WHEN IS THE COMMUTANT OF A BOL LOOP A SUBLOOP?
MICHAEL K. KINYON, J. D. PHILLIPS, AND PETR VOJTECHOVSKY

ABSTRACT. A left Bol loop is a loop satisfying z(y(zz)) = (z(yx))z. The com-
mutant of a loop is the set of all elements which commute with all elements of the
loop. In a finite Bol loop of odd order or of order 2k, k odd, the commutant is a
subloop. We investigate conditions under which the commutant of a Bol loop is
not a subloop. In a finite Bol loop of order relatively prime to 3, the commutant
generates an abelian group of order dividing the order of the loop. This general-
izes a well-known result for Moufang loops. After describing all extensions of a
loop K such that K is in the left and middle nuclei of the resulting loop, we show
how to construct classes of Bol loops with non-subloop commutant. In particular,
we obtain all Bol loops of order 16 with non-subloop commutant.

1. INTRODUCTION

A loop (Q,-) is a set () with a binary operation - such that there is a neutral
element 1 € @ satisfying 1 -x = x -1 =z for all z € @), and such that for each a,
b € @ the equations a-x = b and y-a = b have unique solutions z, y € (). We write
xy instead of x -y, and reserve - to have lower priority than juxtaposition among
factors to be multiplied—for instance, x - yz stands for x(yz).

The commutant (also known as the centrum, Moufang center or semicenter) of
a loop @ is the set

C(Q) ={ce Q| cx =xcfor every z € Q}.

In a group, or even a Moufang loop, the commutant is a subloop, but this does not
need to be the case in general. When @ is a loop and C(Q) is not a subloop of @,
we say that () has a non-subloop commutant.

Given an element a of a loop @), we denote by L, the left translation of () by
a, i.e., bL, = ab. Similarly, R, is the right translation bR, = ba. The commutant
is obviously characterized as C(Q) = {c¢ € Q| L. = R.}. The permutation group
(Lo, Ry|a € Q) is known as the multiplication group of @, and will be denoted
by MIt(Q). We also use the notations R : @ — Mlt(Q);a — R, and L : @ —
MIt(Q); a — L.

A loop is left Bol if it satisfies

z(y-xz) = (z-yx)z (Bor)

for all z,y, 2z, or equivalently, if L,L,L, = L,.,, for all z,y. Right Bol loops are
defined by the mirror of (BoL). We will consider only left Bol loops in this paper,
and henceforth refer to them simply as Bol loops. Note that much of the literature
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on Bol loops (e.g., [14]) considers right Bol loops, and hence results need to be
translated appropriately.

The main purposes of this paper are to introduce general constructions of Bol
loops with non-subloop commutants, and to shed light on the structure of the
commutant of a Bol loop, of the subloop generated by the commutant, and of the
subgroup (L. | c € C(Q)) of MIt(Q).

The commutant of a finite Bol loop of odd order is a subloop [7]. In Theorem
2.8, we show that the commutant of a finite Bol loop of order 2k, k odd, is a
subloop. Thus finite Bol loops with non-subloop commutant have order divisible
by 4 (Corollary 2.9). When the commutant of a Bol loop is a subloop, it is a
commutative Moufang loop. In case () is a Bol loop with a non-subloop commutant,
it is natural to consider the structure of the subloop (C(Q)). In Corollary 3.6, we
show that if ) is finite of order relatively prime to 3, then (C(Q)) is an abelian group
of order dividing |@|. This generalizes a well-known result about commutants of
Moufang loops. We then turn to constructions. In §4, we describe all extensions @)
of a group K such that K is contained in the left and middle nuclei of the resulting
loop. In the next two sections, we specialize this to construct examples of Bol loops
with non-subloop commutants. In §5, we consider the special case of a semidirect
product (split extension), and in §6, we consider the special case where the action of
Q/K on K is trivial. When we restrict to low orders, the two constructions give 20
of the 21 Bol loops of order less than or equal to 16 with non-subloop commutant.
We finish with another construction which yields the remaining such loop.

We conclude this introduction with a review of some basic facts regarding loops
in general and Bol loops in particular. The standard references [1, 13] provide
adequate general background in loop theory, while the latter reference, [5, Chap.
VI], and [14] give specific details regarding Bol loops.

For a loop @, the following subgroups (associative subloops) are of interest:
the left nucleus NyQ) = {a€eQ|a-zy=ax-y,Vr,ye Q}
the middle nucleus N,(Q) = {a€Q|x ay==za-y,Vr,y € Q}
the right nucleus  N,(Q) = {a€Q|x-ya=2zy-a,Vo,y € Q}
the nucleus N(Q) = NA(Q)NN,LQ)NN,Q)

the center Z(Q) = NQ)NC(Q)
The center is a normal subloop. In a Bol loop @, the left and middle nuclei coincide,
N) (@) = N,(Q), and we shall just refer to this as the left nucleus. The left nucleus
of a Bol loop is a normal subloop, but does not necessarily coincide with the right
nucleus, nor is the right nucleus necessarily normal. In addition, Z(Q) = C(Q) N
Nx(Q). Indeed, for c € C(Q)NNA(Q) and z,y € Q, zy-c=c-xy =cr-y =xC Yy =
z-cy=x-yc. Thus c € N,(Q) and so ¢ € Z(Q).

Let @ be a Bol loop. Then @) is power-associative, that is, for each x € @), the
subloop () generated by z is a subgroup. In particular, there exists x71 € @Q such
that zz=! = 27 '2 = 1. In addition, Q is left power alternative, that is,

" ay = 2™y (LPA)
for all integers m,n. Equivalently, L' = L,m for every integer m. An element

a € @ is said to be right power alternative if RI* = R,m for every integer m. Not
every element of a nonMoufang Bol loop @) is right power alternative.
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For a Bol loop @), a subset S is a subloop if and only if it is closed under both
multiplication and inversion. Indeed, if a,b € S, then the unique solutions of the
equations ax = b and ya = bare x = a'b € Sand y = a'(ab-at) € S,
respectively.

