that VxRT ⊆ RT for every x ∈ G. Now T | N⊥T : N⊥T → RT is bijective
and T gives an equivalence between the subrepresentation U | N⊥T of U
and the subrepresentation V | RT of V . Conversely, suppose a nonzero
subrepresentation of U is equivalent to a nonzero subrepresentation of V .
Then there exist subspaces K ⊆ H(U), L ⊆ H(V ), K,L �= {0} and a linear
bijection T ′ : K → L such that T ′Uxψ = VxT

′ψ for every ψ ∈ K, x ∈ G.
Define T : H(U) → H(V ) by

Tψ =

{
T ′ψ if ψ ∈ K
0 if ψ ∈ K⊥

and extend by linearity. Then if ψ ∈ H(U) we can write ψ = ψ1+ψ2, ψ1 ∈ K,
ψ2 ∈ K⊥. Hence,

TUxψ = TUxψ1 + TUxψ2 = T ′Uxψ1 = VxT
′ψ1 = VxT (ψ1 + ψ2) = VxTψ

so that T ∈ I(U, V ) and T �= 0.

If I(U, V ) = {0} we say that U and V are disjoint.

Corollary 3.3. Let U and V be irreducible representations of G. (i) Either
U and V are disjoint or U and V are equivalent. (ii) I(U, U) = CI.
(iii) i(U, V ) = 0 or 1.

Proof. (i) By the proof of Theorem 3.2, NT and RT are either {0} or the
whole space. Thus, I(U, V ) = {0} or U and V are equivalent. (ii) Since U
is irreducible, every nonzero member of I(U, U) is bijective. Hence, I(U, U)
is a finite-dimensional division ∗-algebra. By Shur’s Lemma I(U, U) = CI.
This can also be shown directly as follows. Let T ∈ I(U, U) be self-adjoint
and let λ be an eigenvalue of T . Then there exists a eigenvector φ �= 0 with
Tφ = λφ. Now Null(T −λI) �= {0} and T −λI ∈ I(U, U). Hence, T −λI = 0

12



so that T = λI. Since every T ∈ I(U, U) has the form T = T1 + iT2 for
T1, T2 ∈ I(U, U) self-adjoint, the result follows. (iii) This follows from (i)
and (ii).

It follows immediately from the definitions that

i(U1 ⊕ U2, V ) = i(U1, V ) + i(U2, V )

i(U, V1 ⊕ V2) = i(U, V1) + i(U, V2)

Thus, if U is a representation of G with the form

U = L1 ⊕ · · · ⊕ Ln

where the Lj are irreducible and M is any irreducible representation of G,
then

i(M, U) =
∑

j

i(M, Lj) = number of j with Lj ≈ M (3.1)

Lemma 3.4. Let L1 ⊕ · · · ⊕Ln ≈ M1 ⊕ · · · ⊕Mm where the Lj and Mk are
irreducible representations of G. Then m = n and there exists a permutation
π of {1, . . . , n} such that Lj ≈ Mπ(j), j = 1, . . . , n.

Proof. Let U = Lj ⊕ · · · ⊕ Ln. Since U ≈ M1 ⊕ · · · ⊕ Mm, we have that

i(U, M1 ⊕ · · · ⊕ Mm) �= 0

so
∑

j i(M j, U) �= 0. Hence, there exists a j such that i(M j, U) �= 0. We can

assume without loss of generality that j = 1 so that i(M1, U) �= 0. By (3.1)
there is a k such that Lk ≈ M1. Again, we can assume that k = 1 so that
L1 ≈ M1. Now

L2 ⊕ · · · ⊕ Ln ≈ M2 ⊕ · · · ⊕ Mm

and continue by induction.

Lemma 3.4 shows that the decomposition of U into the direct sum of
irreducible representations is unique to within order and equivalence. By
(3.1), i(M, U) is the unique number of irreducible summands of U equivalent
to M and is called the multiplicity of M in U .

13



Theorem 3.5. If V is a representation of G then the vector spaces H(V )
and I(R, V ) are isomorphic and hence i(R, V ) = dimH(V ).

Proof. For φ ∈ H(V ) define the linear transformation Sφ : F(G) → H(V ) by

Sφ(ψ) =
∑
x∈G

ψ(x)Vx−1(φ)

As in Corollary 2.5, Sφ ∈ I(R, V ) and we define the linear transformation
T : H(V ) → I(R, V ) by T (φ) = Sφ. As in the proof of Theorem 2.1 T is
bijective.

Corollary 3.6. The right regular representation of G contains every irre-
ducible representation of G with multiplicity equal to its dimension.

Corollary 3.7. Let L1, . . . , Lr be the inequivalent irreducible representa-
tions of G and let dj be the dimension of Lj. Then

d2
1 + d2

2 + · · · + d2
r = |G|

Proof. By Corollary 3.6 we have that

R = d1L
1 ⊕ d2L

2 ⊕ · · · ⊕ drL
r (3.2)

and the result follows.

