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Chapter 1

In tro duction

LOOPSis a packagefor GAP4 whosepurposeis to:

(a) provide researchers in nonassociative algebra with a powerful computational tool con-
cerning �nite loops and quasigroups,

(b) extend GAPtoward the realm of nonassociative structures.

1.1 Installation

We assumethat you have GAPv. 4.4 or newer installed on your computer. Download the
LOOPSpackagefrom the distribution website

http://www.math .du .e du/ lo ops

Unpack the downloaded �le into the pkg subfolder of your GAPfolder. After this step, there
should be a subfolder loops in your pkg folder. The packageLOOPSthen loadsautomatically
when you start GAP.

If you do not want LOOPSto load automatically:

(i) open the �le PackageInfo.g in the loops folder,

(ii) edit the value of Autoload from Autoload:=true to Autoload:=false . (The param-
eter Autoload is located near the end of the �le PackageInfo.g ).

The packageLOOPScan then be loaded to GAPanytime by calling LoadPackage("lo ops") .

1.1.1 Brief description of LOOPS�les

Table 1.1 summarizesall relevant �les forming the LOOPSpackage. Sometechnical �les (e.g.,
pictures usedin the documentation) are not mentioned. You probably don't needany of this
information unlessyou want to modify LOOPS.

1.2 Do cumen tation

The documentation is available is several formats: LATEX, pdf, dvi, postscript, html, and as
an online help in GAP. All theseformats have beenobtained directly from the master LATEX
documentation �le. Consequently , the di�eren t formats di�er only in their appearance,not
in contents.

The documentation can be found in the doc folder of the LOOPSpackageand also at the
LOOPSdistribution website.

4



Table 1.1: Brief description of �les forming LOOPS.

folder �le description
pkg README.loops installation and usageinstructions
pkg/loops init.g declaration of LOOPSmethods

PackageInfo.g loading info for GAP4.4
read.g implementation of LOOPSmethods

pkg/loops/data interesting.tbl library of interesting loops
leftbol.tbl library of left Bol loops
moufang.tbl library of Moufang loops
moufang discriminators.tbl data for isomorphisms of Moufang loops
paige.tbl library of Paige loops
steiner.tbl library of Steiner loops

pkg/loops/doc loops manual.dvi dvi version of the documentation
loops manual.html web version of the documentation
loops manual.pdf pdf version of the documentation
loops manual.ps postscript version of the documentation
loops manual.tex LATEXsource for the documentation
manual.six contextual help for GAP

pkg/loops/etc utilities for archive and doc generation
pkg/loops/gap banner.g banner of LOOPS

examples.gd methods for loop libraries
loop iso.gd methods for isomorphisms of loops
moufang modifications.gd methods for Moufang modi�cations
quasigrs.gd core methods of LOOPS
triality.gd methods for trialit y of Moufang loops
examples.gi methods for loop libraries
loop iso.gi methods for isomorphisms of loops
moufang modifications.gi methods for Moufang modi�cations
quasigrs.gi core methods of LOOPS
triality.gi methods for trialit y of Moufang loops

pkg/loops/tst auto.tst test automorphism groups
lib.tst test all libraries except Moufang
mouflib.tst test library of Moufang loops
nilpot.tst test nilp otency
quasigrs.tst test core functions
testall.g batch �le for all tests

The online GAPhelp is available upon installing LOOPS, and can be accessedin the usual
way, i.e., upon typing ?command, GAPdisplays the section of the LOOPSmanual containing
information about command.

1.3 Test �les

Test �les conforming to the GAPstandards are provided for LOOPS. They can be found in the
folder loops/tst and run in the usual way.

1.4 Mathematical background

We assumethat you are familiar with the theory of quasigroupsand loops, for instance with
the textb ook of Bruck [1] or P
ugfelder [9]. Nevertheless, we did include de�nitions and
results in this manual in order to unify the terminology and improve the intelligibilit y of the
text.
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1.4.1 Quasigroups and loops

A quasigroup Q is a set with one binary operation � such that the equation x � y = z has a
unique solution in Q whenever two of the three elements x, y, z of Q are speci�ed. Note that
multiplication tables of �nite quasigroupsare precisely Latin squares, i.e., a square arrays
with symbols arranged so that each symbol occurs in each row and in each column exactly
once.

A loop L is a quasigrouppossessingan element 1 2 L such that 1 � x = x � 1 = x for every
x 2 L . The element 1 is called the neutral element or the identity element of L .

Note that groups are loops. The theory of loops is concernedwith the study of nonasso-
ciative loops.

1.4.2 Translations

Given an element x of a quasigroupQ we can associative two permutations of Q with it: the
left translation L x : Q ! Q de�ned by y 7! x � y, and the right translation Rx : Q ! Q
de�ned by y 7! y � x.

Although it is possibleto composetwo right (left) translations, the resulting permutation
is not necessarilya right (left) translation. The set L (Q) = f L x ; x 2 Qg is called the left
section of Q, and, similarly, RQ = f Rx ; x 2 Qg is the right section of Q.

Let SQ be the symmetric group on Q. Then LMlt( Q), the subgroup of SQ generated
by L(Q), is called the left multiplication group of Q. Similarly, RMlr (Q) = hR(Q)i is the
right multiplication group of Q. The smallest group containing both LMlt( Q) and RMlt (Q)
is called the multiplication group of Q and is denoted by Mlt (Q).

1.5 How the package works

The packageconsistsof three complementary components: the corealgorithms for quasigroup-
theoretical notions (seeChapter 2), somespeci�c algorithms, mostly for Moufang loops (see
Chapter 3), and the library of small loops (seeChapter 4).

Although we do not explain the algorithms in detail here, we describe the overarching
ideas so that the user should be able to anticipate the capabilities and behavior of the
computation.

1.5.1 Represen ting quasigroups in LOOPS

Sincethe permutation representation in the usual senseis impossiblefor nonassociativestruc-
tures, and sincethe theory of nonassociative presentations is not well understood, we had to
resort to multiplication tables to represent quasigroupsin GAP. In order to savestoragespace,
wesometimesuseonemultiplication table to represent several quasigroups(for instancewhen
a quasigroup is a subquasigroup of another quasigroup).

Consequently , the packageis intended primarily for quasigroups and loops of small order
(up to 1000,say).

1.5.2 Calculating with quasigroups in LOOPS

Although the quasigroupsare ultimately represented by multiplication tables, the algorithms
are e�cien t becausenearly all calculations are delegatedto groups. The connectionbetween
quasigroup and groups is facilitated via the above-mentioned translations, and we illustrate
it with a few examples:

1) This examplesshows how properties of quasigroupscan be translated into properties
of translations in a straightforward way.