Lemma 1.1. Let Q be a finite loop, and let S C @ be a subloop.
(i) If R|s : S — MIt(Q) is a homomorphism, then |S| divides |Q)|.
(i) If L|s : S — MIt(Q) is a homomorphism, then |S| divides |Q)|.

Proof. Fix z,y € @, and suppose 2SNyS # (0. Then there exist s, s; € S such that
rS81 = YS9, and so x = yRSQRs_l1 = yR,, = ys3 where s3s; = so. Thus for all s € S,
xs =yRs,Rs =y -s3s € yS, and so xS C yS. The other inclusion follows similarly,
and so xS = yS. Therefore {xS |z € Q} is a partition of ). This establishes (i),
and the proof of (ii) is similar, using left cosets instead of right cosets. 0J
Corollary 1.2. Let () be a finite loop.

(i) If S is a subgroup of N,(Q), then |S| divides |Q).
(i) If S is a subgroup of Nx(Q), then |S| divides |Q)|.
If, in addition, Q is a Bol loop, then for each x € Q, |(x)| divides |Q)].

Proof. Parts (i) and (ii) follow from the respective parts of Lemma 1.1. The re-
maining assertion is well-known [13, 14], and follows from (LPA). O

It is not known if the order of an arbitrary subloop of a finite Bol loop divides
the order of Q.

2. STRUCTURE OF THE COMMUTANT
Throughout this section, let ) denote a Bol loop with commutant C'(Q).

Lemma 2.1. Ifa € C(Q), then:
(i) (a) CC(Q),

(ii)  a is right power alternative.
In addition, if b € C(Q), then:

(iii)  a* € C(Q),

(iv)  a*bt - a™b™ = a* T for all integers k£, m,n.
Proof. For (i) and (iii), see Lemmas 2.2 and 2.1 of [7]. Part (ii) follows from (i) and
(LPA). Let us prove (iv):

akbf LY AU am<akb€ . ambn> _ afm{am<akb€ . am) . bn]
—qg ™. (a2m . akbﬁ)bn — a—m(&k-i-ZmbE X bn)

m ak+2mb€+n o ak:-i—mbé—i-n

= a_ —_=
using (LPA), (Bov), (i), (LPA) twice, (ii), and (LPA) once more. O
Part (i) of the lemma immediately implies the following.

Corollary 2.2. C(Q) is a subloop if and only if it is closed under multiplication.
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We introduce here some useful notation. For an integer n > 1, let
Cn(Q) := {c € C(Q) | ¢ has finite order relatively prime to n}.
Obviously, if m > 1 divides n, C,,(Q) C C,,(Q).

Lemma 2.3. Let n > 1 be an integer.

(i) Ifa € Cu(Q), then (a) C C,(Q).

(ii)  Ifa,be C,(Q), then ab has order relatively prime to n.

(iii)  Ifa,b € Cu(Q), then a®b € C,(Q).

(iv)  Ifm > 1 divides n, and if Cp,,(Q) is a subloop, then C,(Q) is a subloop.

Proof. Part (i) is immediate from Lemma 2.1(i), part (ii) follows from Lemma

2.1(iv), and (iii) follows from (ii) and Lemma 2.1(iii). Finally, (iv) follows from

(i) and C,(Q) C Cpn(Q). O
The following is a mild generalization of the main result of [7].

Corollary 2.4. For each integer m > 0, Co,,(Q) is a subloop of Q.

Proof. By Lemma 2.3(iv), it is enough to show that Cy(Q) is a subloop. By Lemma
2.3(1), C2(Q) is closed under inversion. If a,b € Cy(Q), then by Lemma 2.3(i),
there exists ¢ € C5(Q) such that ¢* = a, and so ab = c*b € C5(Q), using Lemma
2.3(ii). O

Lemma 2.5. For ¢ € C(Q), ¢* € Nx(Q) if and only if c € N,(Q).
Proof. For x, y € (), we compute

ay=clc-ay) = (zy-c)c (2.1)

and
cx-y=(c-zc)y =c(x-cy) = (v yc)c. (2.2)
Now ¢ € Ny(Q) iff the left hand sides of (2.1) and (2.2) are equal, while ¢ € N,(Q)
iff the right hand sides are equal. The result follows. 0

Corollary 2.6. If C(Q) = C5(Q), then Z(Q) = C(Q) N N,(Q).
Proof. In this case, the lemma gives C'(Q) N N,(Q) = C(Q)NN\(Q) = Z(Q). O

Corollary 2.7. If S C {c € C(Q)|c* € Nx(Q)}, then S generates an abelian
subgroup of N,(Q).

Theorem 2.8. Let Q be a finite Bol loop of order 2k where k is odd. Then C(Q)
15 a subloop of Q.

Proof. If C(Q) = C2(Q), then the result follows from Corollary 2.4. Thus assume
1 # a € C(Q) has order 2. Fix b € C(Q) of even order 2m where m divides k. Then
b™ has order 2. If b™ # a, then by Corollary 2.7, (a,b™) is an abelian subgroup
of N,(Q) of order 4. But then by Corollary 1.2(i), 4 divides |@/|, a contradiction.
Thus b™ = a. Set ¢ = b™™! and note that b = ac. Hence ¢™ = a™b™ = aa = 1.
Summarizing, every element of C'(Q) can be written uniquely in the form a‘c
where i € {0,1} and where ¢ € C3(Q). For ¢, ¢y € C3(Q), c1c2 € Co(Q) (Corollary
2.4), and a'cy - alcy = a™ - ¢, 4,7 € {0,1}, by Lemma 2.1(iv). Thus C(Q) is
closed under multiplication, and so by Corollary 2.2, it is a subloop. 0
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Corollary 2.9. If Q) is a finite Bol loop with non-subloop commutant, then 4 divides
QI

In Proposition 5.8, we will show that for each integer n > 2, there exists a Bol
loop of order 4n with non-subloop commutant.