It follows from (3.2) that

R(G)′ ≈ I(d1L
1, d1L

1) ⊕ · · · I(drL
r, drL

r)

But since I(Lj, Lj) = CI is it not hard to show that I(djL
j, djL

j) ≈ Mdj

the full algebra of dj × dj complex matrices. We conclude that

F(G) ≈ R(G)′ ≈ Md1 ⊕ · · · ⊕ Mdr (3.3)

Notice that (3.3) is consistent with Corollary 3.7. Now the elements in the
center Z(Md1 ⊕· · ·⊕Mdr) have the form

∑
cjIdj

where cj ∈ C and Idj
is the

identity matrix in Mdj
. Hence,

dim Z (F(G)) = dim Z(Md1 ⊕ · · · ⊕ Mdr) = r (3.4)

We therefore have the following.
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Theorem 3.8. The number of inequivalent irreducible representations of G
is the conjugacy number of G.

Proof. We have seen that the conjugacy number of G equals dim Z (F(G))
and the result now follows from (3.4).

Corollary 3.9. A finite group G is abelian if and only if every irreducible
representation of G is one-dimensional.

Proof. If G is abelian, every conjugate class of G contains one element.
Hence, the conjugacy number of G is |G| and by Theorem 3.8 the number of
inequivalent irreducible representations of G is |G|. By Corollary 3.7 every
irreducible representation of G is one-dimensional. Conversely, suppose all
irreducible representations of G are one-dimensional. By Corollary 3.7 there
are r = |G| distinct one-dimensional representations χ1, . . . , χr of G (called
the characters of G). We may think of these as functions χj ∈ F(G) that
satisfy χj(xy) = χj(x)χj(y) for all x, y ∈ G. Since |G| < ∞, for every x ∈ G
there is an n ∈ N such that xn = e. Hence,

χj(x)n = χj(x
n) = χj(e) = 1

We conclude that |χj(x)| = 1 and that χj(x)−1 = χj(x) for every j and x.
Now for every y ∈ G we have that∑

x

χj(x) =
∑

x

χj(xy) = χj(y)
∑

x

χ(x)

Hence, [1 − χj(y)]
∑

x χj(x) = 0. Thus, if χj �= 1 then
∑

x χj(x) = 0. If
χj �= χk then

χj(x)χk(x)−1 = χj(x)χk(x) = 1

for some x ∈ G. Since the product of characters is again a character we have
that

∑
x χj(x)χk(x) = 0. We conclude that χ1/|G|1/2, . . . , χr/|G|1/2 form an

orthonormal basis for F(G). Since

δx =
1

|G|
∑

〈χj | δx〉χj =
1

|G|
∑

χj(x)χj

the map x �→ (χ1(x), . . . , χr(x)) is injective. Since this map is an isomor-
phism of G onto an abelian group, G must be abelian.
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Examples. The smallest nonabelian group is the six element group of
all permutations of three objects. By Corollary 3.7, d2

1 + · · · + d2
r = 6 so

dj ≤ 2, j = 1, . . . , r. By Corollary 3.9, at least one dj > 1. Hence, d1 = 2,
say. We thus have d1 = 2, d2 = 1, d3 = 1 and the conjugacy number is 3.
There is just one group of order 7 and it is abelian. There are two nonabelian
groups of order 8. Now d2

1 + · · · + d2
r = 8 and as before d1 = 2, say. Since

every group has a one-dimensional representation (the constant functions in
F(G)), d2 = 1, say. Hence, d1 = 2, d2 = 1, d3 = 1, d4 = 1, d5 = 1 and the
conjugacy number is 5. Similar analyses apply to other small order groups.

4 Abelian Groups

In the case of a finite abelian group G much of our previous work simplifies.
As we say in Corollary 3.9, all the irreducible representations of G are one-
dimensional and there are r = |G| inequivalent ones. These r representations
can be thought of as functions χj(xy) = χ(x)χj(y), |χj(x)| = 1 so they are
homomorphisms from G into the multiplicative group of complex numbers
on the unit circle. We also saw in Corollary 3.9 that {r−1χj : j = 1, . . . , r}
forms an orthonormal basis for F(G). Since

(χi ◦ χj)(x) =
∑

y

χi(xy−1)χj(y) = χi(x)
∑

y

χi(y)χj(y) = χi(x)δi,j

we have that χi ◦ χj = χjδi,j. Moreover, χ∗j = χj so the characters are
self-adjoint idempotents in F(G). One consequence is that F(G) is a com-

mutative Hilbert ∗-algebra. The set of characters Ĝ of G is itself a group
under pointwise multiplication.