6



Let Q be a quasigroup. We ask if Q is associative. We can either test if (xy)z = x(yz)
for every x, y, z 2 Q, or we can ask if L xy = L x L y for every x, y 2 Q. Note that since
L xy , L x , L y are elements of a permutation group, we do not have to refer directly to
the multiplication table oncethe left translations of Q are known.

2) This exampleshows how properties of loops can be translated into properties of trans-
lations in a way that requires sometheory.

A left Bol loop is a loop satisfying x(y(xz)) = (x(yx))z. We claim (without proof) that
a loop L is left Bol if and only if L x L y L x is a left translation for every x, y 2 L .

3) This example shows that many properties of loops becomepurely group-theoretical
oncethey are expressesin terms of translations.

A loop is simple if it hasno nontrivial congruences.Then it is easyto seethat a loop is
simple if and only if its multiplication group Mlt (L ) is a primitiv e permutation group.

The main idea of the package is therefore: (i) calculate the translations and the associated
permutation groups when they are needed,(ii) store them as attributes, (iii) use them in
algorithms as often as possible.

1.5.3 Magmas, quasigroups, loops and groups in GAP

Whether an object is considereda quasigroup or a loop is a matter of declaration in LOOPS.
A declared loop is considered to be a quasigroup, however, a declared quasigroup is not
consideredto be a loop, even if it accidentally possessesa neutral element. It is possibleto
convert a quasigroup Q (with or without a neutral element) to a loop using

� AsLoop( Q ) F

The categoryof quasigroups(cf. IsQuasigroup ) is declaredin LOOPSsothat it is contained in
the category of magmas(cf. IsMagma). All standard GAPcommand for magmasare therefore
available for quasigroupsand loops, too.

Although groups are quasigroupsmathematically, they are not treated as quasigroupsin
LOOPS. If you wish to apply methods of LOOPSto groups, apply one of the conversions

� AsQuasigroup( G ) F

� AsLoop( G ) F

to the group G. These conversions fail when G is in�nite and will exhaust all available
memory when G is huge. For more information on conversions,seesubsection2.2.4.

1.6 Feedback

We welcomeall comments and suggestionson LOOPS, especially those concerningthe future
development of the package. You can contact us by e-mail.
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Chapter 2

Core metho ds

2.1 Naming, viewing and prin ting ob jects in LOOPS

GAPdisplays information about objects in two modes: View (default, short) and Print
(longer). Moreover, when the name of an object is set, it is always shown, no matter which
display mode is used.

2.1.1 Named quasigroups and loops

Only loops contained in the libraries of LOOPSare named. For instance, the loop obtained
via MoufangLoop( 32, 4 ) |the 4th Moufang loop of order 32|is named <Moufang loop
32/4>.

2.1.2 View mode

When Q is a quasigroup of order n, it is displayed as <quasigroup of order n> in LOOPS.
Similarly, a loop of order n appearsas <loop of order n>.

The displayed information for a loop L is enhancedwhen it is known that L has certain
additional properties. At this point, we support:

<associative loop ...> ;

<extra loop ...> ;

<Moufang loop ...> ;

<C loop ...> ;

<left Bol loop ...> ;

<right Bol loop ...> ;

<LC loop ...> ;

<RCloop ...> ;

<alternative loop ...> ;

<left alternative loop ...> ;

<right alternative loop ...> ;

<flexible loop ...> :

The corresponding mathematical de�nitions and an example can be found in subsection
2.10.4.
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It is possiblefor a loop to have several of the above properties. In such a case,we display
the �rst property on the list that is satis�ed. For instance,a left alternativ e 
exible loop will
appear as <left alternative loop ...> .

The mth element of a quasigroup appearsas qm. The mth element of a loop appearsas
lm. The neutral element of a loop is always denoted by l1 .

2.1.3 Prin t mode

Elements of quasigroupsand loops appear in the sameway in both View and Print modes.
For quasigroupsand loops in the Print mode, we display the multiplication table (if it

is known), or we display the elements. The following exampleshows how a loop L with two
elements is displayed in the Print mode.

gap> Print( L );
<loop with multiplication table
[ [ 1, 2 ],

[ 2, 1 ] ]
>
gap> Elements( L );
[ l1, l2 ]

2.2 Creating quasigroups and loops

As mentioned above, quasigroupsand loops are represented by multiplication tables, which
we also refer to as Cayley tables. When Q is a quasigroup of order n, the associated Cayley
table is an n � n array with symbols 1, : : :, n such that qi � qj = qk if and only if the entry
in row i and column j is k. Similarly for loops.

The Cayley table can be entered manually, or read o� from a �le.

2.2.1 Testing multiplication tables

The following synonymous operations test if a multiplication table is a multiplication table
of a quasigroup, i.e. a Latin squareswith symbols 1, : : :, n.

� IsQuasigroupTable ( L ) A

� IsQuasigroupCayle yTabl e( L ) A

A Latin squareon 1, : : :, n is said to be normalized if the �rst column and the �rst row read
1, : : :, n. Cayley table of a loop is therefore just another namefor a normalized Latin square.
The following operations test if L is a normalized Latin square:

� IsLoopTable ( L ) A

� IsLoopCayleyTable ( L ) A

A Latin square can be normalized by permuting its columns so that the �rst row reads 1,
: : :, n, and then permuting its rows so that the �rst column reads 1, : : :, n. Note that it
matters whether rows or columns are permuted �rst (seesubsection2.2.4 for more). This
normalization is achieved in LOOPSwith

� NormalizedQuasigr oupTabl e( L ) F
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Wewould like to call the attention to the fact that the packageGUAVAalsohassomeoperations
dealing with Latin squares(in particular, the function IsLatinSquare is de�ned in GUAVA).

2.2.2 Creating quasigroups and loops manually

When L is a Latin squareon 1, : : :, n, the corresponding quasigroup is obtained with

� QuasigroupByCayleyTabl e( L ) F

When L is normalized, the corresponding loop is returned by

� LoopByCayleyTable( L ) F

2.2.3 Creating quasigroups and loops from a �le

Typing a large multiplication table manually is tedious and error-prone. We have therefore
included a universal algorithm in LOOPSthat readsmultiplication tables of quasigroupsfrom
a �le. Instead of writing a separatealgorithm for each common format, our algorithm relies
on the user to provide a bit of information about the input �le. Here is an outline of the
algorithm:

Input: �lename F, string D
Step 1: Read the entire content of F into a string S.
Step 2: Replaceall end-of-line characters in S by spaces.
Step 3: Replaceby spacesall characters of S that appear in D.
Step 4: Split S into maximal substrings without spaces,called chunks.
Step 5: Recognizedistinct chunks. Let n be the number of distinct chunks.
Step 6: If the number of chunks is not n2, report error.
Step 7: Construct the multiplication table by assigningnumerical values1, : : :,
n to chunks, depending on their position among distinct chunks.