3. COMMUTANT ELEMENTS OF ORDER PRIME TO 3

We now proceed to show that in a Bol loop, commutant elements of order rela-
tively prime to 3 generate an abelian group. This generalizes the well-known result
that in a Moufang loop, commutant elements of order relatively prime to 3 lie in the
center. There are nonassociative commutative Moufang loops, the smallest being of
order 81, and so the assumptions on the orders of elements or of loops are necessary.

We adopt the following convention: for elements aq,as,...,a, of a loop @,
ajas - - - a, will denote the left-associated product (- - (ajaz) -+ )a,.

Theorem 3.1. Let Q) be a Bol loop, let A C C(Q), and suppose that for each
a,b € A, R,Ry, = Ra. Then the subloop (A) is an abelian subgroup of Q, and
R|(ay : (A) — MIt(Q) is a homomorphism.

If, in addition, Q is finite, then |(A)| divides |Q)].

Proof. Since R,R, = RyR, for all a,b € A, we may freely rearrange products of
right translations from A. For n > 0, let ay,...,a, € A. We will verify

Rajaz-a, = RayRay - -+ Ra, (3.1)

by induction on n. By hypothesis, (3.1) holds for 1 < n < 2. Suppose n > 2 and
that (3.1) holds for n — 1. Then

-1 ['TRU«I ' Ran 2Ran 1R ]

an-1[T Ry, - R, _, - Gp_10ay]

( xRal U Ranngan71) an
(
= (

n-1* TRayan_san_1) Gn
ap-1-* [an 1 (ag--- an—Q)]) Qn
[(an_1 - za,_1)- (a1 an_o)lay
= (ap_1 - Tap_1)(ay - an_oay)
g xlap_q (a1 ap_oay)]

an
Ap_1 - x(A1 - QpoGp_10y).

Here we are using, in succession, R,, R, = Ra, ,a,, (BOL), the induction hy-
pothesis, a,_; € C(Q), (BOL) again, the induction hypothesis again, (BOL) once
more, a,_1 € C(Q) again, and R, R, , = Ra,_,R,,. Cancelling a,_1, we obtain
(3.1) for n.

Since ayag---an = 1Ry Ry, -+ Ry, and since Ry, R,, = R, Ry, for all 4,7, it
follows that the expression ajas - - - a, is invariant under all reassociations and re-
arrangements. Thus (A) is an abelian group, and the homomorphism assertion
follows from (3.1).

The remaining claim follows from Lemma 1.1(i). O
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Lemma 3.2. Let QQ be a Bol loop, and suppose a,b € C(Q) satisfy RyRy = RyR,.
Then R,Ry, = Ry.

Proof. We compute
a(xa-b) = (xa-b)a = (za-a)b = (a-xa)b= a(x - ab),
using (BoL) in the last step. Cancelling a, we have the desired result. UJ

Lemma 3.3. Let Q be a Bol loop, and let a, b, ¢ € C(Q). Then:

(i) forallx e, xb-a®=xa®-b=x-a’b,
(i) forallz €@, z%a-b=2%-a=z*- ab.

Proof. By Lemma 2.1, a(b - ax) = (a - ba)x = a®b-x = x - a*b. Thus a*(ax - b) =
a(b-az) =a*-a(b-ax) = a®*(x - a®b) = (a® - za®)b = (a® - ax)b. Replacing x with
a~ 'z and using a®,b € C(Q), we have the first equality of (i). The second equality
follows from Lemma 3.2.

Next, we compute a - 2?a = a® - a %(z - xa) = a*(a™ - (- ax)a™), and so
a(z? - ab) = (a-2%)b = a*(a™' - (v -ax)a™) - b = a® (' (x - ax)a™)b =
a®-a((z-ax) atb) = a-alxr-alz-a'd)), using (i) in the third equality.
Cancelling a on the left and multiplying by x on the left, we have

1

ab=x-a(x-a(z-a'b)) = (z-(a-xa)r)-a b (3.2)
Since x - (a - za)r = z - a(z - ax) = v - a(z?a) = r - 1%a® = 2%a* = a - 23a, we can
rewrite (3.2) as 23 - ab = (a-z%a) - a™'b=a - 23b = 23b - a, and (ii) follows. O

Corollary 3.4. Let QQ be a Bol loop. For each positive integer n, (Cs3,(Q)) is an
abelian group, and R|icy, o) : (Can(Q)) — MIt(Q) is a homomorphism. If, in
addition, @Q 1is finite, then [(Cs,(Q))| divides |Q)].

Proof. By Lemma 3.3(1), R,Ry, = Ry for all a,b € C3,(Q), and so Theorem 3.1
applies with A = C3,(Q). O

Corollary 3.5. Let ) be a Bol loop such that C(Q) = Cs,(Q) for some integer
n > 0. Then (C(Q)) is an abelian group, and R|cqy : (C(Q)) — MIt(Q) is a
homomorphism. If, in addition, @Q is finite, then [(C(Q))| divides Q.

Corollary 3.6. Let QQ be a finite Bol loop of order relatively prime to 3. Then
(C(Q)) is an abelian group, R|c(qy : (C(Q)) — MIt(Q) is a homomorphism, and
(C(Q))| divides Q.

Note that one cannot replace right translations with left translations in Corollary
3.5, for otherwise C'(Q)) would necessarily be a subloop.

Recall that any two elements of a Moufang loop generate a group, i.e., Moufang
loops are diassociative. It is well known that nonMoufang Bol loops are not dias-
sociative. However, after seeing the calculations in the proof of Lemma 3.3, the
reader might wonder if in a Bol loop, two elements generate a group if one of the
two elements is in the commutant. The answer is “no”:
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Example 3.7. Let @@ be the Bol loop
1

T O UL W N
T O UL W N
100 UTO W — M|
O T 00 I = A | w
U O 1 00 = DO GO | i
BN — 00 ~1 O Ut on
B W N~ 00 Ul o
DO B O O U 0o ~1| =1
DO — o T O =1 00| 00

818
Then Z(Q) = N)\(Q) = {172}7 C(Q) = NP(Q) = {1727374}7 and <47 5> =Q.

We do not know the answer to the following.

w
—_

Problem 3.8. Does there exist a finite Bol loop of order relatively prime to 3 such
that the commutant is not contained in the right nucleus?