Now suppose G is cyclic of order r with generator g. Then for a character
χ we have that χ(gj) = χ(g)j so χ is determined by χ(g) ∈ C. Since gr = e

χ(g)r = χ(gr) = χ(e) = 1

so that χ(g) is an rth root of 1. Thus, there is a character for each rth root

of 1. Since both G and Ĝ are isomorphic to the group of rth roots of 1 we
conclude that G ≈ Ĝ. If G = G1×G2 then the characters of G have the form
χ(x, y) = χ1(x)χ2(y) where χi ∈ Ĝi so (G1×G2)

∧ ≈ Ĝ1×Ĝ2. An elementary
theorem states that every finite abelian group is a direct product of cyclic
groups so we conclude that G ≈ Ĝ whenever G is finite abelian. There is a
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canonical isomorphism of G onto
̂̂
G given by x �→ x̂ where x̂(χ) = χ(x). In

this way every element of G acts as a character on Ĝ.
It follows from Corollary 3.6 that the right regular representation has the

form R = χ1 ⊕· · ·⊕χr. More generally, let V be an arbitrary representation
of G on a Hilbert space H(V ). For each χ ∈ Ĝ, let Pχ be the operator

Pχ =
1

|G|
∑

x

χ(x)Vx

Theorem 4.1. (i) P 2
χ = Pχ = P ∗χ . (ii) Pχ1Pχ2 = 0 if χ1 �= χ2.

(iii)
∑

χ Pχ = I. (iv) VxPχ = χ(x)Pχ, for every x ∈ G, χ ∈ Ĝ.

Proof. That Pχ = P ∗χ is straightforward. To prove the rest of (i) and (ii) we
have that

Pχ1Pχ2 =
1

|G|2
∑
x,y

χ1(x)χ2(y)Vxy =
1

|G|2
∑
x,z

χ1(x)χ2(x
−1z)Vz

=
1

|G|2

[∑
x

χ1(x)χ2(x)

] [∑
z

χ2(z)Vz

]
= 〈χ1 | χ2〉Pχ2

= δχ1,χ2Pχ2

To prove (iii), notice that since x̂ ∈ ̂̂
G we have for x �= e that∑

χ

χ(x) =
∑

χ

x̂(χ) = 0

Hence,

∑
χ

Pχ =
1

|G|
∑

χ

∑
x

χ(x)Vx =
1

|G|
∑

x

Vx

[∑
χ

χ(x)

]
= Ve = I

To prove (iv) we have that

VxPχ =
1

|G|
∑

y

χ(y)Vxy =
1

|G|
∑

z

χ(x−1z)Vz

=
χ(x)

|G|
∑

x

χ(z)Vz = χ(x)Pχ
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Let Hχ be the range of the projection Pχ in H(V ). Applying Theo-
rem 4.1(i, ii, iii), every φ ∈ H(V ) has a unique representation φ =

∑
φχ,

φχ ∈ Hχ. By Theorem 4.1(iv), if φ ∈ Hχ then Vx(φ) = χ(x)φ. Thus, each Hχ

defines a subrepresentation V χ of V of the form x �→ χ(x)I and V = ⊕V χ.
Let us consider the cyclic case in more detail. If G is cyclic of order N ,

then we may assume that G is the additive group {0, 1, . . . , N} with addi-
tion mod N . Every irreducible representation of G is one of the characters
χ0, χ1, . . . , χN−1 where

χj(k) = e2πijk/N , i =
√
−1

The group algebra F(G) is the set of functions f : {0, 1, . . . , N − 1} → C

which we can identify with CN and the right regular representation R satisfies
(Rkφ)(j) = φ(j + k) mod N . The functions

φj(k) = |G|−1/2e2πijk/N , j, k ∈ {0, 1, . . . , N − 1}

form an orthonormal basis for F(G). Moreover,

(Rkφj)(n) = φj(n + k) =
1

|G| e
2πij(n+k)/N = e2πijk/N 1

|G|e
2πijn/N

= e2πijk/Nφj(n)

Hence, Rkφj = e2πijk/Nφj = χj(k)φj, j, k ∈ {0, 1, . . . , N − 1}. Hence, φj,
j = 0, . . . , N − 1, spans a one-dimensional invariant subspace Hi of F(G)
and Rk acting on Hj is just multiplication by χj(k). The expansion of any
ψ ∈ F(G) in terms of φj is

ψ(k) =
∑

cjφj(k) =
1

|G|
∑

j

cje
2πijk/N

where

cj = 〈φj | ψ〉 =
1

|G|
∑

k

e−2πijk/Nψ(k)

Of course, this is the finite Fourier expansion of ψ and gives the finite Fourier
transform.
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5 Generalized Fourier Transform

We have seen in (3.2) that the regular representation

R = d1L
1 ⊕ · · · ⊕ drL

r

where Lj, j = 1, . . . , r, are the irreducible representations of G and dj is the
dimension of Lj. As we mentioned in Section 1 it is important to define a
Fourier transform for an arbitrary group G. For ψ ∈ F(G) the operator
generalized Fourier transform [1, 3, 13] is given by the operator-valued
vector

ψ̂(j) =

√
dj

|G|
∑
x∈G

ψ(x)Lj
x−1 , j = 1, . . . , r (5.1)

Thus, ψ̂(j) is an operator on the Hilbert space F(G). Notice that

δ̂x(j) =

√
dj

|G| Lj
x−1 , j = 1, . . . , r

which states that the Fourier transform of “position” is “momentum.” The
next lemma shows how the function ψ can be recovered from its transform
ψ̂.