The following examplesclarify the algorithm and document its versatilit y:

input �le string D resulting mult. table comments
0 1 2 1
2 0 2
0 1

""
1 2 3
2 3 1
3 1 2

Data does not have to be
arranged into an array of any kind.

red green
green red

""
1 2
2 1

Chunks can be any strings.

[ [0; 1]; [1; 0] ] "[,]"
1 2
2 1

A typical table produced by GAP
is easily parsed by deleting
brackets and commas.

x&y&z nhline
y&z&x nhline
z&x&y

"& nneinlh"
1 2 3
2 3 1
3 1 2

A typical TEX table with rows
separated by lines. We must use
" nn" in D because" nn" represents
the string " n" in GAP.

I am as mad as
I say I am

"day"
1 2 3
2 3 1
3 1 2

Just for fun.

And here are the neededLOOPScommands:

� QuasigroupFromFil e( F, D ) F

� LoopFromFile ( F, D ) F
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2.2.4 Conversions

We provide conversion operations that convert between magmas, quasigroups, loops and
groups, provided such conversionsare possible.

If M is a declaredmagmathat happensto be a quasigroup,the corresponding quasigroup
is returned via

� AsQuasigroup( M ) F

The operation

� AsLoop( M ) F

works analogously, with oneimportant exception. Namely, when M is a quasigroup(declared
or not) with neutral element, then there are two natural ways in which M can be converted
to a loop:

(i) We can obtain the loop L 0 by normalizing the Cayley table of M (by �rst permuting
columns, then rows). In the language of quasigroup theory, M and L 0 are isotopic
quasigroups.

(ii) We can renamethe neutral element of M , thus obtaining a loop L 1 isomorphic to M .

The function AsLoopreturns L 1, if possible,otherwise it returns L 0. If for any reasonyou
wish to obtain the loop L 0, you can get it by normalizing the multiplication table of M .

In the following example,Q is a quasigroupwith neutral element 2. The loop Q doesnot
have two-sidedinverses.(Seesubsection2.5.3.)

gap> A :=[[2,1,5,3,4], [1, 2, 3,4 ,5 ], [5, 3, 4,1 ,2 ], [3, 4, 2,5 ,1 ],[ 4, 5, 1,2 ,3 ]]; ;
gap> Q := QuasigroupByCayleyTabl e( A );;
gap> L0 := LoopByCayleyTable( NormalizedLatinS quare ( CayleyTable( Q ) ) );;
gap> L1 := AsLoop( Q );;
gap> CayleyTable( L0 );
[ [ 1, 2, 3, 4, 5 ], [ 2, 1, 4, 5, 3 ], [ 3, 5, 1, 2, 4 ], [ 4, 3, 5, 1, 2 ],

[ 5, 4, 2, 3, 1 ] ]
gap> CayleyTable( L1 );
[ [ 1, 2, 3, 4, 5 ], [ 2, 1, 5, 3, 4 ], [ 3, 5, 4, 2, 1 ], [ 4, 3, 1, 5, 2 ],

[ 5, 4, 2, 1, 3 ] ]
gap> HasTwosidedInvers es( L0 );
true
gap> HasTwosidedInvers es( L1 );
false

Finally, when M is a declared magma that happens to be a group, then the corresponding
group is returned by

� AsGroup( M ) F

Note that the conversionswork in both directions, not just toward more special structures.
Thus, if G is a declaredgroup, then AsLoop( G ) returns the corresponding loop, for instance.

2.2.5 Pro ducts of loops

Only the direct product of two loops is implemented at this time, and even this is done in
the easiest(thus not the most e�cien t) way. Any or both of the two loops can be a group.

� DirectProduct ( L1, L2 ) F

11



2.2.6 Opp osite quasigroups and loops

When Q is a quasigroup with multiplication �, the opposite quasigroup of Q is a quasigroup
with the sameunderlying set as Q and with multiplication � de�ned by x � y = y � x.

Since the quasigroup-theoretical concepts are often oriented (cf. left Bol loops versus
right Bol loops), it is useful to have accessto the opposite quasigroup of Q:

� Opposite ( Q ) F

2.3 GAP categories

One can test if an element x belong to a quasigroup or to a loop, or if a given object Q is a
quasigroupor a loop:

� IsQuasigroupEleme nt ( x ) category

� IsLoopElement ( x ) category

� IsQuasigroup ( Q ) category

� IsLoop ( Q ) category

2.4 Basic attributes

The list of elements of a quasigroupQ is obtained by the usual command

� Elements( Q ) A

The Cayley table of a quasigroup Q is returned with

� CayleyTable ( Q ) A

The neutral element of a loop L is obtained via

� One( L ) A

If you want to know if a quasigroup Q has a neutral element, you can �nd out with the
standard function for magmas

� MultiplicativeNeu tra lE le ment ( Q ) A

The sizeof a quasigroup Q is calculated by

� Size ( Q ) A

When L is a power associative loop (i.e., the orders of elements are well-de�ned in L ), the
exponent of L is the smallest positive integer divided by orders of all elements of L . The
following attribute calculatesthe exponent without testing for power associativit y:

� Exponent( L ) A

gap> Q := QuasigroupByCayleyTabl e( [ [ 1, 2 ], [ 2, 1 ] ] );
<quasigroup of order 2>
gap> [ IsQuasigroup( Q ); IsLoop( Q ); Size( Q ); Elements( Q ); ]
[ true, false, 2, [ q1, q2 ] ]
gap> IsQuasigroupEleme nt( Elements( Q )[ 2 ] );
true
gap> CayleyTable( Q );

12



[ [ 1, 2 ], [ 2, 1 ] ]

2.5 Basic arithmetic operations

Each quasigroup element in GAPknows into which quasigroup it belongs. It is therefore
possibleto perform arithmetic operations with quasigroupelements without referring to the
quasigroup. All elements involved in the calculation must belong to the samequasigroup.

2.5.1 Multiplication

Two elements x, y of the samequasigroupare multiplied by x � y in GAP. Sincemultiplication
of elements is ambiguous in the nonassociative case,we always multiply element from left to
right (i.e., x � y � z means(x � y) � z)). Of course,onecan specify association by parentheses.

2.5.2 Division

Universal algebraists intro duce two additional operations for quasigroups. Namely the left
division xny satisfying x � (xny) = y, and the right division x=y satisfying x=y � y = x. Since
the two symbols = and n are already usedfor di�eren t purposesin GAP, we instead intro duce:

� LeftDivision ( x, y ) O

� RightDivision ( x, y ) O

2.5.3 Powers and inverses

Powersof elements are not well-de�ned in quasigroups.For a positive integer n we de�ne xn

recursively as x1 = x, xn +1 = xn x. (REALL Y?)
Let x be an element of a loop L with neutral element 1. Then the left inverse x0 of x is

the unique element of L satisfying x0x = 1. Similarly, the right inverse x00satis�es xx 00= 1.
If x0 = x00, we call x � 1 = x0 = x00the inverse of x.