4. LEFT NUCLEAR EXTENSIONS OF BoL Looprs

Let (@,-), (K,-), (E,*) be loops. Then @ is an extension of K by E if K is
a normal subloop of @ and Q/K = E. We can then identify F with a subset of
(QQ—in fact, with a transversal of )/ K—and assume without loss of generality that
lp = 1g = 1. Given a, b € E, there is then a unique f(a,b) € K such that ab =
f(a,b)(a*b). The map f: Ex E — K thus obtained satisfies f(a,1) = f(1,a) = 1.
We will call a map with the property f(a,1) = f(1,a) =1 a cocycle.

Theorem 4.1. Let (K, ), (E, %) be loops, and Q) an extension of K by E such that
K < N)\(Q)NNL(Q). Then K is a group, there is a map f: Ex E — K satisfying
f(1,a) = f(a,1) =1, and a map 7 : E — Aut(K) satisfying 7 = 1, such that Q is
1somorphic to K X E with multiplication

(u,a)(v,b) = (ur,(v) f(a,b),axb) (4.1)

for everya, be E, u, v e K.

Conversely, given a group (K,-), a loop (E,*), a cocycle f : E x E — K, and a
map 7 E — Aut(K) with 1y = 1, the loop Q = K x E with multiplication (4.1) is
an extension of K by E, and K < Ny(Q) N N,(Q).

Proof. K is obviously a group since it is a subloop of two nuclei. Let f: K x K — E
be the cocycle described above. For a € E,| let 7, : K — K by defined by 7,(u)a =
au for every u € K. Since 7, is the restriction of the inner mapping L,R, ' of Q to
K, and since K is normal in @), 7, is a bijection of K.

We claim that 7, is a homomorphism. We have 7,(uv) = 7,(u)7,(v) if and
only if 7,(uwv)a = 7,(u)7,(v) - a = 7T(u) - T,(v)a (since K < N(Q)) if and only if
a(uv) = 7,(u) - av if and only if a - uv = 7,(u)a - v = au - v (again by K < N,(Q)).
But a - uv = au - v, since u € N,(Q). Thus 7, is a homomorphism, and 7 : a +— 7,
is a map £ — Aut(K). We see right away that 7 = 1.

Every element of () can be expressed uniquely as ua, where v € K and a € F
(since F is a transversal of Q/K). Foru, v € K, a,b € E, we have: ua-vb = u(a-vb)
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(since u € K < N)(Q)), u(a-vb) = u(av-b) (since v € K < N,(Q)). As 7,(v) € K
and f(a,b) € K, we have u(av - b) = u(7,(v)a - b) = u(r,(v) - ab) = ur,(v) - ab =

UTa(U> ’ f(aa b)(a * b) = UTa(U)f(a'v b) ' (CL * b)
For the converse, it is easy to see that () = K x E with multiplication (4.1) is a
loop, K <@, and Q/K = E. We have

(u, 1)(v,b) - (w,c) = (worp(w)f(b,c),bc) = (u,1)-(v,b)(w,c), and
(v,0)(u, 1) - (w,¢) = (vr(u)m(w)f(b,c),bc) = (vm(uw)f (b, c), be)
= (v,0) - (u, (w, 0),
and hence K < N, (Q) N N,(Q). O

Since the left and middle nuclei coincide in Bol loops, we have the following.

Corollary 4.2. Let K be a group, E a Bol loop. Assume that Q) is a Bol loop which
is an extension of K by E, and that K < Nx(Q). Then the multiplication in Q) is
given by (4.1) for some cocycle f and a map 7 : E — Aut(K) satisfying = 1.

Denote the extension of K by E constructed as in (4.1) by Q = Q(K, E, 7, f).
We are now going to give conditions on f and 7 that make @) into a Bol loop.

Theorem 4.3. Let K be a group, E a Bol loop, f : E x E — K a cocycle and
7: E — Aut(K) a map satisfying 7 = 1, and set Q = Q(K, E, 1, f). Then:
(i) @ is a Bol loop if and only if

Ta(f<b7 a))f(a7 ba)f(a ) bav C) - TaTb(f(av C))Ta(f(bv ac>>f<a7 b- ac)? (42>
To(f(b,a)) f(a,ba)Tepa(w) = Tomy7ma(w)ra(f(b,a))f(a,ba) (4.3)
for every w € K and a,b,c € E.
(ii) (c,w) € Q belongs to N,(Q) if and only if c € N,(E) and
f(a’7 b)Tab(w)f(ab’ C) = TaTb(w>Ta(f(b7 C))f(av bc) (44>
for all a,b € E.
(i) @ is a group if and only if E is a group and
TaTb(f(b> c))f(a, bC) = f(&> b)f(ab7 C)a (45)
T.m(w) f(a,b) = f(a,b)Tw(w) (4.6)
for every w € K and a,b,c € E.
(iv) (u,a) € Q belongs to C(Q) if and only if a € C(E) and
(v) = ulvu (4.7)
n(u) = uf(ab)f(b,a)”" (4.8)
for everyv e K, be E.
Proof. For (i): By straightforward calculation with = (u,a), y = (v,0), z = (w, ¢)
substituted into the Bol identity (x - yx)z = z(y - xz), we obtain that @ is a Bol
loop if and only if

T.(f(b,a)) f(a,ba)Tepe(w) f(a - ba,c) = TampT (W) Tam(f (@, €))7 (f (b, ac)) f(a,b - ac)
(4.9)
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for all w € K and a,b,c € E. Taking w = 1 gives (4.2), while taking ¢ = 1 gives
(4.3). Conversely, it is easy to see that if both (4.2) and (4.3) hold, then (4.9) holds.