Lemma 5.1. For ψ ∈ F(G) we have that

ψ(x) =
1√
|G|

r∑
j=1

√
dj tr

[
ψ̂(j)Lj

x

]
Proof. Since

tr
[
ψ̂(j)Lj

x

]
=

√
dj

|G|
∑

y

ψ(y)tr(Lj
y−1x)

we have that

1√
|G|

∑
j

√
dj tr

[
ψ̂(j)Lj

x

]
=

1√
|G|

∑
y

ψ(y)
∑

j

djtr(L
j
y−1x)

=
1√
|G|

∑
y

ψ(y)tr(Ry−1x) = ψ(x)
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We now show that this gives a generalization of the usual finite Fourier
transform as described in Section 4. Let G be the cyclic group ZN =
{0, 1, . . . , N − 1}. We know that ZN has N inequivalent irreducible one-
dimensional representations χj, j = 0, 1, . . . , N − 1, where χj

k = e2πijk/N ,
k ∈ ZN . Then F(G) = C

N and since dj = 1, j = 0, 1, . . . , N − 1, we have
that

ψ̂(j) =
1√
N

N−1∑
k=0

ψ(k)χj
k =

1√
N

N−1∑
k=0

ψ(k)e−2πijk/N

and

ψ(k) =
1√
N

N−1∑
j=0

ψ̂(j)χ)j
k =

1√
N

N−1∑
j=0

ψ̂(j)e2πijk/N

which is the usual Fourier transform.
It is clear that ∧ is a linear transformation so its range Hat(G) is a linear

space. For φ̂ ∈ Hat(G) define φ̂∗ by φ̂∗(j) = φ̂(j)∗ and define an inner
product on Hat(G) by 〈

φ̂ | ψ̂
〉

=
∑

j

tr
[
φ̂(j)∗ψ̂(j)

]
The next result shows that ∧ possesses some important and useful properties.

Theorem 5.2. (i) (φ̂)∗ = (φ∗)∧. (ii)
〈
φ̂ | ψ̂

〉
= 〈φ | ψ〉. (iii) (φ ◦ ψ)∧(j) =

(|G|/dj)
1/2φ̂(j)ψ̂(j)

Proof. (i) We have that

φ̂∗(j) = φ̂(j)∗ =

√
dj

|G|

[∑
x

φ(x)Lj
x−1

]∗
=

√
dj

|G|
∑

x

φ̂(x)Lj
x

=

√
dj

|G|
∑

x

φ(x−1)Lj
x−1 = (φ∗)∧(j)

(ii) Since

φ̂(j)∗ψ̂(j) =
dj

|G|
∑
x,y

φ(x)ψ(y)Lj
xy−1
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We have that〈
φ̂ | ψ̂

〉
=

∑
j

tr
[
φ̂(j)∗ψ̂(j)

]
=

1

|G|
∑
x,y

φ(x)ψ(y)
∑

j

djtr(L
j
xy−1)

=
1

|G|
∑
x,y

φ(x)ψ(y)tr(Rxy−1) =
∑

x

φ(x)ψ(x) = 〈φ | ψ〉

(iii) We have that

(φ ◦ ψ)∧(j) =

√
dj

|G|
∑

x

(φ ◦ ψ)(x)Lj
x−1 =

√
dj

|G|
∑

x

∑
y

φ(xy−1)ψ(y)Lj
x−1

=

√
dj

|G|
∑

y

ψ(y)
∑

z

φ(z)Lj
y−1z−1

=

√
dj

|G|
∑

z

φ(z)Lj
z−1

∑
y

ψ(y)Lj
y−1 =

√
|G|
dj

φ̂(j)ψ̂(j)

For, φ̂, ψ̂ ∈ Hat(G) define φ̂ ◦ ψ̂ by

(φ̂ ◦ ψ̂)(j) =

√
|G|
dj

φ̂(j)ψ̂(j)

Then by Theorem 5.2(iii) it follows that φ̂ ◦ ψ̂ ∈ Hat(G) and it is easy to
show that with this product Hat(G) becomes a Hilbert ∗-algebra. We then
conclude that F(G) and Hat(G) are Hilbert ∗-algebra isomorphic under the
isomorphism ∧.

We would now like to define a Fourier transform that maps functions
ψ ∈ F(G) to functions instead of operators. A natural way of doing this
is the following. For each j = 1, . . . , r, let {φj

n}, n = 1, . . . , dj, be an
orthonormal basis for the dj-dimensional invariant subspace Hj on which Lj

acts. We define the generalized Fourier transform of ψ ∈ F(G) as

ψ̃(j, m, n) =
〈
φj

m | ψ̂(j)φj
n

〉
, m, n = 1, . . . , dj (5.2)

Notice that ψ̃(j, m, n) depends on the chosen basis φj
n. This may be an

advantage because certain bases may provide a simplification. Let F̃(G)
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be the Hilbert space of complex-valued functions φ(j, m, n), j = 1, . . . , r,
m, n = 1, . . . , dj, with the inner product

〈φ | ψ〉 =
∑
j,m,n

φ(j, m, n)ψ(j, m, n)

We call F̃(G) the momentum space corresponding to the position space

F(G). Of course, dim F̃(G) = |G|.