� LeftInverse ( x ) O

� RightInverse ( x ) O

� Inverse ( x ) O

The following examplesillustrates the usageof arithmetic operations. The commandMoufangLoop
will be explained later.

gap> M := MoufangLoop( 12, 1 );; eM := Elements( M );; x := eM[ 2 ];
l2
gap> [ x * eM[3], x^2, x^(-1), Inverse( x ) ];
[ l4, l1, l2, l2 ]
gap> One( M ) = LeftDivision( x, x );
true
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2.5.4 Associators and comm utators

Let Q be a quasigroupand x, y, z 2 Q. Then the associator of x, y, z is the unique element
u such that (xy)z = (x(yz))u. The commutator of x, y is the unique element v such that
xy = (yx)v.

� Associator ( x, y, z ) O

� Commutator( x, y ) O

2.6 Generators

By default the following two attributes return the list of all elements. In somecircumstances,
a shorter list is returned. Both theseattributes are just synonyms of GeneratorsOfMagma.

� GeneratorsOfQuasi group( Q ) A

� GeneratorsOfLoop ( L ) A

It is easy to prove that a loop of order n can be generatedby a subset containing at most
log2 n elements. Such a set is returned via

� SmallGeneratingSe t ( L ) A

2.7 Perm utations associated with loops

2.7.1 Sections

The following two attributes calculate the left and right section of a quasigroup Q:

� LeftSection ( Q ) A

� RightSection ( Q ) A

Given an element x of a quasigroupQ, the left and right translations of Q by x are obtained
by

� LeftTranslation ( Q, x ) F

� RightTranslation ( Q, x ) F

2.7.2 Multiplication groups

The left multiplication group, right multiplication group and the multiplication group of a
quasigroupQ is calculated as follows:

� LeftMultiplicatio nGroup( Q ) A

� RightMultiplicati onGro up( Q ) A

� MultiplicationGro up( Q ) A

The relative versionsof multiplication groups are implemented only for loops. When S is a
subloop of a loop L , the following functions return the relative multiplication groups:

� RelativeLeftMulti pli cati onGro up( L, S ) F

� RelativeRightMult ipl ic at ion Group( L, S ) F
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� RelativeMultiplic ati onGroup( L, S ) F

2.7.3 Inner mapping group

The inner mapping group of a loop L is obtained by:

� InnerMappingGroup( L ) A

gap> M := MoufangLoop( 12, 1 );
<loop of order 12>
gap> LeftSection( M )[ 2 ];
(1,2)(3,4)(5,6) (7 ,8) (9 ,12 )( 10, 11)
gap> Mlt := MultiplicationG roup( M ); Inn := InnerMappingGroup( M );
<permutation group of size 2592 with 23 generators>
Group([ (4,6)(7,11), (7,11)(8,10), (2,6,4)(7,9,11), (3,5)(9,11), (8,12,10) ])
gap> Size( Inn );
216

2.8 Subquasigroups and sublo ops

Let Q be a quasigroup and S a subquasigroup of S. Since the multiplication in S coincides
with the multiplication in Q, it is reasonablenot to store the multiplication table of S.
However, the quasigroup S then must know that it is a subquasigroup of Q. In order to
facilitate this relationship, we intro duce the attribute

� Parent ( Q ) A

for quasigroups. When Q is not created as a subquasigroup of another quasigroup, the
attribute Parent( Q ) is set to Q. When Q is createdasa subquasigroupof a quasigroupH ,
wesetParent( Q ) := Parent( H ) . Thus, in e�ect, Parent( Q ) is the largestquasigroup
from which Q was created.

Given a collection C of elements of a quasigroup Q, the function

� PosInParent ( C ) F

returns the list of positions of the elements of C among the elements of Parent( Q ) . The
multiplication in Q can thereforebeeasilyreconstructedfrom Parent( Q ) via PosInParent .

When S is a subset of a quasigroup Q (loop L), the subquasigroup of Q (subloop of L )
is returned via:

� Subquasigroup ( Q, S ) F

� Subloop( L, S ) F

Finally, the following two functions test if a quasigroup(loop) S is a subquasigroup(subloop)
of a quasigroup Q (loop L). Note that the functions return false when S and Q (L ) do not
have the sameparent.

� IsSubquasigroup ( Q, S ) F

� IsSubloop ( L, S ) F

The following example illustrates the main featuresof the subquasigroupconstruction. Note
how the Cayley table of the subquasigroup is created only upon explicit demand.
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gap> M := MoufangLoop( 12, 1 );; gens := [ Elements( M )[ 5 ] ];
[ l5 ]
gap> S := Subloop( M, gens );
<loop of order 3>
gap> [ Parent( S ) = M, Elements( S ), PosInParent( S ) ];
[ true, [ l1, l3, l5], [ 1, 3, 5 ] ]
gap> HasCayleyTable( S );
false
gap> CayleyTable( S );
[ [ 1, 2, 3 ], [ 2, 3, 1 ], [ 3, 1, 2 ] ]
gap> [ HasCayleyTable( S ), Parent( S ) = M ];
[ true, true]
gap> L := LoopByCayleyTable( CayleyTable( S ) );
<loop of order 3>
gap> [ Parent( L ) = L, IsSubloop( M, S ), IsSubloop( M, L ) ];
[ true, true, false ]

2.9 Nucleus, comm utan t, center

Let Q be a quasigroup. The left nucleus N � (Q) of Q is the set f x 2 Q; x(yz) = (xy)z
for every y, z 2 Qg. One de�nes similarly the middle nucleus N � (Q) and the right nucleus
N � (Q). Then the nucleus N (Q) of Q is equal to N � (Q) \ N � (Q) \ N � (Q). Thesenuclei are
calculated in LOOPSas follows:

� LeftNucleus ( Q ) A

� MiddleNucleus ( Q ) A

� RightNucleus ( Q ) A

� Nuc( Q ) A

We also support thesesynonyms of Nuc:

� NucleusOfLoop( Q ) A

� NucleusOfQuasigro up( Q ) A

Sinceall nuclei are subquasigroupsof Q, they are returned as subquasigroups(or subloops).
The commutant C(Q) of Q is the set f x 2 Q; xy = yx for every y 2 Qg. It is also known
under the name Moufang center. It is obtained via

� Commutant( Q ) A

The center Z (Q) is de�ned as C(Q) \ N (Q), and it is obtained via

� Center ( Q ) A

Finally, the associator subloop of a loop L is the subloop of L generatedby all associators of
L . (Note that someauthors de�ne the associator subloop as the smallest normal subloop A
of L such that L=A is associative. The two de�nitions are not equivalent in general.)