For (ii), we merely substitute x = (u,a), ¥y = (v,b), and z = (w,c) into the
associative law = -yz = zy- 2. For (iii), then, it follows that @ is a group if and only
if F is a group and (4.4) holds for all a,b,c € E, w € K. That (4.4), universally
quantified, is equivalent to (4.5) and (4.6) is proven similarly as in (i).

For part (iv), we plug = (u, a), y = (v,b) into the commutative law zy = yz to
get that (u,a) € C(Q) if and only if a € C'(F) and

vrp(u) f(b,a) = ur,(v) f(a, b) (4.10)

for all v € K, b € E. Taking b = 1 and rearranging gives (4.7), while taking v = 1
and rearranging gives (4.8). Conversely, it is easy to see that if both (4.7) and (4.8)
hold, then (4.10) holds. O

In the next two sections, we will consider two special cases. The extension
Q(K,E, T, f) is a semidirect product if f : E x E — K satisfies f(a,b) = 1 for
every a, b € E. In such a case, we denote the resulting loop by Q(K, E, 7). Semidi-
rect products of Bol loops were considered in [4].

When A, B are loops, a map ¢ : A — B is a semihomomorphism if ¢(a - ba) =
o(a) - p(b)p(a) for every a, b € A.

Corollary 4.4. Let K be a group, E a Bol loop, and 7 : E — Aut(K) a map
satisfying 11 = 1, and set QQ = Q(K, E, ). Then:
(i) @ is a Bol loop if and only if T is a semihomomorphism.
(ii) (c,w) € Q belongs to N,(Q) if and only if c € N,(E) and T,(w) = 1,7(w)
for all a,b € E.
(i) @ is a group if and only if E is a group and T is a homomorphism.
(iv) (u,a) € Q belongs to C(Q) if and only if a € C(E), 7.(v) = u'vu for every
v e K, and u = 1,(u) for every b € E.
(v) C(Q) € N,(Q) if and only if C(E) C N,(E).

Proof. Parts (i), (ii), (iii), and (iv) follow immediately from specializing the corre-
sponding parts of Theorem 4.3. For (v), if (w, c) € C(Q), then by (iv), we trivially
have 7,,(w) = 7,1 (w) for all a,b € E. If C(E) C N,(E), then ¢ € N,(E), and
so (w,c) € N,(Q) by (ii). Conversely, if C(Q) € N,(Q), then for ¢ € C(E),
(1,¢) € N,(Q), and so ¢ € N,(E) by (ii). O

For f € Aut(K), let Fix(f) ={u € K| f(u) = u}. For amap 7 : £ — Aut(K),
let Ker(7) = {e € E|7. =1} and Fix(7) = {u € K |u € Fix(r,) for every e € E}.

Corollary 4.5. Let E, K, 7 and Q = Q(K, E, ) be as in Corollary 4.4. If both
E and K are commutative, then C(Q) = {(u,a)|u € Fix(r) and a € Ker(7)} and
[C(Q)] = [Fix(7)] - [Ker(r)].

The other special case of Theorem 4.3 we consider is where the “action” 7: F —
Aut(K) is trivial. Denote by ¢ the map ¢ : F — Aut(K);a +— 1.

Corollary 4.6. Let K be a group, E a Bol loop, f : Ex E — K a cocycle, and set
Q=Q(K,E,. f). Then:
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(i) @ is a Bol loop if and only if f(b,a)f(a,ba) € Z(K) and

F(b,0)f(a,ba) (@ ba,c) = [(a, ) f(b,ac)f(a,b - ac) (111)
for every a, b, c € F.
(ii) (c,w) € Q belongs to N,(Q) if and only if c € N,(E) and

w f(a, b)wf(ab, c) = f(b,c)f(a, be) (4.12)
for all a,b € E.
(iii) @ is a group if and only if E is a group, f(a,b) € Z(K), and f(b,c)f(a,bc) =
f(a,b)f(ab,c) for every a, b, c € E.
(iv) (u,a) € Q belongs to C(Q) if and only if a € C(E), u € Z(K), and f(a,b) =
f(b,a) for every b € E.

Proof. These claims follow immediately from specializing the corresponding parts
of Theorem 4.3. OJ

5. CONSTRUCTIONS BASED ON SEMIDIRECT PRODUCTS

Moorhouse classified all nonassociative right Bol loops of order 16, viz [12]. It
turns out that among these 2049 loops precisely 21 have a non-subloop commutant:
1 of order 12, and 20 of order 16. Among the 20 loops of order 16, 19 loops have
commutant of order 6, and 1 loop has commutant of order 4.

We show in this subsection that precisely 3 of the 21 loops can be obtained by a
semidirect construction. All 21 loops will be constructed in the next section.

Proposition 5.1. Let K be a group, E an elementary abelian 2-group, 7 : E —
Aut(K) a map such that 7, = 1, |1.| = 2 for every e, and (1g) is a commutative
subgroup of Aut(K). Assume further that there are a, b € E such that 7, = 7, =
1 # 7. Then:

(i) 7 is a semihomomorphism but not a homomorphism,
(il) Q = Q(K, E, 1) is a nonassociative Bol loop,

(iii) C(Q) is not a subloop of Q,

v)

(iv) C(Q) € Np(Q).

Proof. We have 7,4, = 7, since F is an elementary abelian 2-group. On the other
hand, 7, - 1,7, = 7 since (7g) is commutative and 7, is an involution. The condition
T, = Ty = 1 # Tap guarantees that 7 is not a homomorphism. This proves (i). Then
(ii) follows by Corollary 4.4. Given a, b € E such that 7, = 7, = 1 # 74, note that
(1,a), (1,b) belong to C(Q) but (1,ab) does not, and so (iii) holds. Finally, (iv)
follows from Corollary 4.4(v) since E is a group. O

Ezample 5.2. Let E = (e, es) be the elementary abelian 2-group of order 4, and
K the cyclic group of order 3, Aut(K) = {1,p}. Define 7 : E — Aut(K) by
T| = Tey = Tey = 1, Teye, = . Then |Ker(7)| = 3, |Fix(7)| = |Fix(¢)| = 1.
Hence Q = Q(K, E, 1) is a nonassociative Bol loop of order 12 with non-subloop
commutant of order 3.