Lemma 5.3. The linear transformation ∼ : F(G) → F̃(G) is unitary.

Proof. Applying Theorem 5.2(ii) gives〈
φ̃ | ψ̃

〉
=

∑
j,m,n

φ̃(j, m, n)ψ̃(j, m, n) =
∑
j,m,n

〈
φ̂(j)φj

n | φj
m

〉〈
φj

m | ψ̂(j)φj
n

〉
=

∑
j,n

〈
φ̂(j)φj

n | ψ̂(j)φj
n

〉
=

∑
j,n

〈
φj

n | φ̂(j)∗ψ̂(j)φj
n

〉
=

∑
j

tr
[
φ̂(j)∗ψ̂(j)

]
=

〈
φ̂ | ψ̂

〉
= 〈φ | ψ〉

Define the map ∗ : F̃(G) → F̃(G) by φ∗(j, m, n) = φ(j, n, m) and the map

◦ : F̃(G) × F̃(G) → F̃(G) by

(φ ◦ ψ)(j, m, n) =

√
|G|
dj

∑
p

φ(j, m, p)ψ(j, p, n)

Theorem 5.4. Under the operations ∗ and ◦, F̃(G) becomes a Hilbert ∗-

algebra and ∼ : F(G) → F̃(G) is a Hilbert ∗-algebra isomorphism.

Proof. To show that ∗ is an involution we have that

(φ ◦ ψ)∗(j, m, n) =

√
|G|
dj

∑
p

φ(j, n, p)ψ(j, p, m)

=

√
|G|
dj

∑
p

ψ∗(j, m, p)φ∗(j, p, n)

= (ψ∗ ◦ φ∗)(j, m, n)
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Hence, (φ ◦ ψ)∗ = ψ∗ ◦ φ∗ and the other properties of an involution are
straightforward. Now

〈φ∗ | ψ〉 =
∑
j,m,n

φ(j, n, m)ψ(j, m, n) =
∑
j,m,n

ψ(j, m, n)φ(j, n, m)

= 〈ψ∗ | φ〉

and

〈φ ◦ ψ | η〉 =

√
|G|
dj

∑
j,m,n

∑
p

φ(j, m, p)ψ(j, p, n)η(j, m, n)

=

√
|G|
dj

∑
j,n,p

ψ(j, p, n)
∑
m

φ∗(j, p, m)η(j, m, n)

=

√
|G|
dj

∑
j,m,p

ψ(j, p, n)(φ∗ ◦ η)(j, p, n) = 〈ψ | φ∗ ◦ η〉

The other properties of a Hilbert ∗-algebra are again straightforward. To
show that ∼ is an isomorphism, we have that

(φ∗)∼(j, m, n) =
〈
φj

m | (φ∗)∧(j) | φj
n

〉
=

〈
φj

m | φ̂(j)∗ | φj
n

〉
=

〈
φ̂(j)φj

m | φj
n

〉
=

〈
φj

n | φ̂(j)φj
m

〉
= φ̃(j, n, m) = (φ̃)∗(j, m, n)

Hence, (φ∗)∼ = (φ̃)∗. Finally, by Theorem 5.2(iii) we have that

(φ ◦ ψ)∼(j, m, n) =
〈
φj

m | (φ ◦ ψ)∧(j)φj
n

〉
=

√
|G|
dj

〈
φj

m | φ̂(j)ψ̂(j)φj
n

〉
=

√
|G|
dj

∑
p

〈
φj

m | φ̂(j)φj
p

〉〈
φj

p | ψ̂(j)φj
n

〉

=

√
|G|
dj

∑
p

φ̃(j, m, p)ψ̃(j, p, n) = (φ̃ ◦ ψ̃)(j, m, n)

Hence, (φ ◦ ψ)∼ = φ̃ ◦ ψ̃.
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6 Position and Momentum Vectors

As in Section 5, for each j = 1, . . . , r, let {φj
n}, n = 1, . . . , dj, be an or-

thonormal basis for the dj-dimensional invariant subspace Hj on which the
irreducible representation Lj of G acts. For g ∈ G we can represent the
unitary operator Lj

g by a dj × dj unitary matrix Dj
mn(g) given by [1]

Dj
mn(g) =

〈
φj

m | Lj
gφ

j
n

〉
=

〈
φj

m | Rgφ
j
n

〉
m, n = 1, . . . , dj. Using the Dirac notation we define the position vectors
|g〉 = δg, g ∈ G. We define the momentum vectors |jmn〉 ∈ F(G),
j = 1, . . . , r, m, n = 1, . . . dj, by

|jmn〉 =

√
dj

|G|
∑

g

Dj
mn(g) |g〉 (6.1)

There is a close connection between the generalized Fourier transform of
ψ ∈ F(G) and |jmn〉 given by

ψ̃(j, m, n) = 〈jnm | ψ〉

Indeed, applying (5.1) and (5.2) we have that

ψ̃(j, m, n) =

√
dj

|G|
∑

g

ψ(g)
〈
φj

m | Lj
g−1φ

j
n

〉

=

√
dj

|G|
∑

g

〈
φj

n | Lj
gφ

j
m

〉
ψ(g)

=

√
dj

|G|
∑

g

Dj
nm(g)ψ(g) = 〈jnm | ψ〉

The next result summarizes important properties of Dj
mn(g).