� AssociatorSubloop ( L ) A
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2.10 Testing prop erties

The reader should be aware that although loops are quasigroups,it is often the casein the
literature that a property namedP candi�er for quasigroupsand loops;for instance,a Steiner
loop is not necessarilya Steiner quasigroup. To avoid such ambivalences,we often include the
noun Loop or Quasigroup as part of the name of the property; e.g. IsSteinerQuasigr oup
versus IsSteinerLoop . On the other hand, some properties coincide for quasigroupsand
loopsand we therefore do not include Loop, Quasigroup aspart of the nameof the property;
e.g. IsCommutative .

2.10.1 Associativit y, comm utativit y and generalizations

The following properties test if a quasigroupQ is associative and commutativ e.

� IsAssociative ( Q ) P

� IsCommutative ( Q ) P

A loop L is said to be power associative (resp. diassociative) if every monogenicsubloop of
L (resp. every 2-generatedsubloop of L ) is a group.

� IsPowerAssociativ e( L ) P

� IsDiassociative ( L ) P

2.10.2 In verse prop erties

A loop L has the left inverse property if x0(xy) = y for every x, y 2 L , where x0 is the left
inverseof x. Dually, L has the right inverse property if (yx)x00= y for every x, y 2 L , where
x00 is the right inverse of x. If L has both the left and right inverse property, it has the
inverse property . We say that L has two-sided inverses if x0 = x00for every x 2 L .

� HasLeftInversePro per ty ( L ) P

� HasRightInversePr opert y( L ) P

� HasInversePropert y( L ) P

� HasTwosidedInvers es( L ) P

A loop L with two-sided inverseshas the automorphic inverse property if (xy) � 1 = x � 1y� 1

for every x, y 2 L . Similarly, it hasthe antiautomorphic inverseproperty if (xy) � 1 = y� 1x � 1.

� HasAutomorphicInv ers ePro per ty ( L ) P

� HasAntiautomorphi cIn vers ePropert y( L ) P

There are many additional inverseproperties but we decidedagainst including them at this
stage.

2.10.3 Prop erties of quasigroups

A quasigroup Q is semisymmetric if (xy)x = y for every x, y 2 Q. Equivalently , Q is
semisymmetric if x(yx) = y for every x, y 2 Q. A semisymmetric commutativ e quasigroup
is known as total ly symmetric. Totally symmetric quasigroups are precisely quasigroups
satisfying xy = x n y = x=y.

� IsSemisymmetric ( Q ) P
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� IsTotallySymmetri c( Q ) P

A quasigroup Q is idempotent if x2 = x for every x 2 Q. Idempotent totally symmetric
quasigroupsare known as Steiner quasigroups. A quasigroup Q is unipotent if x2 = y2 for
every x, y 2 Q.

� IsIdempotent ( Q ) P

� IsSteinerQuasigro up( Q ) P

� IsUnipotent ( Q ) P

A quasigroup is left distributive if it satis�es x(yz) = (xy)(xz). Similarly, it is right dis-
tributive if it satis�es (xy)z = (xz)(yz). A distributive quasigroup is a quasigroup that is
both left and right distributiv e. A quasigroup is called entropic or medial if it satis�es
(xy)(zw) = (xz)(yw).

� IsLeftDistributiv e( Q ) P

� IsRightDistributi ve( Q ) P

� IsDistributive ( Q ) P

� IsEntropic ( Q ) P

� IsMedial ( Q ) P

TO be compatible with GAP's terminology, we also support the synonyms

� IsLDistributive ( Q ) P

� IsRightDistributi ve( Q ) P

for IsLeftDistribut ive and IsRightDistributi ve, respectively.

2.10.4 Lo ops of Bol-Moufang typ e and related prop erties

Following [5] and [10], a variety of loops is said to be of Bol-Moufang type if it is de�ned
by a single identity of Bol-Moufang type, i.e., by an identit y that: (i) contains the same3
variables on both sides,(ii) exactly one of the variables occurs twice on both sides,(iii) the
variables occur in the sameorder on both sides.

It is proved in [10] that there are 13 varieties of nonassociative loopsof Bol-Moufang type,
as summarized in Figure 2.1.

Note that although someof the de�ning identities are not of Bol-Moufang type, they are
equivalent to a Bol-Moufang identit y. Moreover, somevarieties in the Figure are de�ned by
several, equivalent identities of Bol-Moufang type.

There are several varieties related to loops of Bol-Moufang type. A loop is said to be:
alternative if it is both left and right alternativ e; nuclear square loop if it is left, middle and
right nuclear square.

Here are the corresponding GAPcommands(argument L indicates that the property ap-
plies only to loops, argument Q indicates that the property applies to quasigroups):

� IsExtraLoop ( L ) P

� IsMoufangLoop( L ) P

� IsCLoop( L ) P
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x (yz) = (xy )z

extra lo ops

x (y (zx )) = (( xy )z)x

Moufang lo ops

(xy )( zx ) = (x (yz)) x

righ t Bol lo ops 
exible lo opsleft Bol lo ops

x (y (xz )) = (x (yx )) z

C-lo ops

x (( yz)y ) = (( xy )z)y x (yx ) = (xy )x

left alternativ e l.

groups

righ t alternativ e l. middle nuclear sq. l. righ t nuclear sq. l.

(xx )( yz) = (( xx )y )z

left nuclear square l.

x (y (yz)) = (( xy )y )z

x (xy ) = (xx )y

LC-lo ops

x (yy) = (xy )y

(xx )( yz) = (x (xy )) z

x (( yy)z) = (x (yy)) z x (y (zz)) = (xy )( zz)

RC-lo ops

x (( yz)z) = (xy )( zz)

Figure 2.1: Varieties of loops of Bol-Moufang type.

� IsLeftBolLoop ( L ) P

� IsRightBolLoop ( L ) P

� IsLCLoop( L ) P

� IsRCLoop( L ) P

� IsLeftNuclearSqua reLoop( L ) P

� IsMiddleNuclearSq uareLoop( L ) P

� IsRightNuclearSqu areLoop( L ) P

� IsNuclearSquareLo op( L ) P

� IsFlexible ( Q ) P

� IsLeftAlternative ( Q ) P

� IsRightAlternativ e( Q ) P

� IsAlternative ( Q ) P

All inclusions among the varieties of loops of Bol-Moufang type are summarized in Figure
2.1, and all these inclusions are built into the LOOPSpackage. (SeeSection 2.15.)

The following trivial exampleshows someof the implications and the naming conventions
of LOOPSat work:

gap> L := LoopByCayleyTable( [ [ 1, 2 ], [ 2, 1 ] ] );
<loop of order 2>
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gap> IsLeftBolLoop( L );
true
gap> [ HasIsLeftAltern ati veLoop( L ), IsLeftAlternativ eLoop( L ) ];
[ true, true ]
gap> [ HasIsRightBolLo op( L ), IsRightBolLoop( L ) ];
[ false, true ]
gap> L;
<Moufang loop of order 2>
gap> [ IsAssociative( L ), L ];
[ true, <associative loop of order 2> ]

The analogousterminology for quasigroupsof Bol-Moufang type is not standard yet, and
henceis not supported in LOOPS.