Ezample 5.3. Let E = (e, ) be the elementary abelian 2-group of order 4, and
K the cyclic group of order 4, Aut(K) = {1,¢}. Define 7 : E — Aut(K) by
TI = Tey = Tey = 1, Teye, = . Then |Ker(r)| = 3, |Fix(7)| = |Fix(v)| = 2.
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Hence Q = Q(K, E,7) is a nonassociative Bol loop of order 16 with non-subloop
commutant of order 6. It is easy to check that ) contains 9 involutions.

Example 5.4. Assume that both £ = (ej,e2) and K = (ky, ko) are elementary
abelian 2-groups of order 4. Define 7 : F — Aut(K) by 7 = 7., = 7., = 1,
Terey © k1 v ki, ko — kiks. Then |Ker(7)| = 3, |Fix(7)| = |Fix(7e,e,)| = 2.
Hence Q = Q(K, E, 1) is a nonassociative Bol loop of order 16 with non-subloop
commutant of order 6. It is easy to check that @) contains 13 involutions.

Lemma 5.5. Let E, K, 7 be as in Corollary 4.4. If |[E| = 2 or |K| = 2 then
Q(K,E, 1) is a group if and only if it is a Bol loop.

Proof. Let E = {1,e}, and assume that 7 is a semihomomorphism. Then 7, =
Teee = TeTeTe implies 7. = 1 = 7.7,, and hence 7 is a homomorphism.
If |K| =2 then Aut(K) = {1} and 7 is a homomorphism. O

Lemma 5.6. The Bol loops constructed in Examples 5.2, 5.3, 5.4 are the only Bol
loops of order at most 16 with non-subloop commutant obtained by a nontrivial
(|E| > 1 and |K| > 1) application of the semidirect construction of Corollary 4.4.

Proof. We rely on Moorhouse’s classification [12]. By Corollary 2.9, the only possi-
ble orders less than or equal to 16 for Bol loops with non-subloop commutants are
8, 12, and 16. None of the Bol loops of order 8 have non-subloop commutant. (This
also follows from Burn’s classification of Bol loops of order 8 [2].)

The loop of Example 5.2 is the only Bol loop of order 12 with non-subloop
commutant, by the classification. (This also follows from Burn’s classification of
Bol loops of order 4p, p an odd prime [3].)

Assume that @ = Q(K, E, 7) is a Bol loop of order 16 with non-subloop commu-
tant. By Lemma 5.5, we can assume that |E| = 4 and |K| = 4. Let k = |Ker(7)],
f = |Fix(7)|. Since both E and K are abelian, |C(Q)| = kf by Corollary 4.5. By
the classification, the only possible values of |C(Q)| are 4 and 6. If k =4 or f = 4,
T. = 1 for every e € F and hence 7 is a homomorphism, a contradiction.

If K is cyclic, we have f = 2 iff there is e € F such that 7, is the unique involution
of Aut(Z,). If K is elementary abelian, we have Aut(K) = S;, and hence f = 2
if and only if all non-identity automorphism 7, are equal to the same involution of

Aut(K).
Assume |C(Q)] = 4. Then k = f = 2. If E = (e, ey) is elementary abelian,
we can assume that m = 7., = 1 and 1 # 7., = T, iS an involution. But

then 7 is a homomorphism, a contradiction. If E = (e) is cyclic, then we can
assume that either 77 = 7. = 1 and 1 # 7.2 = 7.3 is an involution, which results in
1 % Te3Te2Tes = Tese203 = T3 = 1; or we can assume that 7 = 7,2 = land 1 # 7, = 7.3
is an involution, which means that 7 is a homomorphism.

Now assume that |C(Q)| = 6. Then k =3, f =2. If E = (e, ey) is elementary
abelian, we can assume that 1 = 7., = 7., and 1 # 7., is an involution. Since there
is a unique involution in Aut(Z,) and since Aut(Aut(K)) = S5 acts transitively on
the involutions of Aut(K) = S5 when K is elementary abelian, this case yields the
loops obtained in Examples 5.3 and 5.4. Finally assume that £ = (e) is cyclic.
Then we can assume that either 7, = 7,2 = 1 and 1 # 7. is an involution, which
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yields 1 # T = Teee = TeToTe = 1; or we can assume that 7. = 72 = 1 and 1 # 7.2
is an involution, which means that 7 is a homomorphism. O

The following results are of interest:

Proposition 5.7. For each k > 1, there exists a Bol loop with non-subloop com-
mutant of order k.

Proof. Pick n such that 2" > k. Let E be the elementary abelian 2-group of order
2" and let K be the cyclic group of order 3, thus Aut(K) = {1,¢}. For some
a#1#bF#ain E,let m =7, =7 =1, 7.5 = ¥. Choose the remaining 2" — 4
automorphisms 7, of K arbitrarily, but in such a way that |Ker(r)| = k. Then
Q = Q(K, E, ) is a nonassociative Bol loop by Proposition 5.1. Moreover, since
|Fix(7)| = |Fix(¢)| = 1 and both E and K are abelian, |C(Q)| = k by Corollary
4.5. O

Proposition 5.8. For each n > 2, there exists a Bol loop of order 4n with non-
subloop commutant.

Proof. Let E = (ej,es) be the elementary abelian group of order 4, and let K
be the cyclic group of order n. Then v : k — k™! is a non-identity involutory
automorphism of K. Set 4 = 7., = 7., = 1, Teye, = 3. By Proposition 5.1, Q) =
Q(K, E, T) is a nonassociative Bol loop of order 4n with non-subloop commutant.