Theorem 6.1. The complex numbers Dj
mn(g) satisfy the following identi-

ties. (i)
∑

n Dj
mn(g)Dj

np(h) = Dj
mp(gh). (ii)

∑
n Dj

mn(g)Dj
pn(g) = δm,n.

(iii)
∑

g Dj
mnD

i
t,s(g) = (|G|/dj) δi,jδm,tδn,s.

(iv)
∑

j,m,n djD
j
mn(g)Dj

mn(h) = |G|δg,h.
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Proof. (i) Since Lj
gh = Lj

gL
j
h for all g, h ∈ G we have that∑

n

Dj
mn(g)Dj

np(h) =
∑

n

〈
φj

m | Lj
gφ

j
n

〉〈
φj

n | Lj
hφ

j
p

〉
=

∑
n

〈
Lj∗

g φj
m | φj

n

〉〈
φj

n | Lj
hφ

j
p

〉
=

∑
n

〈
Lj∗

g φj
m | Lj

hφ
j
p

〉
=

∑ 〈
φj

m | Lj
ghφ

n
p

〉
= Dj

mp(gh)

(ii) Follows from the unitarity of Dj
mn(g).

(iii) Consider the operator S : Hi → Hj given by

S =
∑

g

∣∣Lj
gφ

j
n

〉〈
Li

gφ
i
s

∣∣
Now

SLi
hφ

i
t =

∑
g

∣∣Lj
gφ

j
j

〉〈
Li

gφ
i
s | Li

hφ
i
t

〉
=

∑
g

∣∣Lj
gφ

j
n

〉〈
Li

h−1gφ
i
s | φi

t

〉
=

∑
x

∣∣Lj
hxφ

j
n

〉〈
Li

xφ
i
s | φi

t

〉
= Lj

h

∑
x

∣∣Lj
xφ

j
n

〉〈
Li

xφ
i
s | φi

t

〉
= Lj

hSφi
t

Hence, SLi
h = Lj

hS for every h ∈ G so S ∈ I(Li, Lj). Since Li and Lj are
inequivalent except when i = j we have that S = 0 unless i = j. When i = j
we have that S ∈ I(Lj, Lj) so S = cIdj

a multiple of the identity on Hj. To
find c we have that

cdj = tr(S) =
∑

t

〈
φj

t | Sφj
t

〉
=

∑
g

∑
t

〈
φi

t | Lj
gφ

j
n

〉〈
Lgφ

j
s | φi

t

〉
=

∑
g

〈
Lj

gφ
j
s | Li

gφ
i
n

〉
=

∑
g

〈
φj

s | φj
n

〉
= |G|δs,n

Hence c = d−1
j |G|δs,n so that S = d−1

j |G|δs,nIdj
when i = j. We conclude

that 〈
φj

m | Sφi
t

〉
=

|G|
dj

δi,jδn,sδm,t
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Equation (iii) now follows.
(iv) For g ∈ G we have that

tr(Rg) = tr(R∗eRg) = |G|〈Re | Rg〉 = |G|〈Tδe | Tg−1〉
= |G|〈δe | δg−1〉 = |G|δe,g

Since Rg = d1L
1g ⊕ · · · ⊕ drL

r
g we have by (i) that∑

j,m,n

djD
j
mn(g)Dj

mn(h) =
∑
j,m,n

djD
j
mn(g)Dj

nm(h−1)

=
∑
j,m

djD
j
mm(gh−1) =

∑
j

djtr(L
j
gh−1)

= tr(Rgh−1) = |G|δg,h

The next result gives the important properties of the momentum vectors
|jmn〉.
Theorem 6.2. (i) The vectors |jmn〉 form an orthonormal basis for F(G).
(ii) For m = 1, . . . , dj, {|jmn〉 : n = 1, . . . , dj} is an orthonormal basis for
the mth invariant subspace for the subrepresentation Lj of R.