2.10.5 Conjugacy closed loops

A loop is left (resp. right ) conjugacy closed if its left (resp. right) translations are closed
under composition. A loop that is both left and right conjugacy closedis called conjugacy
closed. It is common to refer to theseloops are LCC, RCC, CC-loops, respectively.

� IsLCCLoop( L ) P

� IsRCCLoop( L ) P

� IsCCLoop( L ) P

The equivalenceLCC + RCC = CC is built into the LOOPSpackage.

2.10.6 Additional varieties of loops

A left (resp. right) Bol loop with the automorphic inverseproperty is known as left (resp.
right ) Bruck loop. Bruck loops are also known as K-loops.

� IsLeftBruckLoop ( L ) P

� IsLeftKLoop ( L ) P

� IsRightBruckLoop ( L ) P

� IsRightKLoop ( L ) P

Steiner loop is an inverseproperty loop of exponent 2.

� IsSteinerLoop ( L ) P

2.11 Normalit y

A subloop S of a loop L is normal if it is invariant under all inner mappingsof L . Normalit y
is tested via:

� IsNormal ( L, S ) F

When S is a subsetof a loop L or a subloop of L the normal closure of S in L is the smallest
normal subloop of L containing S. It is obtained by

� NormalClosure ( L, S ) F
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A loop L is simple if all normal subloops of L are trivial. The corresponding test in LOOPS
is:

� IsSimple ( L ) P

2.12 Factor loop

When N is a normal subloop of a loop L , the factor loop L=N can be obtained directly via
the command L/N, or by

� FactorLoop ( L, N ) F

The natural projection from L to L=N is returned as follows:

� NaturalHomomorphismByNor malSublo op( L, N ) F

gap> M := MoufangLoop( 12, 1 );; S := Subloop( M, [ Elements( M )[ 3 ] ]);
<loop of order 3>
gap> IsNormal( M, S );
true
gap> F := FactorLoop( M, S );
<loop of order 4>
gap> NaturalHomomorphismByNormal Sublo op( M, S );
MappingByFuncti on( <loop of order 12>, <loop of order 4>,

function( elm ) ... end )

2.13 Nilp otency

The de�nition of nilpotency and nipotenceclassis the sameas in group theory. The corre-
sponding commandsare:

� NilpotencyClassOf Loop( L ) A

� IsNilpotent ( L ) P

When L is not nilpotent, NilpotencyClassOf Loop( L ) returns fail .
A loop L is said to be strongly nilpotent if its multiplication group is nilpotent. This

property is obtained by:

� IsStronglyNilpote nt ( L ) P

2.14 Solvabilit y

The de�nition of solvabilit y, derived subloop, derived length, Frattini subloop and Frattini
factor sizeis the sameasfor groups. Frattini subloop is calculated only for strongly nilpotent
loops.

� IsSolvable ( L ) P

� DerivedSubloop ( L ) A

� DerivedLength ( L ) A
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� FrattiniSubloop ( L ) A

� FrattinifactorSiz e( L ) A

2.15 Filters built in to LOOPS

Many implications amongproperties of loopsare built directly into LOOPS. A sizeableportion
of theseproperties are of trivial character or are basedon de�nitions (e.g., alternativ e loops
= left alternativ e loops+ right alternativ e loops). The remaining implications are theorems.

All �lters of LOOPSare summarized below (using the GAPconvention that the property
on the left is implied by the property (properties) on the right).

( IsExtraLoop, IsAssociative and IsLoop )
( IsDiassociative, IsAssociative and IsLoop )
( HasInverseProperty, HasRightInverseProperty and IsCommutative )
( HasInverseProperty, HasLeftInverseProperty and IsCommutative )
( IsMoufangLoop, IsRightBolLoop and IsCommutative )
( IsMoufangLoop, IsLeftBolLoop and IsCommutative )
( IsMoufangLoop, IsRightBruckLoop and IsCommutative )
( IsMoufangLoop, IsLeftBruckLoop and IsCommutative )
( IsRightNuclearSquareLoop, IsLeftNuclearSquareLoop and IsCommutative )
( IsLeftNuclearSquareLoop, IsRightNuclearSquareLoop and IsCommutative )
( HasAutomorphicInverseProperty , HasAntiautomorphicInverseProp erty and IsCommutative )
( HasAntiautomorphicInverseProp erty, HasAutomorphicInverseProperty and IsCommutative )
( IsAlternative, IsLeftAlternative and IsCommutative )
( IsAlternative, IsRightAlternative and IsCommutative )
( HasTwosidedInverses, IsPowerAssociative )
( IsPowerAssociative, IsDiassociative )
( IsAlternative, IsDiassociative )
( IsFlexible, IsDiassociative )
( HasLeftInverseProperty, HasInverseProperty )
( HasRightInverseProperty, HasInverseProperty )
( HasTwosidedInverses, HasInverseProperty )
( HasInverseProperty, HasLeftInverseProperty and HasRightInverseProperty )
( IsMoufangLoop, IsExtraLoop )
( IsNuclearSquareLoop, IsExtraLoop )
( IsCLoop, IsExtraLoop )
( IsExtraLoop, IsMoufangLoop and IsLeftNuclearSquareLoop )
( IsExtraLoop, IsMoufangLoop and IsMiddleNuclearSquareLoop )
( IsExtraLoop, IsMoufangLoop and IsRightNuclearSquareLoop )
( IsLeftBolLoop, IsMoufangLoop )
( IsRightBolLoop, IsMoufangLoop )
( IsFlexible, IsMoufangLoop )
( IsDiassociative, IsMoufangLoop )
( IsMoufangLoop, IsLeftBolLoop and IsRightBolLoop )
( IsLCLoop, IsCLoop )
( IsRCLoop, IsCLoop )
( IsCLoop, IsLCLoop and IsRCLoop )
( IsLeftAlternative, IsLeftBolLoop )
( HasTwosidedInverses, IsLeftBolLoop )
( IsRightAlternative, IsRightBolLoop )
( HasTwosidedInverses, IsRightBolLoop )
( IsLeftAlternative, IsLCLoop )
( IsLeftNuclearSquareLoop, IsLCLoop )
( IsMiddleNuclearSquareLoop, IsLCLoop )
( IsPowerAssociative, IsLCLoop )
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( IsRightAlternative, IsRCLoop )
( IsRightNuclearSquareLoop, IsRCLoop )
( IsMiddleNuclearSquareLoop, IsRCLoop )
( IsPowerAssociative, IsRCLoop )
( IsLeftNuclearSquareLoop, IsNuclearSquareLoop )
( IsRightNuclearSquareLoop, IsNuclearSquareLoop )
( IsMiddleNuclearSquareLoop, IsNuclearSquareLoop )
( IsNuclearSquareLoop, IsLeftNuclearSquareLoop and IsRightNuclearSquareLoop