OJ

6. CONSTRUCTIONS BASED ON EXTENSIONS

In this section, we will use additive notation for abelian groups. As an immediate
consequence of Corollary 4.6 we get:

Lemma 6.1. Let K be an abelian group, E be a group, f : E x E — K a cocycle,
and Q = Q(K, E, i, f). Then:

(i) (w,c) € Q belongs to N,(Q) if and only if f(a,b)+ f(ab,c) = f(b,c)+ f(a,bc)
for all a,b € E,
(i) (u,a) € Q belongs to C(Q) if and only if f(a,b) = f(b,a) for every b € E.

Lemma 6.2. Let E and K be elementary abelian 2-groups, f : Ex E — K a
cocycle, and QQ = Q(K, E,¢, f). Then:
(i) @ is a Bol loop if and only if
fla,a+¢) = f(a,a)+ f(a,c), (6.1)
fla,b+c¢)+ f(a,b) + f(a,c) = f(bya+c)+ f(bya)+ f(b,c) (6.2)
for all a,b,c € F.

(ii) If there exist a,b,c € E such that f(a + b,c) # f(c,a +0b) and f(a,d) =
f(d,a), f(b,d) = f(d,b) for every d € E, then C(Q) is not a subloop of Q.

Proof. We freely use that £ and K are of exponent 2. In additive notation, the
cocycle identity (4.11) is

f(b,a)+ f(a,b+a)+ f(b,c) = fla,c)+ f(bya+c)+ f(a, b+ a+c). (6.3)
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Taking b = a, we get (6.1), and applying (6.1) to (6.3), we get (6.2). Conversely, it
is easy to see that (6.1) and (6.2) imply (6.3). This establishes (i).

Assume that a, b, ¢ are as in (ii). Then (0, a), (0,b) belong to C(Q) by Lemma
6.1. By the same Lemma, (0,a)(0,b) = (f(a,b),a+b) does not belong to C(Q). O

In case F is an abelian group, we say that the cocycle f : F x E — K is right
additive if f(a,b+ c) = f(a,b) + f(a,c) for every a,b,c € E.

Lemma 6.3. Let E and K be elementary abelian 2-groups, f: E X E — K a right
additive cocycle, and QQ = Q(K, E, 1, f). Then Q is a Bol loop, and

(i) (w,c) € Q belongs to N,(Q) if and only if the mapping E — K;a — f(a,c)
1s a homomorphism,

(i) C(Q) € N,(Q)-

Proof. That @ is a Bol loop follows immediately from Lemma 6.2(ii) and right
additivity. Again using right additivity, Lemma 6.1(i) reduces to (w,c) € N,(Q) if
and only if f(a +b,¢) = f(a,c) + f(b,c) for all a,b € E, and this establishes (i).
Finally, if (w,c) € C(Q), then by Lemma 6.1(ii) and right additivity, f(a + b,c) =
flc,a+b) = f(e,a)+ f(c,b) = f(a,c)+ f(b,c) forall a,b € E, and so (w, c) € N,(Q)
by (i). O

In the situation of Lemmas 6.2 and 6.3, F is a vector space over K, and f :
E x F — K is a form satisfying f(0,a) = f(a,0) = 0. As usual, we say that
g: ExE — K is equivalent to f if there is ¢ € Aut(F) such that f(a,b) =
g(p(a),p(b)) for every a, b € E.

Lemma 6.4. Let E be a vector space over K = {0, 1} with basis B = {es, ..., e,}.
Let ¢ : Ex B — K be a map satisfying ¢(0,¢e;) = 0 for every 1 <i <n. Then there
is a unique right additive cocycle f : E x E — K such that f(e,e;) = c(e,e;) for
everye € F, e; € B.

Proof. The map f(a,_): E — K, a — f(a,e) is a homomorphism for every a if
and only if f is right additive. 0

In the situation of the previous Lemma, we say that f is associated with c.

Proposition 6.5. Let E be a vector space over K = {0,1} with basis B = {ey,
., ent. Let ¢ Ex B — K be a map satisfying ¢(0,¢e;) = 0, c(e1,e;) = c(e;, e1),
clea, ;) = c(e;, ez) for every 1 < i < n, and c(e; + ez, e3) # (e, e3) + c(ez, e3).
Assume furthermore that c is such that the right additive cocycle f. = f : EXE — K
associated with c satisfies f(e1,e) = f(e,e1), flea,e) = f(e,eq) for every e € E.
Then Q = Q(K, E, 1, f) is a Bol loop with non-subloop commutant.
Moreover, if g : E X E — K s a right additive cocycle satisfying the assumptions
of Lemma 6.2(ii), then g is similar to f. with some choice of ¢ as above.

Proof. The conditions c(ey + ea, e3) # c(e1, e3) + c(ez, e3), f(e,e1) = f(er,e), and
F(e,ex) = flearc) guarantce that, f(cy + ca,c5) £ F(ersca) + f (e es) = f(es,er) +
f(es,e2) = f(es,e1 + ez). Hence f satisfies the assumptions of Lemma 6.2(ii), and
Q= Q(K,E,, f) is a Bol loop with non-subloop commutant.
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Let g : Ex E — K be aright additive cocycle with a, b, ¢ € E such that g(a,d) =
g(d,a), g(b,d) = g(d,b) for every d € E, and such that g(a + b,c¢) # g(c,a + b).
Then g(a + b, C) # g(C, a) + g(c’ b) = g(a’ C) + g(bv C)‘

It is clear that neither a nor b nor ¢ can be equal to 0, and that a # b. Moreover,
c # a (else gla+b,c) = gla+b,a) = gla,a +b) = g(a,a) + g(a,b) = g(a,a) +
g(b,a) = g(a,c) + g(b,c)), ¢ # b (by a similar argument), and ¢ # a + b (else
gla+b,¢) = g(c,a+b)). Hence a, b, ¢ are linearly independent, and there is an
automorphism of E that maps (a,b,c) to (eq, e, e3). O

Corollary 6.6. Let E, K, B, n, ¢ and f be as in Proposition 6.5. Then we are
free to choose (2" —4)(n — 2) + 3n — 4 of the values of c.