Proof. (i) By Theorem 6.1(iii) we have that

〈its | jmn〉 =

√
didj

|G|
∑

g

Di
tj(g) Dj

mn(g) = δi,jδm,tδn,s

Since the |jmn〉 form an orthonormal set and there are d2
1 + · · · + d2

r = |G|
elements in the set, they form an orthonormal basis.
(ii) The vectors |jmn〉, n = 1, . . . , dj are a basis for an invariant subspace
for R because by Theorem 6.1 we have that

Rh|jmn〉 =

√
dj

|G|
∑

g

Dj
mn(g)Rh|g〉 =

√
dj

|G|
∑

g

Dj
mn(g)

∣∣gh−1
〉

=

√
dj

|G|
∑

x

Dj
mn(xh)|x〉 =

√
dj

|G|
∑

x

∑
p

Dj
mn(x)Dj

pn(h)|x〉

=

√
dj

|G|
∑

p

Dj
pn(h)

∑
x

Dj
mp(x)|x〉

=
∑

p

Dj
pn(h)|jmp〉
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Now define the unitary operator T from the subspace spanned by |jmn〉,
n = 1, . . . , dj, onto the subspace spanned by φj

n, n = 1, . . . , dj, given by
T |jmn〉 = φj

n. Then we have that

RhT |jmn〉 = Rhφ
j
n =

∑
p

〈
φj

p | Rhφ
j
n

〉
φj

p

=
∑

p

Dj
pn(h)φj

p = TRh|jmn〉

Hence, RhT = TRh for every h ∈ G. Since φj
n, n = 1, . . . , dj is a basis for the

dj-dimensional invariant subspace on which Lj acts, we have that R acting
on the subspace spanned by |jmn〉, n = 1, . . . , dj is equivalent to Lj and the
result follows.

We have seen that the generalized Fourier transform of ψ ∈ F(G) is given
by

ψ̃(j, m, n) =

√
dj

|G|
∑

g

Dj
nm(g) ψ(g)

We now find the inverse transform.

Lemma 6.3. If ψ̃ ∈ F̃(G) then

ψ(g) =
1√
|G|

∑
j,m,n

√
dj Dj

nm(g)ψ̃(j, m, n)

Proof. Applying Theorem 6.1(iv) we have that

1√
|G|

∑
j,m,n

√
dj Dj

nm(g)ψ̃(j, m, n) =
1

|G|
∑
j,m,n

djD
j
nm(g)

∑
h

Dj
nm(h) ψ(h)

=
1

|G|
∑

h

ψ(h)
∑
j,m,n

djD
j
nm(h)Dj

nm(h)

= ψ(g)

In a similar way we can define a generalized Fourier transform op-
erator F : F(G) → F(G) by

F =
∑

g,j,m,n

〈jnm | g〉|jmn〉〈g|

It follows that F is a Hilbert ∗-algebra isomorphism.
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7 Position-Momentum Measurements

Let H be a Hilbert space and let Gi ∈ B(H) satisfy
∑

G∗i Gi = I. A map
G : B(H) → B(H) of the form

G(A) =
∑

GiAG∗i

is a quantum operation with operational elements {Gi} [17]. More
technically, G is called a trace preserving completely positive map. If∑

GiG
∗
i = I then G is called unital. If G is unital we define G∗ : B(H) →

B(H) by

G(A) =
∑

GiAG∗i

Then G∗ is a quantum operation with operational elements {G∗i }. Now let
G and J be quantum operations with operational elements {Gi} and {Ji}
respectively. Then

J ◦ G(A) =
∑
i,j

JjGiAG∗i J
∗
j =

∑
i,j

(JjGi)A(JjGi)
∗

and ∑
i,j

(JjGi)
∗JjGi =

∑
i,j

G∗i J
∗
j JjGi =

∑
i

G∗i Gi = I

Hence, J ◦ G is a quantum operation with operational elements {JjGi}.
Moreover, if G and J are both unital then so is J ◦ G and

(J ◦ G)∗(A) =
∑
i,j

G∗i J
∗
j AJjGi =

∑
i,j

G∗iJ ∗(A)Gi = G∗ ◦ J ∗(A)

Hence, (J ◦ G)∗ = G∗ ◦ J ∗.
Now let H be the state space for a quantum system and let D(H) be the

set of density operators on H. Then the set of mixed states are represented
by elements of D(H). A quantum measurement can be described by the re-
striction of a quantum operation G to D(H). The operational elements {Gi}
for G represent the possible outcomes of the measurement. If the measure-
ment is performed for a system in state ρ and no outcome is observed then
the resulting state is given by the Luders form

G(ρ) =
∑

GiρG∗i

28



If outcome i is observed then the post-measurement state is GiρG∗i /tr(GiρG∗i )
and the probability of this observation is tr(GiρG∗i ) = tr(G∗i Giρ).

We now consider the group algebra F(G) to be the state space of a quan-
tum system. We then define the position measurement to be the quantum
operation Q with operational elements {|g〉〈g| : g ∈ G} and the momentum
measurement to be the quantum operation P with operational elements

{|jmn〉〈jmn| : j = 1, . . . , r, m, n = 1, . . . , dj}

Then Q and P are not only unital they are given by projection-valued mea-
sures. We call E = P ◦Q the sequential position-momentum measure-
ment. Notice that the operational elements of E are {〈jmn | g〉|jmn〉〈g|}.
Notice that Q = Q ◦ Q = Q∗ and P = P ◦ P = P∗. Hence,

E∗ = (P ◦ Q)∗ = Q∗ ◦ P∗ = Q ◦ P

and we call E∗ the sequential momentum-position measurement. Then
E∗ has operational elements {〈g | jmn〉|g〉〈jmn|}. We also have the following
identities:

E∗ ◦ E = Q ◦ P ◦ P ◦ Q = Q ◦ P ◦ Q = Q ◦ E = E∗ ◦ Q
E ◦ E∗ = P ◦ Q ◦ Q ◦ P = P ◦ Q ◦ P = E ◦ P = P ◦ E∗

We denote the operational elements of E by

W (g; jmn) = 〈jmn | g〉|jmn〉〈g| =

√
dj

|G| D
j
mn(g)|jmn〉〈g|

Then

W (g; jmn)∗W (g; jmn) = |〈jmn | g〉|2 |g〉〈g|

and

W (g; jmn)W (g; jmn)∗ = |〈jmn | g〉|2 |jmn〉〈jmn|

are positive operator-valued measures on a discrete phase-space. The next
result summarizes some of the properties of W (g; jmn).
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Theorem 7.1. The operational elements W (g; jmn) satisfy the following
conditions.

(i)
∑

g,j,m,n

W (g; jmn) = I

(ii)
∑

g

W (g; jmn)W (g; jmn)∗ =
∑

g

W (g; jmn) = |jmn〉〈jmn|

(iii)
∑
j,m,n

W (g; jmn)∗W (g; jmn) =
∑
j,m,n

W (g; jmn)∗ = |g〉〈g|

(iv)
∑

g,j,m,n

W (g; jmn)∗W (g; jmn) =
∑

g,j,m,n

W (g; jmn)W (g; jmn)∗ = I

(v) W (g; jmn)W (g′; j′m′n′)∗ = δg,g′〈jmn | g〉〈g | j′m′n′〉|jmn〉〈j′m′n′|
(vi) W (g′; j′m′n′)∗W (g; jmn) = δjmnδj′m′n′〈g′ | jmn〉〈jmn | g〉|g′〉〈g|

Proof. Straightforward verification.

If the system is in the state ρ ∈ D(H) then the probability that a se-
quential position-momentum measurement results in the outcome (g, jmn)
becomes

Pρ(g, jmn) = tr [W (g; jmn)ρW (g; mn)∗]

Now Pρ is a probability distribution on the discrete phase-space and by The-
orem 7.1 its position marginal distribution is given by

Pρ(g) =
∑
j,m,n

Pρ(g, jmn) = 〈g | ρ | g〉

Of course, this is the usual position distribution in the state ρ. however, in
general, ∑

g

Pρ(g, jmn) �= 〈jmn | ρ | jmn〉

This is because position is measured first and momentum second so that a
position measurement interferes with a momentum measurement but not vise
versa.
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In a similar way we obtain the probability that a sequential momentum-
position measurement results in the outcome (jmn, g)

Pρ(jmn, g) = tr [W (g; jmn)∗ρW (g; jmn)]

Again, this gives a probability distribution whose momentum marginal dis-
tribution is given by

Pρ(jmn) =
∑

g

Pρ(jmn, g) = 〈jmn | ρ | jmn〉

In this case the momentum measurement interfers with the position mea-
surement so that ∑

j,m,n

Pρ(jmn, g) �= 〈g | ρ | g〉

Although the sequential probability distributions cannot be viewed as
joint position-momentum distributions, we can define a joint position-
momentum amplitude

Wρ(g; jmn) = tr [ρW (g; jmn)] = 〈jmn | g〉〈g | ρ | jmn〉

It follows immediately that∑
g

Wρ(g; jmn) = 〈jmn | ρ | jmn〉∑
j,m,n

Wρ(g; jmn) = 〈g | ρ | g〉

Thus, the marginals of Wρ(g; jmn) give the correct position and momentum
distributions even though Wρ(g; jmn) can have complex values in general.

If A is an operator on F(G), define the function

A(g; jmn) = tr [AW (g; jmn)] = 〈jmn | g〉〈g | A | jmn〉

In particular, if ρ ∈ D(H) is a state, then ρ(g; jmn) = Wρ(g; jmn). Thus
operators and states are represented by functions on the discrete phase space.
If G is abelian, then every irreducible representation is one-dimensional. In
this case, m = n = 1 and we write A(g; j) = A(g; j11), Dj

11 = χj and
|j〉 = |j11〉.
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Lemma 7.2. If G is abelian, then for any operators A, B on F(G) we have
that ∑

g,j

A(g; j) B(g; j) =
1

|G| tr(AB∗)

Proof. In the abelian case we have that

W (g; j) =
1√
|G|

χj(g)|j〉〈g|

Hence,

A(g; j) = tr [AW (g; j)] =
1√
|G|

χj(g)〈g | A | j〉

Therefore,∑
g,j

A(g; j) B(g; j) =
1

|G|
∑
g,j

〈g | A | j〉〈j | B∗ | g〉 =
1

|G|
∑

g

〈g | AB∗ | g〉

=
1

|G| tr(AB∗)

If A ∈ B (F(G)) is an observable and ρ ∈ D (F(G)) then Lemma 7.2
shows that the expectation of A in the state ρ is

tr(Aρ) = |G|
∑
g,j

A(g; j)W (g; j)
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