and IsMiddleNuclearSquareLoop )
( IsLeftAlternative, IsAlternative )
( IsRightAlternative, IsAlternative )
( IsAlternative, IsLeftAlternative and IsRightAlternative )
( IsLCCLoop, IsCCLoop )
( IsRCCLoop, IsCCLoop )
( IsCCLoop, IsLCCLoop and IsRCCLoop)
( HasAutomorphicInverseProperty , IsLeftBruckLoop )
( IsLeftBolLoop, IsLeftBruckLoop )
( IsLeftBruckLoop, IsLeftBolLoop and HasAutomorphicInverseProperty )
( HasAutomorphicInverseProperty , IsRightBruckLoop )
( IsRightBolLoop, IsRightBruckLoop )
( IsRightBruckLoop, IsRightBolLoop and HasAutomorphicInverseProper ty )
( IsCommutative, IsSteinerLoop )
( HasInverseProperty, IsSteinerLoop )
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Chapter 3

Speci�c metho ds

3.1 Isomorphisms and automorphisms

All isomorphismsbetweentwo loops can be found with LOOPS. The function

� IsomorphismOfLoops( L, M ) F

returns a single isomorphism between loops L , M , if the loops are isomorphic, and it fails
otherwise. If an isomorphism exists it is returned as a permutation � 2 Sj L j , where � (i ) = j
meansthat the i th element of L is mapped onto the j th element of M .

The function

� AutomorphismGroup( L ) F

returns the automorphism group of the loop L . Since two isomorphismsdi�er by an auto-
morphism, all isomorphismscan be obtained by the above two functions.

3.1.1 Discriminator

In order to speedup the search for isomorphismsand automorphisms,we �rst calculate some
loop invariants preserved under isomorphisms,and usetheseinvariants to partition the loop
into blocks of elements preserved under isomorphism. These invariants for a loop L can be
obtained via

� Discriminator ( L ) F

Sincethe details are technical, we will not present them here. See[11] for more.
If two loops have di�eren t discriminators, they are not isomorphic. If they have identical

discriminator, they may or may not be isomorphic. The function

� AreEqualDiscrimin ato rs ( D1, D2 ) F

returns true if the discriminator D1, D2 are equal.
Given a loop L and its discriminator D , the function

� EfficientGenerato rs ( L, D ) F

returns a generating set of L that is optimized with respect to the discriminator D . Once
again, the details are too technical to be presented here. The returned set of generators is
usually very small. Also seeSmallGeneratingS et .
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3.2 Moufang mo di�cations

Ale�s Dr�apal discovered two prominent families of extensionsof Moufang loops. Theseexten-
sionscan be usedto obtain many, perhapsall, nonassociative Moufang loopsof order at most
64. We call these two constructions Moufang modi�c ations. The library of Moufang loops
included with LOOPSis basedon Moufang modi�cations. We describe the two modi�cations
brie
y here. See[4] for details.

3.2.1 Cyclic modi�cation

Assumethat L is a Moufang loop with normal subloop S such that L=S is a cyclic group of
order 2m. Let h 2 S \ Z (L ). Let � be a generator of L=S and write L =

S
i 2 M � i , where

M = f� m + 1, : : :, mg. Let � : Z ! M be de�ned by

� (i ) =

8
<

:

0; i 2 M ;
1; i > m;
� 1; i < � m + 1:

Intro duce a new multiplication � on L de�ned by

x � y = xyh� ( i + j ) ;

where x 2 � i , y 2 � j , i 2 M , j 2 M . Then (L; � ) is a Moufang loop, a cyclic modi�c ation of
L .

When L , S, � , h are as above and when a is any element of � , the corresponding cyclic
modi�cation is obtained via

� LoopByCyclicModif ica ti on( L, S, a, h ) F

3.2.2 Dihedral modi�cation

Assumethat L is a Moufang loop with normal subloop S such that L=S is a dihedral group
of order 4m, with m � 1. Let M and � be de�ned as in the cyclic case. Let � , 
 2 L=S be
two involutions of L=S such that � = � 
 generatesa cyclic subgroupof L=S of order 2m. Let
e 2 � and f 2 
 be arbitrary . Then L can be written asa disjoint union L =

S
i 2 M (� i [ e� i ),

and alsoL =
S

i 2 M (� i [ � i f . Let G0 =
S

i 2 M � i , and G1 = L nG0. Let h 2 S\ N (L ) \ Z (G0).
Intro duce a new multiplication � n L de�ned by

x � y = xyh( � 1) r � ( i + j ) ;

wherex 2 � i [ e� i , y 2 � j [ � j f , i 2 M , j 2 M , y 2 Gr , r 2 f 0; 1g. Then (L; � ) is a Moufang
loop, a dihedral modi�c ation of L .

When L , S, e, f and h are as above, the corresponding dihedral modi�cation is obtained
via

� LoopByDihedralModifi cati on( L, S, e, f, h ) F

3.2.3 Lo ops M (G; 2)

In order to apply the cyclic and dihedral modi�cation, it is bene�cial to have accessto a class
of nonassociative Moufang loops. The following construction is due to Chein:

Let G be a group. Let G = f g; g 2 Gg be a set of new elements. De�ne multiplication �
on L = G [ G by

g � h = gh; g � h = hg; g � h = gh� 1; g � h = h� 1g;
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whereg, h 2 G. Then L = M (G; 2) is a Moufang loop that is nonassociative if and only if G
is nonabelian.

The loop M (G; 2) can be obtained from a �nite group G with

� LoopMG2( G ) F

in LOOPS.

3.3 Trialit y for Moufang loops

Let G be a group and � , � be automorphisms of G, satisfying � 2 = � 3 = (� � )2 = 1. We say
that the triple (G; �; � ) is a group with triality if [g; � ][g; � ]� [g; � ]�

2
= 1 holds for all g 2 G.

It is known that one can associate a group with trialit y (G; �; � ) in a canonical way with a
Moufang loop L . See[8] for more details.

For any Moufang loop L , wecancalculate the trialit y group asa permutation group acting
on 3jL j points. If the multiplication group of L is polycyclic, then we can also represent the
trialit y group as a pc group. In both cases,the automorphisms � and � are in the same
family as the elements of G.

Given a Moufang loop L , the function

� TrialityPermGroup ( L ) F

returns a record [G, � , � ], where G is the group with trialit y associated with L , and � , � are
the corresponding trialit y automorphisms.