Proof. We can choose c(eq, e;) for every 1 < i < n. Then c(e, e;) is determined for
every e € E by the condition f(e,e;) = f(eq, ) We can then choose c(ea, €;)
for every 2 < i < n, hence determining c(e,ey) for every e by the condition
fle,ea) = f(ea,e). Since c(ey + eq, e3) # c(eq, e3) + c(ea, e3), the value c(e; + eq, e3)
is determined. But we can choose c(e; + es, ¢;) for every 4 < ¢ < n. Finally for e
not in the subspace (e1, e2), we are free to choose c(e,e;) for every 3 <i<n. 0O

Ezxample 6.7. Let E = (eq, €9, e3) be a 3-dimensional vector space over K = {0, 1}.
According to Corollary 6.6, we are free to choose (22 —1)(3 —2)+3-3—-4 =9
values of ¢ : E x {ey,e2,e3} — K in order to uniquely determine the associated
right additive cocycle f : E x E — K such that Q = Q(K, E,, f) is a Bol loop
with non-subloop commutant.

These nine choices are as follows:

c|ler €2 €3
€1 | C1 Cop (4
€9 . C3 Cx
€1+ e
€3 . . Cg
e+ es . . Cr
€9 + €3 . . Cg
€1+ e+ e3 . . Co

The resulting loop of order 16 will be denoted by Q(c1, 2, 3, ¢4, C5, Co, C7, C8, Co).-

Proposition 6.8. All Bol loops of order 16 with non-subloop commutant are iso-
morphic to the loop Q(cy,--+ ,cq) with some choice of ¢1, ..., cg € K = {0,1},
except for one loop.
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Proof. We have verified by computer, using the package LOOPS [8], that the fol-
lowing 19 Bol loops are pairwise non-isomorphic:

@(0,0,0,0,0,0,0,0,0), (0,0,0,0,0,0,0,0,1), (0,0,0,0,0,0,0,1,1),
Q(0,0,0,0,0,0,1,1,0), (0,0,0,0,0,0,1,1,1), (0,0,0,0,0,1,1,1,1),
Q(0,0,1,0,0,0,0,0,0), (0,0,1,0,0,0,0,0,1), (0,0,1,0,0,0,0,1,1),
Q(0,0,1,0,0,0,1,0,0), (0,0,1,0,0,0,1,0,1), (0,0,1,0,0,0,1,1,0),
Q(0,0,1,0,0,1,1,0,0), Q(1,0,1,0,0,0,0,0,0), (1,0,1,0,0,0,0,0,1),
Q(1,0,1,0,0,0,0,1,0), Q(1,0,1,0,0,0,0,1,1), (1,0,1,0,0,0,1,1,0),
Q(1,0,1,0,0,1,0,0,1).

~ o~/

There is only one additional Bol loop with non-subloop commutant, according to
Moorhouse’s classification. O]

Here is the unique Bol loop @ of order 16 with non-subloop commutant not
obtained in Proposition 6.8:

K K61 K62 K€182
111 2 3 4 ) 6 7 8 9 10 11 12 13 14 15 16
k|2 1 4 3 6 5 8 7] 10 9 12 11 14 13 16 15
kel 3 4 1 2 7 8 5 6 1211 10 9 16 15 14 13
kiko| 4 3 2 1 8 7 6 b 11 12 9 10 15 16 13 14
Kei |5 6 7 8 1 2 3 4] 13 14 15 16 9 10 11 12
6 5 8 7 2 1 4 3|16 15 14 13 12 11 10 9
7T 8 5 6 3 4 1 2|15 16 13 14 11 12 9 10
8 7 6 5 4 3 2 1 14 13 16 15 10 9 12 11
Key| 9 10 11 12| 13 14 15 16 1 2 3 4 ) 6 7 8
10 9 12 11| 14 13 16 15| 2 1 4 3 6 5 8 7
1 12 9 10| 15 16 13 14| 3 4 1 2 7 8 5 6
12 11 10 9 16 15 14 13| 4 3 2 1 8 7 6 5
Keep |13 14 15 16| 9 10 11 12| 5 6 7 8 1 2 3 4
14 13 16 15| 10 9 12 11| 6 5 8 7 2 1 4 3
15 16 13 14| 11 12 9 10| 7 8 5 6 3 4 1 2
16 15 14 13| 12 11 10 9 8 7 6 b 4 3 2 1

Note that N»(Q) = Z(Q) = {1}, N,(Q) = {1,2,3,4,5,6,7,8} is an elementary
abelian 2-group, and C(Q) = {1,2,5,7}. Also note that N,(Q) = (C(Q)).

The fact that N, (@) is trivial implies that () cannot be obtained by any extension
(4.1) of Theorem 4.1. In [6], Kiechle and Nagy developed a theory of extensions
of involutory Bol loops, and constructed all involutory Bol loops of order 16, three
of which happen to have a trivial center. Since our loop @ is involutory and has
trivial center, it is one of the three loops mentioned in [6, Corollary 7].

We conclude this section with an explicit construction of . Let K = (ky, ko)
and £ = (ej,ey) be elementary abelian 2-groups of order 4. For every (a,b) €
E x E we define an automorphism t,; of K. Namely: 1., = 11, satisfies
ki — ki, ko — kike, Ve, ey = Ve, ere, satisfies ky — kike, ka — ko, and all other
automorphisms 1), ;, are trivial. Then @) is isomorphic to K x E with multiplication
(u,a)(v,b) = (Yap(u)v,ab), as is easily seen from the multiplication table of Q.
(For the convenience of the reader, we have subdivided the multiplication table of
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(@ into subsquares corresponding to the cosets of K, labeled the cosets of K, and
also labeled the elements in one of the cosets.)
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