The function

� TrialityPcGroup ( L ) F

di�ers from TrialityPermGroup only in that G is returned as a pc group.
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Chapter 4

Libraries of small loops

Libraries of small loops are an integral part of LOOPS.

4.1 A typical library

A library named \m y Library" is stored in �le data/mylibrary. tbl , and the corresponding
data structure is named mylibrary data .

The array mylibrary data consists of three lists: mylibrary data[ 1 ] is a list of
orders for which there is at least one loop in the library , mylibrary data[ 2 ][ k ] is the
number of loopsof order mylibrary data[ 1 ][ k ] in the library , and mylibrary data[
3 ][ s ] contains data necessaryto produce the sth loop in the library . The format of
mylibrary data[ 3 ] depends on the particular library and is not standardized in any
way.

The usercan retrieve the mth loop of order n from library named\m y Library" according
to the template

� MyLibraryLoop ( n, m ) global function template

It is also possibleto obtain the sameloop with

� LibraryLoop ( name, n, m ) F

where nameis the name of the library .
For example, when the library is called \left Bol", the corresponding data �le is called

data/leftbol.tb l , the corresponding data structure is namedleft bol data , and the mth
left Bol loop of order n is obtained via

� LeftBolLoop ( n, m ) F

or via

� LibraryLoop ( "left Bol", n, m ) F

We are now going to describe the individual libraries in detail. A brief information about
the library named namecan also be obtained in LOOPSwith

� DisplayLibraryInf o( name) F

4.2 Left Bol loops

The library named\left Bol" contains all 6 nonassociative left Bol loopsof order 8. Following
the generalpattern, the mth nonassociative left Bol loop of order n is obtained by
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� LeftBolLoop ( n, m ) F

We intend to enlarge this library signi�can tly in future versions of LOOPS, when the
classi�cation of small Bol loops is completed.

4.3 Small Moufang loops

The library named \Moufang" contains all nonassociative Moufang loop of order lessthan
64, and additional 4262 nonassociative Moufang loops of order 64. It is possiblethat there
are no other nonassociative Moufang loops of order 64 than those contained in the library .

The mth nonassociative Moufang loop of order n is obtained by

� MoufangLoop( n, m ) F

For n � 63, our catalog numbers coincide with those of Goodaire et al. [6].
The extent of the library is summarizedbelow:

order 12 16 20 24 28 32 36 40 42 44 48 52 54 56 60 64
loops in the libary 1 5 1 5 1 71 4 5 1 1 51 1 2 4 5 4262

The octonion loop of order 16 (i.e., the multiplication loop of the � basis elements in the
8-dimensionalstandard real octonion algebra) is MoufangLoop( 16, 3 ) .

4.3.1 Search for additional Moufang loops

Since we would like to know if there are additional nonassociative Moufang loops of order
64, we have implemented function

� IsomorphismTypeOfMoufa ngLoop( L ) F

If L is a Moufang loop catalogedin LOOPSas the mth Moufang loop of order n, the function
returns [[n,m],p] , where p is a permutation of [1..n] that is an isomorphism from L to
the catalogedcopy of L . If n = 64 and L is Moufang loop not cataloged in LOOPS, the user
is prompted to contact the authors of LOOPS.

In order to speed up the function IsomorphismTypeOfMoufa ngLoop, we have precalcu-
lated and stored in the data �le data/moufang discriminators.t bl the discriminators of
all Moufang loops in the library . The �le is rather large (850 KB) and took about 20 minutes
to precalculate. You can delete the �le if you won't use IsomorphismTypeOfMouf angLoop.

gap> D := DirectProduct( MoufangLoop( 16, 2 ), CyclicGroup( 2 ) );
<loop of order 32>
gap> IsomorphismTypeOfMoufa ngLoop( D );
[ [ 32, 2 ], (2,3,12,20,11,29, 23,1 3,3 0, 31, 28,2 7,2 2, 15, 32,18 ,1 0, 19, 16,24 ,1 4,
25,21,8,7,6,9,1 7, 5) ]
gap> A := AutomorphismGroup( D ); Size( A );
<permutation group with 34 generators>
3072

4.4 Steiner loops

Here is how the libary \Steiner" is described within LOOPS:
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gap> DisplayLibraryInf o( "Steiner" );
The library contains all nonassociative Steiner loops of order less or equal
to 16. It also contains the associative Steiner loops of order 4 and 8.
------
Extent of the library:

1 loop of order 4
1 loop of order 8
1 loop of order 10
2 loops of order 14
80 loops of order 16

true

The mth Steiner loop of order n is obtained by

� SteinerLoop ( n, m ) F

Our catalog numbers coincide with those of Colbourn and Rosa [3].

4.5 Paige loops

Paige loops are nonassociative �nite simple Moufang loops. By [7], there is precisely one
Paige loop for every �nite �eld GF (q).

The library named \P aige" contains the smallest nonassociative simple Moufang loop

� PaigeLoop( 2 ) F

4.6 In teresting loops

The library named "in teresting" contains someloops that are illustrativ e for the theory of
loops. At this point, the library contains a nonassociative loop of order 5, a nonassociative
nilpotent loop of order 6, a nonMoufang left Bol loop of order 16, and the loop of sedenions
of order 32 (sedenionsgeneralizeoctonions).

The loops are obtained with

� InterestingLoop ( n, m ) F
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Chapter 5

Plans for future versions

We hope that the LOOPSpackagewill becomea standard computational tool in quasigroup
theory and loop theory, and we therefore anticipate someinterest among researchers in ex-
panding the package. In this chapter, we present several possible directions in which this
future expansioncould lead. Sincewe will baseour decisionon your feedback, pleaselet us
know what you would like to seeimplemented in LOOPS.

5.1 Alternativ e represen tations of quasigroups and loops
in GAP

(The word "representation" doesnot have the usual mathematical meaning in this section.)
Direct products, semidirect products and many other constructions of loops can be repre-
sented in a more space-e�cient way than by Cayley tables. Large Paigeloops,generalizations
of octonions and other loops can be represented nicely. None of theserepresentations is cur-
rently implemented in LOOPS.

Presentations of someloopswithin their varieties are known and perhapsshould be found
in LOOPS.

5.2 Better supp ort for quasigroups

This packageis concernedprimarily with loops. Although somefunctions are kept on a level
generalenoughfor quasigroups,many are not. Only a few quasigroup-theoreticalproperties
are testable in LOOPSat this point. The operations LeftDivision and RightDivision are
awkward to work with.

5.3 Expanded libraries

More Bol loops should be cataloged. Interesting loops should be gathered in a more system-
atic way. Loops could be catalogednot only up to isomorphism but also up to isotopism.

5.4 Bits and pieces

We would like to seethe following features in a future version of LOOPS: M k laws, cross
inverseproperty (CIP), weak inverseproperty (WIP), homotopisms.
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